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STULATES FOR BOOLEAN ALGEBRAS AND GENERALIZED 
BOOLEAN ALGEBRAS. 


By M. H. Stone. 


In this paper we present a new set of postulates for Boolean algebras in 
rms of logical addition and logical multiplication (or, to use the language 
f the algebra of classes, in terms of union and intersection), a similar set 
f postulates for generalized Boolean algebras (distinguished by the possible 

ence of a unit or “universe” element), and an investigation of the in- 
endence of the proposed postulates. This material was originally designed 
) constitute an introduction to a general theory of Boolean algebras, to be 
eloped by the methods appropriate to modern concepts of algebra.’ The 
ulates were therefore chosen with the intention of emphasizing the analogy 
yveen Boolean algebras and abstract rings, the latter being systems which 
we already undergone extensive analysis. From this point of view ‘our 
ulates appear to be as satisfactory as possible, so long as logical addition 
nd multiplication are to be treated as the analogues of ring addition and 
ultiplication. We have recently observed, however, that Boolean algebras 
a be regarded as rings of special type when the operation of forming the 
mmetric difference is taken as ring addition.*, In consequence, the most 
Batural approach to a mathematical theory of Boolean algebras is not one 
- based upon the material of the present paper. Since the results which are 
ected here seem to possess some intrinsic interest—in particular, they 
er a simplification of Huntington’s set of postulates in terms of logical 
dition and multiplication, and also establish the redundance of one of the 
lates in the set proposed by Del Re *—we venture to present them apart 

om our general theory of Boolean algebras. 


» 1. A new set of postulates for Boolean algebras. We shall define a 
Boolean algebra as a system with double composition in which the operations 


*For a brief sketch of the theory, see Bulletin of the American Mathematical 
Hety, abstract No. 39-3-86; Proceedings of the National Academy of Sciences, vol. 20 
34), pp. 197-202. 

*See Proceedings of the National Academy of Sciences, vol. 21 (1935), pp. 103-105; 
formal definition of the symmetric difference in terms of logical addition and 
iplication is given as Definition 4 below. 


*See § 2 below. 
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of addition and multiplication are required to satisfy certain further postulates, 
In selecting these postulates we are guided by three principles: in the first 
place, they shall embody known properties of the operations of forming finite 
unions and intersections of classes; in the second place, they shall embody 
so far as possible only such properties as are valid of the operations of addition 
and multiplication in a ring; and, in the third place, they shall be independent. 
We recall * that a ring is a system with double composition in which addition 
is commutative, both addition and multiplication are associative, multiplica- 
tion is both left-distributive and right-distributive with respect to addition, 
and the equation® zva—bD has a solution for arbitrary elements a and 5. 
It is easily shown that in an arbitrary ring this equation has a unique solution, 
and that there exists a unique element 0 such that av0 = 0va—aa for every 
element a. In an algebra of classes, the operations of forming the finite union 
and finite intersection have all these properties except that the equation 
tva=—b does not have a solution unless a C b and does not have a unique 
solution, even when this condition is satisfied, unless the auxiliary relation 
ra =o be required. The algebra of classes is further differentiated by the 
existence of the special properties expressed by the equations ava —a and 
aa=a. The second of these equations is not generally true for rings but can 
be verified without exception in certain special rings. On the other hand, 
the only ring element which has the property that ava —<a is the element 0 
described above. In accordance with the first two principles stated above, 
we may postulate the commutative law for addition, the associative law for 
addition and multiplication, the two distributive laws for multiplication with 
respect to addition, the existence of an element 0 such that av 0 =a for every 
element a, the existence of a solution of the simultaneous equations 2 va =¢ 
and va = 0 for every element a and a certain fixed element e, and the two 
special rules ava=—a and aa=—a. Every algebra of classes has all these 
properties; there are special rings which have all these properties except 
the one expressed by the equation ava =a; and the only ring which has all 
these properties is the trivial ring consisting of the single element 0. Our 
third principle, however, requires us to reject the associative laws for addition 
and multiplication, since they can be deduced from the other properties listed. 
Thus our definition of Boolean algebras can be stated as follows: 


DEFINITION 1. A Boolean algebra A is a system with double composition 
which satisfies the further postulates: 


“See B. L. van der Waerden, Moderne Algebra, Bd. 1 (Berlin, 1930), pp. 36-39. 
® We shall denote addition by the symbol v. 
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Postulate 1, avb=bva; 


Postulate 3,. a(bvc) =abvac; 
te Postulate (avb)c=acvbe; 
ly Postulate 4,. There exists an element 0 in A such that av0 =a for i 
n every element ain A; 
t. * Postulate 5. If there exists an element 0 with the property required 
mn by Postulate 4,, there exists at least one such element 0 to which 


corresponds a fixed element e in A such that the simultaneous | 
equations cva=e, ta=0 have a solution for every element 


b. ain A; 

n, Postulate 6,. ava=a; 
Postulate 6,. aa—a. 


Any element such as that postulated in Postulate 4, ts called a zero; and any 
element such as the element e postulated in Postulate 5 is called a unit. 


The numbering of the postulates has been chosen with a view to certain 
subsequent modifications in the system of postulates. We may point out that, 
in accordance with Postulate 4,, a Boolean algebra contains at least one ele- 
ment. It is often required that a Boolean algebra have at least two elements ; 
but for our purposes it is preferable to admit as a Boolean algebra a one- 
element system, consisting of zero elements alone. We call attention to the 
fact that the replacement of the simultaneous equations of Postulate 5 by the 
simultaneous equations rva—e, ax—0 does not constitute an essential 
alteration: if we rewrite the altered set of postulates in terms of a new 
multiplication o defined by writing a0b6 for ba we obtain the original set 
once more. 

We must now proceed to deduce from the postulated properties of the 
operations in a Boolean algebra a series of further properties, including, for 
instance, the associative law for addition and multiplication and the com- 
mutative law for multiplication. In order to condense the demonstrations, 
we shall arrange them so far as possible in the form of continued equations, 
citing the propositions used in passing across successive equality signs by 
successive groups set off by commas. In the citations, we shall replace the 
words postulate, definition, theorem, lemma, and hypothesis by their initial 
letters P, D, T, LL, and H respectively. Those propositions which do not hold 
in generalized Boolean algebras, introduced later, will be indicated by pre- 
fixing an asterisk. 


THEOREM 1. The element 0 of Postulate 4, is unique. 


If 0, and 0, are elements with the property postulated in P 4,, then 
0,—=0,v0.—0,v0, —0, by P 4,, Phy, P 4,. 
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* THEOREM 2. If 0 and ¢ are elements with the properties demanded in 
* Postulate 5, then ea =a for every element a. 


Let z be an element such that z v a = e, za = 0 in accordance with * P 5, 
Then by *P 5, P 3., *P5—P6,, P1,, P 4, we have ea= (4va)a = 2avaa 
=Qva=av0—a. 


*Lemma 1. If a’ is any solution of the equations rva=e, ra=(, 
then 


By *P5, P3,, P6,—*P5, P4,, we have ae—a'(a’ va) vara 
v0 =a’. 


*LemMa 2. If a’ is any solution of the equations xva =e, xa = 0, and 
if a” is any solution of the equations =e, ra’ = 0, then a” =a. 


By *L 1, *P 5, P3,, *P 5, *P 5, P3., P11, *P 5, *T 2, we have 


== =a" (a va) 0 v aa 


*LemMa 3. If a’ is any solution of the equations rva=e, za=0, 
then aa’ = 0. 

By *L 2, we have aa’ = =0. 

* THEOREM 3. If 0 and e are elements with the properties demanded in 


* Postulate 5, then ae =a for every element a. 


Let a’ be any solution of the equations rva=e, za=0. Then by *P 5, 
P3,,*L3—P 6,, P 1,, P 4, we have ae = a(a’ va)=aa' vaa=0va=—av0=«. 


* THEOREM 4. The element e of Postulate 5 is unique. 


If ¢, and e, are any two elements with the property postulated in *P 4, 
whether they correspond to the same or equal zero elements, we have 
= = Ce by *T 3, *T Re 


* THEOREM 5. If e is the element described in * Postulate 5, then 
eva==ave =e for every element a. 


Let a’ be any solution of the equations rva=e, za=0. Then, by Ph, 
*T2, *P5, P3,, P3,, *P5—*T4—P6,—*T4, P1,—P4,—P6, 
*P 5, we have 
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eva=ave=e(ave) = (ava) (ave) =a (ave) va(ave) 
= v (aavae) = (Ova’) v (ava) =a va=e. 


TuEorEM 6. If 0 is the element of Postulate 4, then a0 =0a=—0 for 
every element a. 


By P 4, *T 2, P 32, *T 5, *T 2, we have a0 = a0v0 = a0ve0 = (ave)0 
=—e0=—=0; and, by P 4,, *T3, P3,, *T5, *T 3, we have 0a—0av0 
=(0av0e = 0(ave) = 0e—0. 


*THEOREM 7. The equations rva=e, ca=0 of * Postulate 5 have a 
unique solution. 


Let 0;, 02 be zero elements; let e, and e, be corresponding unit elements ; 
let a’, be any solution of the equations rv a, = ¢,, a, = 0,; let a’, be any 
solution of the equations dz ta, and let a4, By *T 3, 
*P 5, H, P3,, *P 5, T1, *L 3, P3., H, *P 5, *T 2, we then have 


=> a’ 0. => a’ v At’ » = (a’, v 2) = v a's = = a’ >. 


In view of * Theorem 7, * Lemma 2, it is convenient to introduce the 
following definition and theorem. 


* DEFINITION 2. The unary operation which takes the element a into the 
solutions of the equations of * Postulate 5, namely, the simultaneous equations 
tva=e and za=0, 1s called complementation; and the element which 
results from this operation is denoted by a and 1s called the complement of a. 
The element (a’)’ is denoted by a”. 


* THEOREM 8. The operation of complementation has the following 
propetries : 


(1) a=b implies a (2) a’ =a; (3) =e; (4) =0. 


This theorem merely summarizes the results of * Theorem 7 and * Lemma 
2 and the special cases ev 0 =e, = 0 and 0ve =e, 0e = 0 of the relations 
proved in * Theorems 5 and 6. 


*LemMa 4,. If avb =0, then a’b =0. 
By P4,, *P 5, P3,—P1,, H, T 6, we have 


vb =a0 —0. 


n 
), 
a 
d 
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*Lemma If avb =0, then ab’ —0. 
By P 4,, *L 3, P 3., H, T 6, we have 
ab’ = ab’ v 0 = ab’ v bb’ = (avb)b’ = 00’ = 0. 


9. If avb=—0, thena=b=0. 


By P 1, and T1, it is sufficient to show thata=0. By P6,, *T3, 
*P 5, P3,, *L 4,, *L4,, P 32, *P 5, *T 2, H, we have 


= av (ab’ vab) 
=av (0vab) =av (a’bvab) =av (a va)b =aveb=—avb=0. 


*Lemma If c=(avb)’, then ca=0. 


By P3,, *P 5, we have cavchb —c(avb) =0. By T9, we then have 
ca = 0). 


*Lemma 5,. If c= (avb)’, then ac=0. 


By P3., *L.3, we have acvbec=(avb)c=0. By T 9, we then have 
ac = 0. 


*LemMMA 53. If c=(avb)’, then ca’ —c. 
By P 4,, *L5,, P3,, *P 5, *T 3, we have 

ca’ = ca’ v0 =ca vca=c(a’ va) = ce 
*LemMaA 5, If c=(avb)’, then a’c—c. 
By P 4,, *L 52, P3., *P 5, *T 2, we have 

=—acvac= (ava) c—ec—ce. 
*Lemma 55. If c=(avb)’, then a —cva'b. 
By *T 3, *P 5, P3,, *L5,—P3,, *P 5, P1,, P41, we have 


a = =a [cv (avb)] (avb) 
=cv (dvavab) =cv (0va’b) =cv (abv0) —cva. 


*LemMMA 5,. If c= (avb)’, then a’ —cvba’. 
By *T2, *P5, P3,, *L5,—P 3., *L 3, P1,, P4,, we have 


@ = ea = [cv (avb) ]a’ = ca’ v (avb)a’ 
= cv (aa’ vba’) =cv (0vba’) —cv (ba’ v0) 
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6;. a(a’b) =0. 

Let c= (avb)’. Then, by P 4, *L 52, P3,, P11, *L5;, *L3, we have 
a(a’b) =a(a’b) v0 =a(a’b) vac =a(a/bvc) =a(cva’b) =0. 

*LEemMMA 6,. a(ba’) =0. 

Let c= (avb)’. Then, by P *L 52, P31, P11, *L.3, we have 
a(ba’) =a(ba’) v0 =a(ba’) vac =a(ba’ vc) =a(cv ba’) = aa’ =0. 

*LemMaA 6;. (a’b)a=0. 

Let c= (avb)’. Then, by P 4,, *L5,, P P1,, *L5;, *P 5, we have 
(a'b)a = (a’b)av0 = (a’b)avca= (avbvc)a= 

*LemMA 6, (ba’)a=0. 

Let c—(avb)’. Then, by P4,, *L5,, P P11, *P 5, we have 
(ba’)a = (ba’)av0 = (ba’)avca= (ba’ vc)a= (cv ba’ )a=aa=—0. 

THEOREM 10. avab=—avba=—a. 


Let C= (avb)’. Then, by P 6. P 4,, P 3,—*L P 3, P 1,, *p 5, 
*T 3, 2, *P 5, P3., *L5,—P li, P 4;, we have 


avab = (aavab) v0 =a(avb) vac=a[(avb) vc] —al[cv (avb)] —=ae 
=a =ea=([cv(avb) ]ja=cav(avb)a =0v(aav ba) = (av ba) v0 =avba. 


*LemMaA 7. ava’b=—avb. 
By T10— P4,, P1,, P6. —*P 5, P3,, P3,, P1,, *P 5, *T 2, we have 


ava’b =(avab) v (a’bv0) = (avab) v (Ova’b) = (aavab) v (a’ava’b) 
—a(avb) va’(avb) (ava’) (avb) = (a’va)(avb) —=e(avb) 


Lemma 8,. (avb)(avc) (bavbc). 


By P 3., P 3,, P 62, T 10, we have 


(avb) (avc) =a(avc) vb(ave) 
—— (aa v ac) v (ba v bc) = (avac) v (bav bc) =av(bavbc). 


M. H. STONE. 


LEMMA 8,. (bavbc)] 


By P 3,, P 62, T 10, we have 


afav (bav bc)| =aava(bav bc) =ava(bav bc) =a. 


*LemMMA 8;. a’[av (bavbc)|] 


By P3,, *P5, Pl,, P4,:—P3,, *L2, *L6,, P1;, we have 


a’[av (bavbc) | =a’ava'(bavbc) =0va'(bavbc) =a’(bavbc) v0 
=a’ (ba) va’(bc) =a’ (ba”) va’ (bc) =0va'(bc) =a’ (bc) v0 =a’ (be). 


THEOREM 11. (avb)(avc) =avbe. 


By L8,, *T 2, *P 5, P3., *L8,;—L8., we have 


(avb)(avc) =av (bavbc) =e[av (bavbc)] = (a’ va) [av (bav bc) | 
=a [av (bavbc) | valav (bavbc)] = a’(bc) va=ava' (bc) =avbe. 


*LemMA 9. (avb)va’—e. 


By *T 2, *P 5, P 3., P3,, P 3, —P 6, 
P1,—T10, P4,, P1,, T10, *P5, we have 


P3,—*L3, *P5—P6,—P4, 


(avb) va’ =e[ (avb) va’] = (a’va) [(avb) va’] 
=a'[(avb) va[(avb) va’] = [a’(avb) va‘a’] v [a(avb) vaa’] 
= [(aava’b) va’]v[(aavab) v0] =[(0va’b) va’] v (avab) 
= [(avbv0) va’] va=(abva’) va = (a va=ava—e. 


* THEOREM 12,. (avb)’=a’b’. 


By *T 7, it is sufficient to prove that a’b’ is a solution of the simultaneous 
equations rv (avb) =e, x(avb) =0. By P1,, T11, *L9—P1,, *L9, 
P 6,, we have 


a’b’v (avb) = (avb) =[(avb) va'][(avb) vb’] =e[(bva) vb’] 
and, by P3,, *L6,-—*L6,, P 6,, we have also 
a’b’(avb) = (a’b’)av (a’b’)b =0v0 —0. 
* THEOREM 12.. ab = (a'vb’)’ and (ab)’=—da' vd’. 


By *L2, *T12,, we have and, by *L2, 
(ab)’ = (a’vb’)” =a’ vd’. 
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THEOREM 13. ba=ab. 
By *T 12., P1,, 122, we have ba = (b’ va’)’ = (a’vb’)’ =ab. 
Lemma 10;. a[(avb) vc] —a[av (bvc)] =a. 
By P3,, P3:, P6., T10, T10, T10, P6., we have 


a[(avb) vc] =a(avb) vac = (aavab) vac = (avab) vac 
ave 
=avac=a—ava(bvc) =aava(bvc) =alav (bvc)]. 

*LemMa 10,. a [(avb) va] —a’[av (bvc)] =a'(bve). 

By P3,, P3:, *P5, P11, P4:, P3,, P4:, P1,, *P5, P3,, we have 


a’[(avb) ve] =a’ (avb) va'c = (wavab) va'c = (0 va'b) va'e 
= (abv0) =a (bvc) =a’ (bvc) v0 
=0va'(bvc) =aava'(bvc) =a [av (bve)]. 


THEOREM 14. (avb)ve—av(bve). 
By *T2, *P5, P3., L10,—*L10. P3., *P5, *T2, we have 


4,, (avb) ve=e[ (avd) vc] = (a’va)[(avb) ve] | 
=a'[(avb) ve] val (avd) ve] =a'[av (bvc)]valav (bvec)] 
= (a’va)[av (bvc)] —e[av (bvc)|] =av(bve). 


THEOREM 15. (ab)c—a(bc). 


By *T 12., *T12., T14, *T12., *T 12., we have 
(ab)c = ((ab)’vc’)’ = ((a’ vb’) = vec’) )’ = (bc)’)’ =a(be). 


THEOREM 16,. If the simultaneous equations rva=b, za=0 have a 
9 solution c, then ba=a, bec =c, and the solution is unique. 


If c is a solution, we have ba = (cva)a=cavaa=0va=av0—a by 
H, P3,, H— P 6., P1,, P4,; and also bc = (cva)c =ccvca=cv0 —c by 
H, P 3, —T 13, P 6. —H, P4,. If c, and cz are solutions of the respective 
systems v a, = b,, va, = 0, and rv = = 02, where a; = dz, = do, 
and 0, = 0., we have to show that c, cs». For this it is sufficient, by what 
we have just proved, to show that b,c, = b.c.. Now we have 


bic, = boc, = (Co V Az) Cy == (C2 Cy = V = V C40, 
2, = C102 V0) = = Cy C2 V Colla = C102 V C2 = (C1 Co = Co = 


by H, H, H, P3,, T18—T 13, H, H, H, T183—H, P 3,, H, H. 


= 
= 
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* THEOREM 16,. If ba=a, the equations of Theorem 16, have the 


solution ba’. 


We have ba’ va=ba’ vba=b(a’ va) =be=b by H, P3,, *P5, *T3; 
and (ba’)a=0 by *L6é,. 

We have now obtained the principal rules governing the operations of 
addition and multiplication in a Boolean algebra. Both operations are 
commutative, by Postulate 1, and Theorem 13; both are associative, by 
Theorems 14 and 15; and each is distributive with respect to the other, by 
Postulates 3, and 3, and Theorem 11. The further rules ava—a, aa=a, 
avab =a are given by Postulate 6,, Postulate 6, and Theorem 10 respectively. 
By virtue of the commutative and associative laws, we can simplify our nota- 
tion: it is no longer necessary to indicate by the use of parentheses or by the 
ordering of the base elements the precise structure of an additive or multi- 
plicative construct or polynomial in a Boolean algebra. In Definition 2 we 
have introduced the new unary operation of complementation; the principal 
rules which govern it are embodied in the relations a” =a, a’ va =e, aa =0, 
(avb)’ = a’b’, and (ab)’—a’vb’ of Theorem 8, Definition 2, Definition 2, 
Theorem 12,, and Theorem 12,, respectively. The last two relations reveal 
clearly the complete duality between the operations of addition and multi- 
plication, which one would suspect from a comparison of the rules they obey: 
it is evident that any rule connecting addition and multiplication can be con- 
verted, by taking complements, into a rule in which the réles of the two 
operations are interchanged. A systematic treatment of this duality, while 
unnecessary for our purposes, can easily be supplied. Finally, we have pre- 
sented in Postulate 5 and Theorems 16, and 16, those facts from the theory 
of equations which will be most useful in the sequel. Since any algebra of 
classes satisfies the postulates of Definition 1 or is a subsystem of an algebra 
with this property, we can apply these results to the operations upon classes; 
it is easily seen that the operation of complementation here becomes the 
familiar operation of forming the complement of a given class. 

We shall now study the definition of a relation in a Boolean algebra 
which is analogous to the relation C defined for classes. We can introduce 
such a relation in any one of a number of equivalent ways. Here we choose 
to make our fundamental definition in terms of the operation of multiplication. 


DEFINITION 3. If ab—=a, we write a<b, b >a; and we say that 
a is less than b, b greater than a. 


THEOREM 17;. 0 <a for every element a. 


We have 0a = 0 for every a by T 6. 
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the * THEOREM 17,. a < e for every element a. 


We have ae —a for every a by *T 3. 


'3; 

THEOREM 18,. Ifa<bandb<co, thena<ce. 
= We have ac = (ab)c =a(bc) =ab —a by H, T 15, H, H. 
by THEOREM 18,. If a<b,b<c, anda=c, thna=b—c. 
by 
=A, We have c—=a—ab=—cb=bc=—b by H, H, H, T 13, H. ' 
aly. 
THEOREM I[fa<bandb <a, thena=b; and conversely. 
the If a < and b <a, we have a—<a and hence a= b by T 18). Ifa=—b, 
ti- we have ab aa—aby P6,; and ba= bb — b by P 63. 
we 
pal THEOREM 19. If a<bandc< d, thenac < bd andave< bvd. 
= 0, 
2, We have (ac)(bd) = (ab)(cd) = ac by T1383 — T15, H; and 
(avc)(bvd) = (ab vad) v (cbv cd) = (avad) v (cbvc) =ave by P 3, 
=—P8,, H, T10—P1,—T 10. 
‘J: THEOREM 20;. In order that a<b anda<ce, tt ts necessary and 
= sufficient that a < be. 
wo 
ile In order to prove the sufficiency of the condition a < be, it is sufficient 
re- by T18, to show that bc <b and be<c. Now we have (bc)b =b(bc) 
ry = (bb)c by T13, T15, P6,; and (bc)c —b(cc) —be by T 15, P 6. 
of In order to prove the necesssity of the condition a < bc, we have merely to 
ra note that a(bc) = (aa) (bc) = (ab) (ac) =aa=—a by T13—T 15, 
8 H—H, P 6.. 
he 

THEOREM 20. In order that a>b and a>c, tt is necessary and 
sufficient that a> bve. 
- In order to prove the sufficiency of the condition a > b ve, it is sufficient 
" by T 18, to show that bvc’> b and bvc >c. Now we have b>b by T 183, 
0, 


¢>0by T1%,,bve>bv0 by T19, bv0> 5b by P4,— T and bve > b 
at by T18,; and bvc >cvb by P1,—T 18,, cvb >c by what has just been 
proved, and bvc > cby T18,. In order to prove the necessity of the condition 
a'>bvc, we note that ava >bve by H—H—T19, a>ava by P6, 
—T18,, and a> bvc by T 18,. 
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THEOREM 21. In order that a < b, it ts necessary and sufficient that 
avb=b. 


If ab =a, we have avb = abvb =bvab by H, P1,, T 10; and, if 
av b =b, we have ab —a(avb) =aavab =avab —a by H, P P T 10, 


* THEOREM 22. In order that a < b, tt ts necessary and sufficient that 
a’ > Dd’. 
If a < b, we have b’a —a’b’ = (avb)’ =D’ by T 13, *T 12,, T 21; and, 
if a’ > b’, we have ab = ba = (b’ va’)’ = (a’)’ =a” —a by T 13, *T 12,, 
T 21, *D 2, *T 8. 


* THEOREM 23,. In order that a < b, it 1s necessary and sufficient that 
ab’ = 0. 


If ab =a, we have ab’ = (ab) b’ = 0 by H, *L2— *L6,; and if ab’ =0, 
we have ab = abv0 —abvab’ =a(bvb’) =ae—a by P4,, H, 
— *P §, *T 8. 


* THEOREM 23,. In order that a < b, it 1s necessary and sufficient that 


a’vb—e. 


If a < b, then a’ vb =a’ v b” = (ab’)’ = 0’ =e by *T 8, *T 12,, *T 23, 
*T 8; and, if a’vb =e, then ab’ = b”)’ = (a’ vb)’ =e’ = 0 by *T 12, 
*T 8, H, *T 8, so that a < b by *T 23;. 

We have now examined in sufficient detail the relation introduced in 
Definition 3. We have not distinguished the case where we have a < b and 
a=~£b from the case where we have merely a < b; in the present paper it is 
not important that we do so. We have not proved, nor can we do so in general, 
that one of the two relations a < b, b < a holds whatever the elements a and 0. 
Thus, in view of Theorem 18,, we may describe the relation indicated by the 
symbol < as an incomplete ordering relation. The most striking and in- 
portant connections between this relation and the operations of addition, 
multiplication, and complementation are those presented in Theorems 19 and 22. 

We next study the introduction * of an operation analogous to the opera- 
tion of forming the symmetric difference of two classes—that is, the class of 
elements belonging to either one but not both of the given classes. In order to 
abbreviate the somewhat tedious proofs of several of the theorems which we 
have to establish—in particular, those of Theorems 32, 42, and 43—we shall 


*See Daniell, Bulletin of the American Mathematical Society, vol. 23 (1916), 
pp. 446-458. 
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occasionally be less precise than hitherto in citing earlier propositions. We 
commence with a variation upon Theorem 16>. 


THEOREM 24. The equations rvab =avb, x(ab) =0 have a unique 


solution. 


If these equations have a solution, it is unique, by Theorem 16,. We have 
(avb) (ab) = (aa)bva(bb) =abvab=—ab by P3,—T18—T15, P6,, 
P6,. Hence we see that the equations in question have a solution, by *T 16,. 


DEFINITION 4. The unique solution of the simultaneous _ equations 
avab =avb, x(ab) =0 is called the symmetric difference of the elements 
a and b, and is denoted by aAb. The operation of forming the symmetric 
difference is called differentiation." 


THEOREM 25. If a=c and b=—d, thenaAb=cAd. 


By hypothesis, we have ab —cd and avb=cvd. From T 24 and D4, 
we conclude that aAb=cAd. 


bAa=aAb. 


THEOREM 26. 


Hence we have 


We have avb—bva by and ab=—ba by T 13. 
bAa=aAb by T 16, and D4. 


THEOREM 27. a4b=(avb) A (ab). 


We have (avb) vab = (avab) vb =—avb by P1,—T14, T10; and 
(avb)(ab) ab by the proof of T 24. Hence we conclude that aAb 
=(avb) A (ab) by T 16, and D4. 


THEOREM 28. In order that aAb =O, it is necessary and sufficient 
thata==b; in particular, ad a= 0 for every element a. 


If aAb=0, we have avb = (aAb) vab=—Ovab—ab by D4, H, 
P1,—P4,; we have ab <a,a<avb by T 20,, T 20, and ab << b,b <avb 
by T 20,, T 20.; hence we conclude that a—avb—b by T18,. If a—b, 
we have avb ~ava—a by P 6, and ab —aa—a by P6,; hence aAb is 
the unique solution of the equations z va =a, xa = 0 in accordance with T 24 
and D4; since these equations have the solution 0 by P1,, P4,, T6, we 
conclude that aAb—0. Since we have in particular aAa=0. 


‘This term is introduced on the basis of its colloquial logical connotations. There 
is little danger that it will be confused with the term “ differentiation” used in 
mathematical analysis with a special technical meaning. 
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THEOREM 29. aA0—a. 


We have av0 —a by P 4, and a0 = 0 by T6; hence aA 0 is the unique 
solution of the equations x v 0 =a, x0 = 0 in accordance with T 24 and D4; 
since these equations have the solution a by P 4,, T 6, we see that aA 0 =a, 


30. aAe—da’. 


We have ave =e by *T 5 and ae —a by *T 3; hence aAe is the unique 
solution of the equations 7 va =e, za = 0 in accordance with T 24 and D4; 
since these equations have the solution a’ by *P5 and *D 2, we see that 
ahe=@. 


*THroREM 31. aAb—ab’va'd. 


We have aA b = (avb)(ab)’ = (avb) (a = ad v ab’ v 
= (Qvab’vabv0 —ab’vab by *T16,, *T12,, P3,—P3,—T13—T 14, 
P1,—T14—P 4,. 


THEOREM 32. (a4b)A(bAc) 


Using *T 31, the commutative and associative laws for addition and 
multiplication, and the familiar properties of complementation, we have 


A(bAc) = (ab’va’b) v b’c)’ v (ab’ va’b)’(bc' v b’c) 
= (ab’va’b) (b’vc)(bvc’) v (a’ vb) (avd’) v b’c) 
= (ab’va’b) (b’c’ v bc) v (a’b’ vab) (be vb’c) = va'beva'b’c v abe’ 
= ac’(b’vb) va'c(bvb’) =ac’'eva'ce =ac va'c=—adc. 


THEorEM 33. Ifc—aAb,thena=bAc; in particulara—bA (aAb). 
If c—aAb, we have 
= (a4b)Ad—bA (aAb) 
by T 29, T 32, T29—T 25, T 26, H—T 25. 


THEOREM 34. aA(bAc)=—(aAb) Ac. 


We have aA (bAc) =[aAb]A[bA(bAc)] —(aAb) Ac by T22, 
T 26 — T 33 — T 25. 


THEoREM 35. In order thatadb—adc it is necessary and sufficient 
that b= c. 
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By T 28, aAb—aAc if and only if (246) A(aAc) =0; the latter 
relation holds, by T 26, T 25, T 32, if and only if bAc=0; and, by T 28, 
bAc= 0 if and only if b—c. 


THEOREM 36. ab=(avb)A(aAbD). 

This result follows at once from T 27, T 26, T 33. 
THEOREM 37. avb=(ab) A (aAb). 

This result follows at once from T 27, T 26, T 33. 
THEOREM 38. (a46)c = (ac) A (bc). 

We have 


(ac) A (bc) = (ac) (bc)’ v (ac)’(bc) = (ac) (b’ vc’) v (a’ vc’) (bc) 
= (ab’)cv (a’b)c = (ab’ va’b)c = (adb)c 


by T 31, and the familiar properties of addition, multiplication, and com- 


plementation. 


THEOREM 39. av (aAb) —avb. 


We have 


av(a\b) = (avab) v (aAb) =av[(aAb) vab] =av (avb) = (ava) vb =avb 


by T10, P1,—1T 14, D4, T 14, P6,. 
*THEOREM 40. (aAb)’ Ab—aAb’. 


We have (aA = (ab’va’b)’ = (a’vb) (av b’) =a'b’ vab =a’ Ab by 
*T 31, and the familiar properties of addition, multiplication and comple- 
mentation. By T 26, we have also (a4 b)’ = We 
can also obtain this result from T 30, T 34, and T 26, in an obvious manner. 


THEoreM 41. If a<candb<d, then aAb<cvd; in particular, 
aAb<avb. 


By T 18, and T 19, it is sufficient to show that aAb <avb. Now we 
have (@Ab) vab —avb by D4; andhence (aAb) <avb by T 18, and T 20.. 


THEorEM 42. aAc< (aAb)v(bAc). 


This result follows directly from T 32 by T 18,, T 18,, and T 41. 
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THEOREM 43. (ab) A(cd) < (aAdc)v(bAd). 


By suitable applications of *T 31 and the familiar properties of addition, 
multiplication, and complementation, we have 


(ab) A (cd) — (ab) (cd)’ v (ab)’(cd) = (ac’)b v (bd’)av (a’c) dv (b'd)c 


and 


Then by using T 19 together with the relations (ac’)b < ac’, (bd’)a < bd’, 
(a’c)d < a’c, (b’d)c < b’d, which all follow from T 20,, we obtain the result 
asserted in the statement of the theorem. 


THEOREM 44. (avb) A(cvd) < (aAdc)v(bAd). 
The proof is similar to that of the preceding theorem. We have 


(avb) A (cvd) (avb)(cvd)’v (avb)"(cvd) 
= (ac’) dv (bd’)c’ v (a’c)b’ v (b’d) a’ < ac’ vbd’ va'cvb’d =(aAc) v(bAd). 


We have now obtained the chief properties of the operation of differentia- 
tion. From an algebraic point of view, differentiation is the analogue in a 
Boolean algebra of both addition and subtraction in an abstract ring.* The 
commutative and associative laws hold for differentiation, as we have shown in 
Theorems 26 and 34 respectively ; and multiplication is distributive with respect 
to differentiation by Theorem 38. The connections between differentiation and 
the operations of addition, multiplication, and complementation are given by 
Theorems 37 and 39, Theorem 36, and * Theorems 31 and 40, respectively. 
In view of Theorems 25 and 37, we may regard a Boolean algebra as a system 
with double composition in which the given operations are those which we 
here call multiplication and differentiation, the operation which we here call 
addition being introduced through the equation avb = (ab) A(aAb). Al- 
ternatively, we may treat addition and differentiation as the given operations 
and introduce multiplication through the equation ab = (avb) A (aAb) of 
Theorem 36. We shall next call attention to an analogy which throws a good 
deal of light on Theorems 26, 28, and 42. If we call aAb the Boolean 
distance from the element a to the element b, we find that these theorems 
simply reflect familiar properties of ordinary numerical distances: Theorems 
17 and 25 show that the Boolean distance is a function of the arguments 4 
and b defined and single-valued for all a and b in a Boolean algebra A, with 


® See the remarks in the introduction. 
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values greater than (or equal to) 0 belonging to A; Theorem 26 shows that 
the Boolean distance is symmetric in its two arguments; Theorem 28 shows 
that the Boolean distance is equal to 0 if and only if ab; Theorem 42 
shows that the Boolean distance satisfies the “triangle inequality”; and 
Theorem 38 shows that the Boolean distance is a homogeneous function of 
degree one under Boolean multiplication of its arguments. Finally, we point 
out that the reciprocity established in Theorem 33 can be brought out in an- 
other way which is interesting in itself but not important later. Let us 
define a triadic relation by writing R(a,b,c) to indicate that the equations 
a(bvc) =a, b(cva) =b, c(avb) =c, abe = 0 hold for the elements a, b, c. 
It is evident that this relation is symmetric in the related elements—in other 
words, that the relation persists under any permutation of the elements a, b, c. 
We can now show that, when 0 and ¢ are given, there exists a unique element a 
such that (a, b,c)—namely, the element a—bAc: for R(a,b,c) implies 
avbe = (bvc)av be = (bavbec) v (acvbc) =bvc, a(bc)=0, and hence 
a=bAc; and Ac implies 


a(bvc) = (bAc)[beA (bAc)]—(bAc)bcA (bAc) =0Aa—a, 
b(cva) —b[cv (bAc)| —b(bvc) =), 
c(avb) =c[(bAc) vb] —c(cvb) abc = (bAc)bc 


and hence R(a, b,c). Thus the symmetry of our triadic relation is reflected 
in the reciprocity of Theorem 33. 


2. Connections with the Postulates of Huntington and Del Re. We must 
now show that our definition of Boolean algebras is essentially equivalent to 
at least one of the standard definitions. Naturally it is convenient to make 
the necessary comparison with some definition which, like ours, is based upon 
a system with double composition. The two best-known sets of postulates of 
this type are those due respectively to Huntington and to Del Re. We repeat 
them here: ° 


HuNTINGTON’s PostuLATES. A Boolean algebra A 1s a system with 
double composition which satisfies the postulates 

Postulate 1,. avb=bva; Postulate 1,. ab = ba; 

Postulate 3,. a(bvc) =abvac; 


Postulate 3,. avbc=(avb)(avec); 


*See Huntington, Transactions of the American Mathematical Society, vol. 5 
(1904), pp. 288-309; Del Re, Algebra della Logica, Naples, 1907; B. A. Bernstein, 
University of California Publications in Mathematics, vol. 1 (1914), pp. 87-96. 
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Postulate 4,. There exists an element 0 in A such that av0 —a for 
every element ain A; 


Postulate 4,. There exists an element e in A such that ea =a for every 


element ain A; 


Postulate 53. IPf the elements 0 and e of Postulates 4, and 4, respectively 
exist and are unique, then the simultaneous equations rva=e, 
ra =) have a solution for every element ain A; 


Postulate %. There exist elements a and b in A such that ab. 


De. Re’s Postutates. A Boolean algebra A is a system with double 
composition which satisfies the postulates 


Postulates 1;, 12, 31, 41, 42, 53, 61,7; [Postulate2,. (avb) vc =av(bve),] 


We have, of course, numbered the various postulates concerned in such 
a way as to facilitate comparison with our own system. Furthermore, we have 
made some minor changes in phraseology in order to eliminate trivial dif- 
ferences in statement. 

We now observe that, of the postulates which occur in Huntington’s and 
Del Re’s systems, every one except Postulate 7 either occurs in our system or 
is deducible therefrom. We have established Postulate 1. as Theorem 13 in 
our system, Postulate 2, as Theorem 14, Postulate 3; as Theorem 11, Postulate 
4, as Theorem 3; and we can establish Postulate 5; as a consequence of 
Postulate 5 and Theorem 3. 

We next observe that, of the postulates which occur in our system, every 
one either occurs in Huntington’s system or is deducible therefrom without 
the use of Postulate 7. We can establish Postulate 3, in Huntington’s system 
since (avb)c=—c(avb) =cavcb —acvbe by P1., P3,, P1,—P1.. We 
can establish Postulate 5 as follows: in Huntington’s system we establish the 
existence and uniqueness of the element 0 by combining Postulates 1, and 4; 
just as we did in proving Theorem 1 in our system; we establish the existence 
and uniqueness of the element e by combining Postulates 1, and 4, in a similar 
manner; we then use Postulate 5; to show that, for the indicated elements 0 
and e, the simultaneous equations 7 va =e, za = 0 have a solution, whatever 
the element a in A. We establish Postulate 6, from the relations a=av0 
(dvr) (ava) = (rva) (ava) =e(ava) =ava by Pods, 
P 3:3, P1:, P5;, P42, the element x being chosen as a solution of the 
simultaneous equations rva=e, za—0, in accordance with Postulate 5; 
and the previous remarks concerning the existence and uniqueness of the 
elements 0 and e. Finally, we establish Postulate 6, from the relations 
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a=ea= —aa by P 42, P53, P P 5s, 
P 1,, P 4:, the element x being chosen as in the preceding demonstration. 

We observe finally that, of the postulates which occur in our system, every 
one either occurs in Del Re’s system or is deducible therefrom without the use 
of Postulates 2, and 7%. In fact, we see that Postulates 3., 5, and 6, can be 
established in Del Re’s system by arguments precisely the same as those which 
were effective in Huntington’s. Since Postulate 2, can now be deduced as 
Theorem 14 from the postulates of our system, it follows that this postulate 
is redundant in Del Re’s system.’° 

Postulate 7 plays no part in deductions from the systems of Huntington 
and Del Re; indeed, it serves only to exclude the essentially trivial case of 
an algebra with exactly one element. It is largely a matter of taste whether 
one shall or shall not reject this case. We find it convenient to consider one- 
element algebras and hence to omit Postulate 7 from our list. 

We may summarize the foregoing comments as follows: 


THEOREM 45. Definition 1 is equivalent to Huntington’s definition of 
Boolean algebras and also to Del Re’s, provided that Postulate 7 is suppressed 
from their lists of postulates: 


3. Postulates for generclized Boolean algebras. It is of some interest to 
examine the possibility of introducing a system with double composition which 
possesses most of the peculiar properties of Boolean algebras without con- 
taining a unit element. The analogy with the theory of abstract rings suggests 
that the direct or indirect postulation of the unit element should be avoided; 
and examples from the theory of classes—for instance, the example of all finite 
subclasses of a given infinite class, or the example of all Lebesgue or Borel 
measurable sets of finite measure in n-space—indicate the existence of in- 
teresting algebras without unit. We shall therefore introduce the following 
definition : 


DEFINITION 5. A generalized Boolean algebra A is a system with double 
composition which satisfies the further postulates : 


**The example which has been given by B. A. Bernstein, University of California 
Publications in Mathematics, vol. 1 (1914), pp. 87-96, especially p. 95, to show the 
independence of Postulate 2, in Del Re’s system is known to be irrelevant, as Professor 
Bernstein informed the writer, first by word of mouth and then by letter when con- 
sulted on the situation presented here: for both Postulate 2, and Postulate 3, fail to 
hold in this example, as we see from the relations 

(€; v C2) v = v = Cs Crus = V Cay = Er v v es) 
and 


€2 == = Cy = Co V Co = V 
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Postulate 1,. avb=bva; 
Postulate a(bc) = (ab)c; 
Postulate 3,. a(bvc) =abvac; 
Postulate 4,. There exists an element 0 in A such that av0 =a for 
every element ain A; 
Postulate 5,. If there exists an element 0 with the property required 
by Postulate 4, and if a and 6 are elements of A such that ba =a, 
then there exists at least one such element 0, independent of a and b, 
for which the simultaneous equations xva=b, ca =0 have a solu- 
tion in A; 
Postulate 5,. If there exists an element 0 with the property required 
by Postulate 4, and if a and b are elements of A such that ab =a, 
then there exists at least one such element 0, independent of a and b, 
for which the simultaneous equations xva = b, ax = 0 have a solu- 
tion in A; 
Postulate 6,. ava=a; 
Postulate 6.. aa—=a. 
Any element such as that postulated in Postulate 4, is called a zero. 


The list of postulates given in this definition is obtained by certain 
obvious modifications of the list given in Definition 1. We begin by replacing 
* Postulate 5 by the more complicated, symmetrically related Postulates 5, and 
52, in order to obtain a system without postulated unit in which the indicated 
simultaneous equations still possess solutions; we may point out that, in the 
presence of the remaining postulates of Definition 1, the relations ba = a and 
ab = a of the new postulates are necessary conditions for the existence of such 
solutions. This substitution unfortunately renders the list of postulates in- 
adequate for our purpose and therefore forces us to proceed further. We elect 
to add Postulate 2, at this stage. We find, however, that the addition makes 
each of the Postulates 3,, 3, redundant in the presence of the others **; but 
we are able to bring our series of changes to a close with the suppression of 
one or the other of these two postulates. We have chosen to postulate the 
distributive law for multiplication on the left; but, if we had chosen to 
postulate the distributive law for multiplication on the right, we could have 
recovered the list of postulates given in Definition 5 simply by introducing 4 
new operation o defined by the relation aob ba. It may be noted that the 


11T am indebted to Professor A. A. Bennett for this observation; the argument 
given in Theorems 47-50 below is due essentially to him. 
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finite subclasses of a fixed infinite class constitute a system satisfying the postu- 
lates of Definition 5 but possessing no unit. 
By way of justifying the terminology introduced in Definition 5, we may 


note the following result: 
TuerorEM 46. LKHvery Boolean algebra is a generalized Boolean algebra. 


We have only to prove that any system with double composition which 
satisfies the postulates of Definition 1 satisfies the additional postulates oc- 
curring in Definition 5. Now Postulate 22 has been established as Theorem 15, 
Postulate 5, has been established as Theorem 162, and Postulate 5, follows 
from Postulate 5, by an application of Theorem 13. 

In discussing generalized Boolean algebras, it is our aim to show that 
all the unstarred theorems of § 1 remain valid in these more general systems. 
We shall condense the necessary developments as much as possible, using the 
form of presentation adopted in § 1. 


THEOREM 47. The element 0 of Postulate 4, exists and is unique. 


By P 4,;, such an element exists. If 0, and 02 are such elements, then 
1=0,v0, —0,v0, — 02 by P 4,, P11, P 
We shall use Theorem 47 without specific reference in the sequel. 


THEOREM 48,. O0a—0O. 


By P 6, 
tva=a, We now have r—2v0 by 
P4,,P6,— X, P3,, X, X. Combining this result with X, we have 0a = za = 0. 


P 5,, there exists an element z with the property X that 


THEOREM 48,. a0 


By P6,—P 52, there exists an element x with the property X that 
Hence we have a0 —a(axv) = by X, 2, 
P6,, X. 


Lemma 11. ab =O implies ba=0. 


We have ba = (ba) (ba) = b[a(ba)] = b[ (ab) a] b[0a] — 60 0 by 
P6., P2., P2., H, T 48,, T 


Lemma 12. (ab)a—ab. 


We have ab = (aa)b —a(ab) by P 6., P22. Hence by P 5, there exists 
an element x with the property X, that trvab—a, x(ab) =0; and, by 
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X,—1L 11, this element z has also the property X, that (ab)2—0. Thus we 
have (ab)a = (ab) (xvab) = (ab)xzv (ab) (ab) = 0vab =abv0 —ab by X,, 
P 3,, X,—P 62, P 1,, P 4;. 


THEOREM 49. 


We have (ab) (ba) = [(ab)b]a = [a(bb) ]a = [ab]a —ab by P 22, P 2,, 
P 6,, 112. Hence by P 5, there exists an element z with the property X, that 
=ba, (ab)x—0. By X,—1L11 this element has the property X, that 
z(ab) =0. It has also the property X; that x(ba) = 0, since 


[(ba)b]a b[(ab)z] —b0 —0 


by L12, P 2, —P 2., X,, T 482, and L11 is therefore applicable. Finally, it 
has the property X, that z = 0, since 


=2(xvab) = 2z(ba) = 0 
by P 4,, P6.— X., P3;, X3. Hence we conclude that 
ab =abv0 =abvx=—2zvab = ba 
by P 4,, X,, P1,, Xi. 
THEOREM 50. (avb)c=—acv be. 


We have (avb)c=c(avb) =cavch =acv be by T 49, P3,, T49 —T 49; 
in other words, Postulate 3, is valid in a generalized Boolean algebra. 

If a is an arbitrary element of A, we may consider the class of all elements 
c such that cab for some element b in A. We shall denote this class by 
the symbol a(a). 


THEOREM 51. If a is an arbitrary element in the generalized Boolean 
algebra A, then the class a(a) is a subsystem of A and is in addition a Boolean 
algebra, its zero being the element 0 in A and its unit being the element a. 


If c, and c, are elements of a(a), we can write c, —ab,, c. =ab.; thus, 
Cy = ab,v ab, = a(b, vb.) by P 3, and = (ab,) (ab.) = a[b,(ab-) ] by 
P 2,; and hence ¢; v cz and c,c, are elements of a(a). Thus we see that a(a) 
is a subsystem of the system A. We now note that 0 and a are both elements 
of a(a), since we have 0 = a0 by T 48, and aaa by P 6.. Now, since a(a) 
is a subsystem of A containing the element 0 and since Postulates 1,, 31; 
32 (by T 50), 4:, 6:1, and 6, are valid in A, these postulates are also valid in 


| 
ab = ba. 
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a(a). Hence, to prove that a(a) is a Boolean algebra, we have only to estab- 
lish Postulate 5 for this system. This may be done as follows: we first note 
that if c is any element in a(a@) we can write cab and therefore have 
ac=a(ab) = (aa)b =~ab —c by H, P 2, P62, H; hence, by P 5,, there 
exists an element x in A with the property X that rvc =a, rc =0; and, 
since = 2a = = by T 49, X, P3,, P6,—X, 
P4,, this element 2, as well as the elements 0, a, and c, belongs to a(a). 
In particular, we see from the foregoing results that the zero in a(q@) is the 
element 0 in A and that the unit in a(a) is the element a. 


THEOREM 52. If c ts an element of a(a), then a(c) Ca(a). 


If d is an element in a(c), we can write d cb, and cab, and thus 
find that d = cb, = (ab,)b, = a(b,b.) by H, H, P22. Hence d is in a(a) 
and a(c)C a(a). 


THEOREM 53. The class a(avb) contains the elements a and b. 


Since a and ab are elements of the Boolean algebra a(a) in accordance 
with T 51, we have avab =a by T 10 and hence 


a=avab=aavab=—a(avb) =(avb)a 


by P6,, P3,, T 49; it follows that a is an element of a(avb). Since b and 
ba are elements of the Boolean algebra a(b), we have similarly 


b—=bvba=bavb = bavbb =b(avb) = (avb)b 


by T10, P1,, P 6., P 3,, T 49 and hence conclude that b is an element of 
a(avb). 


THEOREM 54. The class a(av [bv (cvd)]) contains the elements a, b,c, d. 


By T53 we see that a(av[bv(cvd)]) contains a and bv (cvd), 
a(bv(cvd)) contains b and cvd, and a(cvd) contains c and d. By T 52 
we see that a(cvd) Ca(bv (cvd)) Ca(av[bv (cvd)]). Hence the class 
a(av[bv (cvd)]) contains the elements a, b, c, d. 


THEOREM 55. All unstarred propositions and definitions of § 1 are valid 
in a generalized Boolean algebra, provided that the term “ Boolean algebra” 
“generalized Boolean algebra.” 


is supplanted wherever it occurs by the term 


A brief survey of the definitions and propositions of § 1 shows that the 
starred definitions and propositions are precisely those involving the unit 
element ¢ and the related operation of complementation. Such definitions and 
theorems obviously cannot be carried over to a generalized Boolean algebra. 
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To assert that the remaining definitions and propositions of § 1 can be carried 
over to a generalized Boolean algebra therefore means that the operations of 
addition, multiplication, and differentiation, and the relation “less than ” are 
defined in such an algebra and are subject to the same formal rules as in a 
Boolean algebra. 

In verifying this assertion, we must examine in succession the various 
unstarred definitions and propositions of §1. In deciding whether or not a 
definition or proposition remains valid in a generalized Boolean algebra, we 
may appeal to several different criteria. A definition can be retained whenever 
it is stated directly in terms of the fundamental postulated operations of addi- 
tion and/or multiplication or indirectly through preceding unstarred defini- 
tions and/or propositions. This criterion applies at once to Definitions 3, 4; 
of course, Definition 4 reposes upon the preceding unstarred Theorem 24, 
A proposition which is stated in terms of the fundamental postulated opera- 
tions and/or preceding unstarred definitions remains valid (1) whenever it 
is one of those postulated or proved in the present section; (2) whenever it 
reposes only upon preceding unstarred propositions and/or starred propositions 
which have adequate substitutes valid in a generalized Boolean algebra; 
(3) whenever it asserts a relation which can be treated by regarding the 
related elements as belonging to a Boolean algebra constructed in accordance 
with Theorems 51 and 54 of the present section. We apply criterion (1) in 
the following instances: Postulates 1,, 31, 4:, 6:, 62 of Definition 1 appear 
as postulates in Definition 5; Postulate 3, has been proved as Theorem 50 
of the present section; Theorem 1 appears essentially as Theorem 47 of the 
present section; Theorem 6 appears, subdivided as Theorems 48, and 48, of 
the present section; Theorem 13 appears as Theorem 49 of the present section 
and Theorem 15 appears as Postulate 2. of Definition 5. We can apply 
criterion (2) above in the following instances: Theorems 16,, 17, 181, 182, 
19, 20;, 202, 21, 24, 25, 26, 27, 28, 29, 33, 34, 35, 36, 37, 39, 41, 42, and 
Lemmas 8,, 82,10. In the case of Theorem 24, the proof involves the starred 
Theorem 16,, which is used, however, merely to establish the existence of a 
solution of the simultaneous equations under consideration; but in a gen- 
eralized Boolean algebra the existence of the desired solution is established by 
Postulates 5, and 5, (which we may now regard as equivalent by virtue of the 
commutative law for multiplication). Finally we apply criterion (3) in the 
following instances: Theorems 9, 10, 11, 14, 32, 43, and 44. We shall content 
ourselves with giving detailed discussions of two typical cases. First let us 
consider the demonstration of Theorem 9: if 0 is the zero element of a gen- 
eralized Boolean algebra A and a and 6 are arbitrary elements in A with the 


| 
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property that avb 0, we may regard 0, a, 6 as elements of the Boolean 
algebra a(av[bv(cvd)]) in accordance with Theorems 51 and 54, the 
element 0 being the zero of this algebra; Theorem 9 is now applicable within 
this Boolean algebra and shows that a = 6 = 0, as desired. Let us also con- 
sider the demonstration of Theorem 32: whether we regard the elements 
a, b, c and the operation A as belonging to the generalized Boolean algebra A 
or to the Boolean algebra a(av [bv (cvd)]) contained in A, the elements 
ab, bAc, ac are obtained as the unique solutions of certain fixed pairs 
of simultaneous equations and are therefore independent of the interpretation 
chosen; now under the second interpretation, and hence also under the first, 
these elements belong to the algebra a(av [bv (cvd)]); in the same way we 
find that the element (a4 6) A (bAc) also belongs to this algebra; thus we 
can apply Theorem 32 within the Boolean algebra a(av[bv(cvd)]) and 
conclude that (aAb) A (bAc) =adAc, as we wished to do. In summary, 
we may say that the three indicated criteria cover all the unstarred proposi- 
tions of § 1 and thus lead to the present theorem. 

We shall conclude the present section with a brief discussion of certain 
conditions under which a generalized Boolean algebra is a Boolean algebra. 
We have first: 


THEOREM 56. A necessary and sufficient condition that a generalized 
Boolean algebra A be a Boolean algebra is that it contain an element e with 
one or both of the equivalent properties that ae—a, ea=a whatever the 
element a in A. If such an element exists, it is the unit of the Boolean 
algebra A. 


If A is a Boolean algebra, such an element exists by Postulates 4,, 5 and 
Theorems 2, 3. If such an element exists, then Postulates 5,, 5. show that 
the simultaneous equations rva—e, va=0 have a solution whatever the 
element a in A; thus the system A satisfies Postulate 5 as well as all the 
unstarred postulates of Definition 1, and is therefore a Boolean algebra with 


the element e as its unit. 


THEOREM 57. If A 1s a generalized Boolean algebra with finite cardinal 
number n, then A is a Boolean algebra. 


By hypothesis, there exist elements a,,---,a, such that aj; Aa, for 
j#k, j,k =1,---,n while aeA implies for some integer k, 
k=1,---,n. Now the element e—a,v-~--vd» has the property that 
ae == @ whatever the element a in A: for, putting a = a,, we have 
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by H, P1,—P1.3,—T14—T 55, P6.—_T10—T55, H. Thus A isa 
Boolean algebra in accordance with Theorem 56. 


4, Independence of the postulates. The consistency of the sets of postu- 
lates given in Definitions 1 and 5 for Boolean algebras and generalized Boolean 
algebras respectively is shown by exhibiting specific systems with double com- 
position in which all the listed postulates are valid. The system with a single 
element 0 where 0v0 and 00 are both 0 is one such system; and the system 
with two elements 0 and e, where 0 ~ e, where 0 v 0, 00, 0e, ¢0 are all 0, and 
where Ove, ev0, eve, ee are all e, is another. As we have already pointed 
out by means of examples, there are systems with double composition which 
are generalized Boolean algebras without being Boolean algebras; in view of 
Theorem 57, such systems are necessarily infinite. 

In the following examples, we shall denote by *K Pa a system with double 
composition in which Postulate « of Definition 1 is not satisfied while the 
remaining postulates of that definition are valid; and we shall denote by KPa 
a system with double composition in which Postulate « of Definition 5 is not 
satisfied while the remaining postulates of that definition are valid. In each 
example, the system considered is finite and its elements are designated by 
appropriate letters, different letters always denoting unequal elements and the 
letters 0 and e being reserved for elements with the properties described in 
Postulates 4, and 5; and the fundamental operations are defined by an addi- 
tion table placed at the left and a multiplication table placed at the right, 
the tables being arranged so that av b or ab appears in the row labeled “a” 
and the column labeled “6b.” In many cases we shall point out various 
properties of the systems exhibited beyond those mentioned above. In those 
instances where we assert the failure of a certain proposition in a given system, 
we shall indicate at least one specific case of the asserted failure; but in those 
instances where we assert the validity of a certain proposition in a given 
system, we shall merely report the result of checking all possible cases. 


*KP 1,, KP 1,. 0; 0. 0; 0. 


It is evident that P 1, fails here, since 0, v0. — 0, 0,—0,v0,. P 2%, 
P 3,, P 32, P 6,, P 6, are easily verified; and it is also clear that P 4, is valid 
whichever of the two elements 0,, 0. is designated as the element 0 of that 


0, 0; 0; 0; 0; 0, 
0. 0. 0. 0. 01 0. 


29 
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postulate. If we choose 0; as the element 0 and also as the element ¢ of *P 5, 
we find that *P 5 is satisfied: for the simultaneous equations zva = 0,, 
za = 0, have the solution 0,, whatever the element a. 

Neither P 5, nor P 5. is valid here: for none of the four sets of simul- 


taneous equations 


xv 0. = 02, x0, = 0,; 0. = 02, == 0;; 
zv0, = 02, x0, = 02; rv 0, = 02, 0.2 = 02; 


has a solution although the relations 0.0, 02, 0:02 = 020, are valid. 
It is easily verified that Theorems 10, 11, 13, 14, 15 hold in this system. 


0a 6 6¢ @ € 
a ei0 a @ a 


The failure of P 3, is exhibited by the relations 
c(avb) 


It can be verified directly that P 1,, P 3., P4,, *P 5, P 6,, P 6, are valid in 
this system; and also that P 2., P5., T9, T 14, T 15 are valid here. On 
the other hand, P 5, fails since be =c while the simultaneous equations 
tvce=b, xc =0 have no solution; T 10 fails since 
T 11 fails since (cva)(cvb) =eb =bAc=—cv0=—cvab; and T13 fails 
since be = cb = cb. 


0 a 0] 0 0 0 


The failure of P 3, is evident from the relations 
(eva)0—=e0 = 


It can be verified directly that P1,, P3,, P 4,, *P 5, P61, P 62 are valid in 
this system; and also that P 2., P 5,, 19,14, T' 15 are valid here. On the 
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other hand, P 5, fails since a0 = a while the equations z va = 0, ax = 0 have 
no solution; fails since Ova0 T11 fails since 


(ave)(av0) 


and T 13 fails since = 0a. 


*KP 4,, KP 4,. 


a 


The failure of P 4, is evident from the addition table. Since the element 0 
described in P 4, does not exist, *P 5, P 5,, and P 5, are satisfied vacuously. 
It can be verified directly that P11, P 22, P 3,, P 3., P 6,, P 6, are valid in 
this system; and also that T 11, T 13, T 14, T 15 are valid here. On the other 
hand, T 10 fails since bvba=bva=cb. 


*KP 5. 


The failure of *P 5 is evident from the fact that even the single equation 
za =( has no solution in this system. It is easily verified that P11, P3,, 
P 3., P 4, P6,, P 62 are valid here; and that P2,, T9, T11, T 13, T 14, 
T 15 are also valid. On the other hand, P 5, fails since 0a =a while the 
equations xva—0, za 0 have no solution; P 5, fails since a0 =a while 
the equations zva=—0, ax=0 have no solution; and T10 fails since 


*KP 6,, KP 6,. 0 e e 


0 
0/0 0 0 
e|e 0 | e | 0 e 


The failure of P 6, is evident from the relation eve —0. It is easily 
verified that P1,, P2., P3,, P 3., P 4, *P 5, P5,, P52, P 6, are valid in 
this system; and also that T13, T 14, T 15 are valid here. On the other 
hand, T 9 fails since eve ~0; T 10 fails since evee—eve=O0e; and 
T 11 fails since (eve)(ev0) =—0e—~0~e—ev0—eved. This system is 


0 a 
01/0 a 0; 0 a| 
ala a 


POSTULATES FOR BOOLEAN ALGEBRAS. 731 
of particular interest because it is a ring, isomorphic to the ring of integers 
taken modulo 2. 

*KP KP 62. 


0 0 


The failure of P 6, is evident from the relation ee 0. It is easily 
verified that P1,, P 2., P3,, P3., P 4, *P 5, P5,, P52, P6, are valid in 
this system; and also that T 9, T 10, T 13, T 14, T 15 are valid here. On the 
other hand, T 11 fails since (ev 0)(ev0) Ae —ev0 —ev00. 


KP 2.. 0 a bee 


0 
b 


Cc b 


b a Cc 


It is evident that P 2, fails in this system since 
a(bc) =aa=—aA~c=cc = (ad)c. 


It is easily verified that P 1,, P 3,, P 4,, P51, P 5,, P 6,, P 6, are valid here; 
and that P 3,, T. 9, T 13 are also valid. On the other hand, *P 5 fails since 
the relations xv y = z, cry = 0, imply tx = 0, z = y or y = 0, z =z and hence 
preclude the existence of the required element ¢; T 10 fails since avab 
=dave=b~Aa; fails (av0)(avb) —avob; 
T14 fails since av (bvb) =avb =c~A~a—cvb=—(avb)vb; and T15 
fails since it is equivalent to P 2b. 


0 b Cc e 
a e e 
b 


C é 


é é 


The failure of P 3, is evident from the relations 


a(bvc) 
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It is easily verified that P 1,, P 22, P4:, P5,, P 52, P6,, P 6, are valid in 
this system; and also that *P 5, T9, T 10, T 13, T 14, T 15 are valid here, 
On the other hand, T 11 fails since (avb) (avc) =ee=eAa—av0 —avhe, 
This particular system may be interpreted in the following way: ¢ is a fixed 
two-dimensional linear manifold; 0 is a fixed 0-dimensional linear manifold 
in e; a, b, c are three distinct 1-dimensional linear manifolds in e containing 
0; the sum of any two of these linear manifolds is the least linear manifold 
containing both, and the product is the largest linear manifold contained 


in both. 
KP 


The failure of P 5; is evident from the fact that 0a =a while the simul- 
taneous equations xva=—0, za=0 have no solution. It is easily verified 
that P 1,, P 2., P 3:, P 4,, P 52, P 6,, P 6, are valid in this system; and also 
that P 3., T 9, T 11, T 14, T 15 are valid here. On the other hand, *P 5 fails 
since neither the equations cva—0, za=—0 nor the equations rva =a, 
xa = 0 have a solution and consequently no element with the properties de- 
manded of e exists; T 10 fails since 0Ov0a—=Ova=a0; and T 13 fails 
since 0a =~ a0 a0. 


Oe. a 
0;0 a | 
a | 

The failure of P 5, is evident from the fact that a0 —a while the simul- 
taneous equations xva—0, az=—0 have no solution. It is easily verified 
that P 1,, P 2., P 3,, P P 5,, P 6,, P 6, are valid in this system; and also 
that P 3,, T 9, T 11, T 14, T 15 are valid here. On the other hand, *P 5 fails 
since neither the equations zv0 —a, 20 nor the equations zva =), 
za = have a solution and consequently no element with the properties de- 
manded of e¢ exists; T 10 fails since 0va0 and T 13 fails 
since 0a =0>4a—a0. The system under consideration is obtained from 
KP 5, simply by reflecting the multiplication table in its principal diagonal, 
so that the product zy in KP 5, is the same as the product yz in KP 4. 

In conclusion, we see that each of the various postulates in Definition 1 
or Definition 5 is independent of the remaining postulates of that definition. 
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ON FINITE BOOLEAN ALGEBRAS.‘ 
By B. A. BERNSTEIN. 


Introduction. In every finite Boolean algebra there exists a set of ele- 
ments, which [ shall call the “ minimals ” of the algebra, that play a réle in 
the algebra very much like that played by the prime numbers in arithmetic. 
Huntington * introduced these elements, under the term “ irreducible,” * for 
the purpose of proving the order theorem for finite Boolean algebras. The 
object of my paper is to discuss the minimal elements more fully and to make 
further application of the properties of these elements. The application will 
be to some questions concerning sub-algebras of a finite Boolean algebra, to a 
problem in dichotomy, and to arithmetic representations of finite Boolean 
algebras. Incidentally, Huntington’s results concerning the minimal elements 
will be obtained from a different starting point. Incidentally, also, a proof 
of the order theorem for finite Boolean algebras will be obtained without the 
help of the minimal elements.* 


1. The minimals. Consider any Boolean algebra B. If a1, d2,° * -, dn be 
elements of B, and 1 the universe element, then 


The expression (ii) is the additive normal development of 1 with respect to 
* *, Gn. If B be finite, and if a,,a2,- - -, a» be all the elements of B, 
(ii) will be called the complete additive normal development of 1. The con- 
stituents in the complete additive normal development of 1 that are not 0 
will be called the minimal elements of B, or simply the minimals of B. 

We have at once the following basic theorem: 


* Presented to the American Mathematical Society, June 20, 1934. 

* Transactions of the American Mathematical Society, vol. 5 (1904), pp. 308, 309. 

* This term seems tc me less simple than “ minimal,” and permits a less convenient 
name and notation for the duals of the minimal elements (See § 4 below). 

‘The reader is referred to the following more general papers on Boolean algebra, 
which no doubt yield, from a very different angle, many of my results: E. T. Bell, 
“Arithmetic of logic,’ Transactions of the American Mathematical Society, vol. 29 
(1927), pp. 597-611; W. A. Hurwitz, “On Bell’s arithmetic of Boolean algebra,” ibid., 
vol. 30 (1928), pp. 420-424; M. H. Stone, “On the structure of Boolean algebras ” 
(Abstract), Bulletin of the American Mathematical Society, vol. 39 (1933), p. 200; 
M. H. Stone, “ Boolean algebras and their application to topology” (Abstract), Pro- 
ceedings of the National Academy of Science, vol. 20 (1934), pp. 197-202. 
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1.1. Ina finite Boolean algebra, every element a, 0, is expressible 
uniquely as a sum of minimals. 


For, by (i) and (ii), every element a of the algebra is expressible uniquely 
as a sum of constituents in (ii), namely, the sum of those constituents in 
which a enters positively. Hence, if a40, a is expressible uniquely as the 
sum of those non-0 constituents in which a enters positively. 

If m is a minimal in an expression for a, we shall say “m is a minimal 
of a,” or “ m belongs to a,” or “ m is contained in a.” 

Theorem 1.1 enables us to construct a finite Boolean algebra from its 
minimals. 

Theorems 1. 2-1. 19 below are practically all simple corollaries of 1.1 and 
the definition of minimals. Proofs for the more obvious of these theorems 
will be omitted. 


1.2. Every finite Boolean algebra has at least one minimal. 


1.3. The order of a finite Boolean algebra 1s 2*, where k is the number 
of minimals of the algebra. 


1.4. If m;,m2,° ++, mz are the minimals of a finite Boolean algebra, 
then 
mim; =0 [tJ]. 


1.5. In a finite Boolean algebra, a necessary and sufficient condition 
that a be a minimal is: 

For, first, let a be a minimal. Then a0. Also, if a+a2=—a 
[t@ 0, x~al], then z, hence a+ 2, hence a would contain minimals not 
belonging to a, contrary to 1.1. Hence, (i) and (ii) are necessary. 

Secondly, letta0 anda+2~a[x~0,¢4~a]. Then, if a were not 
a minimal, we should have, by 1.1, a=m,+m.+-:--+m, [h>1], 
where the elements m; are minimals. Hence, there would be a minimal, say 
m;, such that a+ m,—a, where m, 0, m,=€a, contrary to supposition. 
Hence, (i) and (ii) are sufficient. 


1.6. Ina finite Boolean algebra, a necessary and sufficient condition that 


a be a minimal is: 
(i) a0, (ii) eal]. 
For,  < is equivalent toa-+-x—a. Hence the theorem, by 1. 5. 


Theorem 1. 6 shows that the minimal elements are identical with Hunting- 
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ton’s “ wreducible” elements. Theorems 1. 1-1. 6 include all of Huntington’s 
results concerning these elements. 


1.7%. Let a1, d2,° + +, a, be a set of k elements of a finite Boolean algebra 
B such that 
if k be the number of minimals in B, then a;, d2,° * -, a are the minimals of B. 


For, by 1.1, each element a; is a minimal or a sum of minimals; and if 
some a; were a sum of two or more minimals, there would be two distinct a,’s 
having a minimal in common, contrary to the supposition that aja; = 0 [147]. 

Hereafter, unless expressly stated otherwise, the algebra under considera- 
tion in any particular case will be understood to be a finite Boolean algebra, 
and the symbol m will always denote a minimal. 


1.8. In the additive normal development of 1 with respect to any set of 
elements, the number of non-0 constituents cannot exceed the number of 


minimals. 


For, each non-0 constituent is a sum of minimals, by 1.1; and no two 
distinct constituents, c, and ¢c., can have a common minimal, since ¢,¢c, = 0. 


1.9. The sum of any set of minimals is the negative of the sum of the 


remaining minimals. 
1.10. If m, and mz are two distinct minimals, then mym’, = m,. 
For, m’, is of the form m, + a, by 1.9, and m,(m, + a) = m,. 
More generally, we have: 
1.11. are distinct minimals, then my, = 
For, m’,, m’.,° +, are each of the form m, + a. 


1.12. In the additive normal development of 1 with respect to the 
minimals, the non-0 constituents are precisely the minimals. 


By 1.11 and 1.8. 


1.13. The minimals of a + b consist of the minimals contained in a or b. 

1.14. The minimals of ab consist of the minimals common to a and b. 

1.15. A necessary and sufficient condition that a minimal m be a mini- 
mal of a is that m < a. 


For, m < a is equivalent to the relation a—a-+m. Hence the theorem, 
by 1.1. 
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1.16. If m< a+b, thenm<aorm<b. 

By 1.15 and 1. 13. 

1.17%. 

For, if m < 0, then 0—=0+m—™m. 

1.18. Let ab=0; if m<athenmd< 6b. 

For, if m <a and m < b, then m < ab; hence m < 0, contrary to 1.17. 
1.19. If m {a, then ma =0. 


For, if m <{ a, then m is not a minimal of a, by 1.15. Hence ma=(0, 
by 1.1, 1.4. 

Further properties of the minimal elements will be stated with the help 
of the notion of “index” of an element and of other notions. 


2. Index of an element. In a finite Boolean algebra B, by the indez 
of an element a, denoted by J (a), will be meant the number of minimals 
belonging to a. The index of the universe element 1, i.e., the number of 
minimals in B, will be called the index of B. A Boolean algebra of index k 
will be denoted by By. 

We have, for indices, theorems 2. 1-2.5 below. (In these theorems the 
operations between indices are, of course, arithmetic.) 


2.1. If ab then I(a+ 6) =I (a) + 1(b). 


For, a and 6 cannot have a common minimal, by 1.17. Hence the 
theorem, by 1. 13. 
The following two theorems are corollaries of 2. 1. 


2.2. In an algebra B,, I(a’) =k —TI(a). 
2.3. In an algebra By, I(a’b’) =k —I(a+b). 


Since if b < a then a—=ab + ab’ —b + ab’, we have, by 2.1, 


2.4. Ifb <a, then I(ab’) =I(a) —I1(b). 
Sincea + ab’ —ab + ab’ +0’, we have, by 2. 1, 
2.5. + 1(ab’)—=1(a) + 1(b)—I (ab). 


3. Addends. The introduction of the notion of “ addend ” and of asso- 
ciated notions will enable us to view the minimal elements from another angle, 
and will also enable us to state conveniently some additional propositions for 
finite Boolean algebras. 
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In any Boolean algebra B, if there exists an z such that b + 2 —a, then 
b will be called an addend of a, and a a complex of b. Two elements a, b will 
be said to be relative minimals, if 0 is the only addend common toa and b. In 
a finite B, the minimals of a are, of course, addends of a, and a is a complex 
of its minimals. If a, 0, has no addends other than 0 and a, then, by 1. 5, 
aisa minimal. In a finite B, an element c will be called the least common 
complex (L.C.C.) of a and 6, if the minimals of c are the minimals belonging 
either to a or to b; an element c will be called the highest common addend 
(H.C.A.) of a and 6, if the minimals of c are the minimals common to a 
and b. 


3.1. In any Boolean algebra, a necessary and sufficient condition that d 
be an addend of a (or that a be a complex of b) 1s that b <a. 


For, b<a@ is a necessary and sufficient condition that the equation 
b+ 2—a have a solution. 


3.2. In any Boolean algebra, a necessary and sufficient condition that 
aand b be relative minimals is that ab = 0. 


For, the pair of relations z < a,  < b is equivalent to the single relation 
<ab; and ab —0 is a necessary and sufficient condition that z < ab have 
the unique solution 0. 

Theorems 3.1 and 3.2 enable us to restate the theorems of § 1 in terms 
of addends and related notions. Thus, 1.16 and 1.18 become respectively 
3.3 and 3. 4 following. 


3.3. If a minimal m is an addend of a+ b, then m is an addend of a 
or m 1s an addend of b. 
3.4. Let aand b be relative minimals,; if m is an addend of a, then m 


is not an addend of b. 


In view of 1.13 and 1.14, we have: 
3.5. a+b=—L.C.C. of a,b; ab =H.C.A. of a,b. 


The following four theorems concern the addends of an element as con- 
stituting a Boolean algebra and an abelian group. 


3.6. In any Boolean algebra B, the addends of an element u, ~0, 
form a Boolean algebra A with respect to the operations + and X, the elements 
0, u, ua’ of B serving in A as the “ zero,” the “ universe,” and the “ negatwe 


of x” respectively. 
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For, with respect to the operation +, the addends of wu are related to 
precisely as the elements of B are related to 1. 


3.7%. In any Boolean algebra B, the addends of an element u form an 
abelian group with respect to the operation o given by xoy=—a2y + vy. 


For, it can be verified, the operation o satisfies the following three con- 
ditions: (i) ao0b=—boa; (ii) (a0b)0c=—ao(boc); (iii) for any two 
addends a, b of wu there is an addend z such that aox =D. 

If the algebra B in 3.6 and 3.7 be finite, these theorems become respec- 
tively Theorems 3.8 and 3. 9 following. 


3.8. In an algebra B,, the addends of an element u, ~0, of tndez h, 
form a Boolean algebra By, with respect to the operations + and xX, the 
elements 0, u, ua’ of By serving in By as the “ zero,” the “ universe,” and the 


“negative of x” respectively. 


3.9. In an algebra By, the addends of an element u, of index h, form 
an abelian group of order 2" with respect to the operation o given by 


4. Dual considerations. The mazimals. The foregoing considerations 
have, of course, their dual counterparts. Thus, corresponding to “ minimal,” 
“ addend,” “ complex,” “ relative minimals,” “least common complex,” “ high- 
est common addend,” we have, respectively, “ maximal,” “ factor,” “ multiple,” 
“relative maximals,” “least common multiple,” “highest common factor.” 
The definitions of the notions in the latter set follow. 

A maximal element p of a finite Boolean algebra B is a non-1 constituent 
in the complete multiplicative normal development of 0. In any Boolean 
algebra, if there exists an x such that bx =a, then b is a factor of a, and 
ais a multiple of b; two elements a, b are relative maximals if 1 is the only | 
factor common to a and b. In a finite Boolean algebra, an element c is the 
least common multiple (L.C.M.) of a and b, if the maximals of ¢ are the 
maximals belonging either to a or to 6; an element c is the highest common 
factor (H.C.F.) of a and }, if the maximals of c are the maximals common 
to a and b. 

As samples of the duals of the foregoing propositions, I give pi ,positions 
4.1-4.5 below. These are the duals of 1.1, 1.4, 1.6, 1.10, 3.1 respectively. 


4.1. In a finite Boolean algebra, every element a, 1, is expressible 
uniquely as a product of mazximals. 
4.2. If wi,p2,° * +, px are the maximals of a finite Boolean algebra, then 


Mite’ = 0, + py = 1 [tj]. 
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4.3. Ina finite Boolean algebra, a necessary and sufficient condition that 
a be a maximal is: 


(i) @Al, (ii) wpa eal. 


4.4. If and pe are two distinct maaximals, then pi + p's = 
4.5. In any Boolean algebra, a necessary and sufficient condition that 
b be a factor of a (or that a be a multiple of b) is that b >a. 


In view of 3.1, Theorem 4. 5 tells us: 


4.6. In any Boolean algebra, a necessary and sufficient condition that 
a bea multiple of b is that a be an addend of b. 


5. Relation between the minimals and the mazimals. As is to be ex- 
pected, there is a very close relation between the minimal and the maximal 
elements of a finite Boolean algebra. This relation is given by the following 
theorem. 


5.1. Ina finite Boolean algebra, if m is a minimal then m’ is a maximal. 


For, if m is a non-0 constituent in the complete additive normal develop- 
ment of 1, then m’ is a non-1 constituent in the complete multiplicative normal 
development of 0. 

As a consequence of 5.1, in view of 1.10, we have: 


5.2. Ina finite Boolean algebra, let m be a minimal and p a maximal ; 
then mp = 0, or else mp =m. 


Dually, we have: 


5.3. Ina finite Boolean algebra, let » be a maximal and m a minimal ; 
then p+ m—1, or else ptm—u. 


6. Existence and construction of sub-algebras. I shall now apply the 
properties of minimals to answer some questions concerning sub-algebras of a 
finite Boolean algebra. 

We know that every Boolean algebra B has “ embedded ” in it as a sub- 
algebra the algebra B, of index 1, consisting of the elements 0,1. Are there 
sub-algebras B, [h > 1] embedded in an algebra B, [k > h]? If sub-algebras 
By exist, how construct these algebras? Again, given an algebra B, embedded 
ina B, [k >h-+1], does there exist an algebra embedded in By, and 
embedding B,? The answers to these questions will be found in the Theorems 
6. 1-6. 3 following. 
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6.1. Let my be the minimals of an algebra By, [k > 1] 
the k —1 elements 


M1, Me2,° * * + Mk 


constitute a set of k —1 minimals for a sub-algebra By_, embedded in 


The theorem is true by virtue of 1. 7. 
As a corollary of 6.1, we have: 


6.2. Hvery algebra By, has embedded in tt sub-algebras By of all in- 
dicesh [1 SASK]. 


Theorems 6.1 and 6.2 enable us to construct systematically all sub- 
algebras of a given finite Boolean algebra. 


6.3. Let ++, ma be the minimals of an algebra By embedded 
in an algebra B, [k >h]; there is in By an element x such that for some 
minimal, say mn, the h + 1 elements 


M2,° * *, Mn-1, 


constitute a set of minimals for an algebra Bn, embedding By. 


For, there exists in B, some minimal of By, say ma, for which there is an 
element z, 0, ma, such that «x < ma; otherwise, k —h. Hence, there 
is in B, an element z such that rm, = z [x 40, 7 ~ mp]. Hence, there is in 
B, an element such that rm, ~0 [x 0, mal. Also, for this x, we 
have 2’ my, 0, i.e. ma, { x; otherwise, z = my. Since rm, 0 and 2’m, <0, 
the elements m,, m2,° form, by 1.7, a set of minimals for 
an algebra By,,; and this algebra embeds By. 

The reader can readily supply the duals of the above considerations. 


%. <A problem in dichotomy. In a Boolean algebra B, some of the con- 
stituents in the additive normal development of 1 with respect to h elements 
will, in general, vanish. The following problem then suggests itself. 


ProstEM. In an algebra By, to find a set of h elements with respect to 
which none of the additive constituents of 1 vanish. 


The properties of the minimal elements established in the foregoing se¢- 
tions enable us to solve this problem readily. We observe, first, that in order 
that our problem have a solution, we must have, by 1. 8, that k = 2". Suppose 
k = 2%. Then, by 6. 2, there exists in B; a set of 2* elements, m,, m2,° °°, M2’; 
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which can serve as a set of minimals for a sub-algebra B,” embedded in Bi. 
The desired h elements are the elements a; determined by the following 2" — 1 
equations : 


where the a-products are all different, and where a’,a’.- - - a’, does not appear. 
Thus, consider a Boolean algebra B;. Let the minimals of Bz be 
M;,™M2,° * *, ms. A set of three elements with respect to which none of the 
additive constituents of 1 vanish are a,, d2,a, given by the following 2* — 1 
equations : 
Ay Az Ag = M, = Mo, = Ms, 
Ag = M4, 4,0’ 0’, = Ms, = Me, 


a’ = M7. 


Indeed, noting that the sum of the products involving a; affirmatively is 


a;, we have: 


{ a, =m, + mz + mz + Ms, = Mm, + Me + ms + Meo, 
| dg = m, + mz + mM, + Mz. 


The reader can supply the dual of the above problem and its solution. 


8. Arithmetic representations of finite Boolean algebras. The properties 
of the minimal elements and related concepts deliver into our hands very simple 
arithmetic representations of finite Boolean algebras. These representations 
are given by the following considerations. 

Let Nz be the class of 2* numbers consisting of the number 1 and the 
products of h distinct primes taken from a set of & distinct primes ,, po,*** 5 Px 
{[1ShASk]. Further, let a0 bd be the least common multiple of a and 6, 
and aAb the greatest common divisor of a and b. Then, no number of Nx 
contains a prime to a power higher than 1. Hence, the primes of Nx play 
with regard to 1) and A the precise réle that the minimals of B, play with 
regard to Boolean addition, @, and Boolean multiplication, @, respectively. 
Hence, the arithmetic system (Nx, O, A) is simply tsomorphic with the 
Boolean system (Bx, corresponding to @, and A tog.® 

Dually, the primes of N;, play with regard to O and A the precise réle 
that the maximals of B; play with regard to Boolean © and @ respectively. 


5The Boolean “zero,” “universe,” and “negative of a” correspond respectively 
to the N,-elements 1, v= 7,0 Py 
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Hence, the arithmetic system (Nz, O, A) ts simply isomorphic with the 
Boolean system (By, @, O corresponding to and A to @.® 

It is to be observed that the representations of finite Boolean algebras 
given here enable us to “number” conveniently the elements of a finite 
Boolean algebra. Thus, to number the elements of an algebra Bs, we take for 
the three minimals in B,; any three primes, for simplicity, the first three 
primes: 2, 3, 5. The numbered elements of B; are, then: 


1, 2, 3,5,6 (=20 3), 10(—205), 15(—305), 
30(=20305=0).’ 


9. New proof of the order theorem. I shall close my discussion of finite 
Boolean algebras with a new proof of the theorem that the order of a finite 
Boolean algebra is of the form 2* [k >0]. This proof has interest in that 
no use is made in it of the minimal (or the maximal) elements. The proof 
follows. 

Let A be a finite Boolean algebra of order n. Consider any group opera- 
tion in A, say the operation o given by a0 b —ab’+a’b. With respect too 
the elements of A form an abelian group. Suppose, now, that A has a sub- 
group B of order 2" [h = 1]. Let bi, b2,- - - , b2* be the elements of B. Then, 
for any element c of A outside B, the 2"** elements 


form in A an abelian group of order 2"*. Hence, since A is finite, the number 
n of its elements must be of the form 2* [k > 0]. That is, we find that if A 
has any sub-group of order 2* [h = 1], then the order of A is of the form 2! 
[%& > 0]. But A has the sub-group of order 2, consisting of the elements 0, 1. 
Hence the theorem. 


THE UNIVERSITY OF CALIFORNIA. 


¢The Boolean “ universe,” “zero,” and “negative” correspond respectively to the 


V,,elements 1, v, @,. 
™Compare Sheffer’s representations of finite Boolean algebras, reproduced by 
Huntington, Transactions of the American Mathematical Society, vol. 35 (1933), p. 278. 
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By ANDREW C. BrErRy. 


The present paper is intended to serve as an introduction to a study of 
the elements of linear functional analysis in certain function-spaces whose 
metrics are given explicitly in terms of Lebesgue integrals. Spaces L¢y, 
generalizations of spaces I, of functions whose p-th powers are integrable, 
are introduced. Each such is here shown to be a complete linear metric space. 
Simple necessary and sufficient conditions for separability are found. 

In the classical theory, spaces Ly, Lg, Lpqpsq) are connected by an 
inequality due to Holder. Using this fact, M. Riesz investigated convexity 
relations involving the individual members of families of such spaces. The 
indicated generalizations will be studied in a second paper. 

Finally, by means of these new results, a third paper will extend the 
elementary theory of linear functionals from the classical symmetric case to 
the more nearly general case involving pairs of distinct spaces L¢,y. 


J. THE GENERAL HYPOTHESES AND THE FUNDAMENTAL DEFINITION. 


1.1. Introduction. It will be assumed that the reader is familiar with 
those laws of vector-algebra (dealing with addition of two elements and multi- 
plication of an element by a complex number) which serve as postulates for a 
linear abstract space.’ It will be assumed, further, that the reader is familiar 
with the details of the process of associating with each given Lebesgue- 
measurable function f(z) every measurable function coinciding almost every- 
where with f(x), terming the totality thus formed a function-element, and 
extending algebraic operations and Lebesgue integration to these elements. 
Wherefore, the reader will allow us to avoid these precise constructions and to 
adopt in their stead the convenient, albeit paradoxical usage which considers 
each measurable function as an element and yet refuses to distinguish between 
elements f(x) and g(x) which, as functions, differ on a set of measure zero. 

We shall investigate certain function-spaces Ly,y each of which is deter- 
mined by a metric-generating pair 


For complete details consult: N. Wiener, Bulletin de la Société Mathématique 
de France, t. 49 (1921), pp. 119-124; S. Banach, Fundamenta Mathematicae, t. 3 
(1922), pp. 133-181; M. Fréchet, Les espaces abstraits, Paris, Gauthier-Villars (1928), 
particularly pp. 125-126; S. Banach, Théorie des opérations linéaires, Warsaw, Mathe- 
matical Seminar of the University of Warsaw (1932). F 
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¢(u), y(u) 


of functions which, it will be understood throughout this paper, satisfy the 
following three requirements. 


(1.11) ¢(u) shall be defined for 0=uS o as a non-negative, non- 
decreasing function of u, with + o as a permissible value: 


Sm, 


Furthermore, it shall be required that 


$(0) =0, $(1) =1, — $(u). 


(1.12) w(u) shall be defined for 0<u< © as a non-negative, non- 
decreasing function of wu, with + oo as a permissible value: - 


0Sy(u) Sy¥(v) S @, (0<ucv<»). 


Furthermore, it shall be required that 


0<¥(1) < 
(1. 13) 


(sw )y(tw)p(su + tv) S {sp (tw)p(u) + ty(sw)p(v) } 


shall be satisfied whenever all the functional values involved are finite and 


The inequality 


0<3, 0<t, stinl, 0OSuco, 0OSv< 0, 0<wK om. 


Definition 1.14. L¢,y will denote the totality of complex-valued Lebesgue- 
measurable functions, f(z), of the single real variable 0 <2 < for 
each of which there exists, as a finite number, 


lo =infe > 0 such that f dx = y(e), 


the integral being a Lebesgue integral ? extended over (— 0, 0). If, fora 
given e, it is true that y(e«) = o, then the inequality of this definition is to 
be considered satisfied for this e. 


1.2. Discussion of the general hypotheses. 
For convenience, we introduce the following standard notation. 


2 It is known that a monotone function of a measurable function of a real variable 
is itself a measurable function of the variable. See, for example, Carathéodory, 
Vorlesungen iiber reelle Funktionen, 2nd ed. (1927), B. G. Teubner, Berlin, §§ 348. 351. 
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¢(u+) = lim ¢(u+e), = lim y(u+e), (OSu< ~). 
(e>0) (>) 
o(u—) — lim $(u—c), #(u—) — lim 


(0<e<u) (0<e<u) 


THEOREM 1.21. If >0, then y(0+) —0. 
Proof. In (1.18) we set u—0, v1, w =1, and so find 
S ¥(1) [ty(s)] S [w(1) 
Noting that y(t) = y(s) when 0 << we conclude that 


2< < 
S cosy (0<tS}). 
This result establishes our theorem. 

We shall now show that the two requirements: ¢(1) =1,0<y(1) < ~, 
introduce no essential loss of generality. We note, in passing, that the con- 
dition (0) 0 makes certain that the null element (i.e., “the” function 
which is zero almost everywhere) wi'l have the length zero. That there may 
be no second element of length zero it is necessary to require both that $(w) 
be not identically zero in its domain of definition and that y(w) possess at 
least one finite value. Thus, there must exist u,; and v, such that 


0<u < 0< ; 


Next, it is desirable that L¢,y fail to be a null space (i.e., a space con- 
sisting solely of the null element). One necessary condition for such failure 
(since it has just been shown that $(u,) > 0) is that y(w) have at least one 
positive value. Thus, there must exist v, such that 


0< < 0< y(%). 


A second condition, necessary in the case in which y(w) is everywhere finite, 
is: +) < 

Another degenerate type of space Lg,y, also sufficiently trivial to warrant 
rejection, is that which contains as elements all measurable functions f(z) 
and assigns to all its elements, other than the null element, one constant length 
oo. The conditions: ¢(0 +) =, = oo for some u, are 
separately necessary and collectively sufficient that Ly be such a space (with 
defined by the relations y(l—) < 0, y(l1+) = 

In view of the foregoing remarks we finally must require (0 +) to be 
finite. Thus, there must exist wu. such that 
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On combining our several results we readily demonstrate that there must exist 
Wo and vo such that 


0< 0< +), p(U—) << @; 
w, 0<y¥(%+), < 
A brief consideration of the fundamental definition shows that we may alter, 
if necessary, the values ¢(u,) and W(v») so that 
0< < 0<¥(%) < 


without altering the remaining values of these functions, and so without 


altering the space L¢g,y. 
Now, introduce the functions 


(Uo) 


(Vow) 


p(Uo) 


gi(u) = 
We see, firstly, that 
¢i(1) =1, 0<W(1) < 
and, secondly, that 
lo,y (Woof) = 


The two spaces Lg,y and Lg, y, are essentially equivalent, the one being merely 
a homogeneous enlargement of the other (partially from the point of view of 
the metric assigned to a given element and partially from the point of view 
of the elements themselves). Thus, the aim of the present discussion has been 


attained. 


1.3. Examples of spaces Lg, y. 


THEOREM 1. 31. If $(u) satisfies (1.11) andif =u, (0 << u< 
then the general hypotheses are fulfilled for the pair (u), y(u). 


Proof. The function y(u) — vw satisfies (1.12) and reduces (1.13) to 
$(su + tv) S + 
which automatically is satisfied since (sw-++tv) is intermediate in value 


between wu and v and since ¢(w) is non-negative and monotone. 


THEOREM 1.32. If $(u) satisfies (1.11) and is a “ convex” function 
of wu (1.¢., satisfies the inequality: o(su + tv) S sp(u) + th(v), whenever 
0<s, O<t, s+t=—1), and if y(u) =constant (0 < const < for 
0<u< o, then the pair $(u),¥(u) 1s satisfactory. 
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Proof. Immediate. 
Example 1.33. By 1.32, the pair 
(for some p such that 1= p< o), 
y(u)=1, 


is known to satisfy the general hypotheses. A simple calculation yields: 


Thus, the corresponding Lg,y is the familiar space of measurable functions 
whose p-th powers are integrable.* This is known, in particular, to be a 
separable, complete, linear metric space with homogeneous metric. 


Example 1.34. Consider the pair 


{ ¢(u) (for some such that0<q<1), 
y(u)=urt*, (OS U< 
Here, (1.13) becomes: 

(su + tv) (su)* + 


The reader will establish the validity of this inequality. The corresponding 
space later will be seen to be separable, complete, and linear metric. However, 
the metric 


= f | 


is not homogeneous. 


Example 1.35. For the, by 1. 82, satisfactory pair 


5. 
(u=1), 
(l< uso), 
y(u)=1, 
we find 


l¢,y(f) = upper measurable bound of | f(z) | 
inf >0 such that meas { | f(x) | > «} —0. 


This metric is homogeneous and the corresponding L¢,y is the familiar non- 
separable, complete, linear metric space of measurably bounded functions. 


*F, Riesz, “tber Systeme integrierbarer Funktionen,” Mathematische Annalen, 
Bd. 69 (1910), pp. 449-497; Banach, Théorie des opérations linéaires, cited above. 
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Ezample 1.36. The, by 1.31, satisfactory pair 


(q>09) 


yields the non-homogeneous metric 


1,y(f) = meas { | f(x) | > 0}. 


Example 1.3%. The pair 
_ f0, 
u, 
determines the metric 
loy(f) =infe > 0 such that meas { | f(z) | > «} Se. 


The corresponding space L¢,y has been discussed by us elsewhere.‘ 


II. Eacu Loy 1s A CoMPLETE LINEAR Metric Space. 


If f(z) is an element of a space Loy having the property S§ (which 
property will be defined in 3.11), then f(x) mus* *2 finite almost everywhere. 
For a general L¢,y, however, a linear combination of elements, af(x) + bg(z), 
may involve the indeterminate forms: oo — oo, 0-oo. On the set of inde- 
terminate values the linear combination may be defined according to our 
pleasure by equating it to any measurable function. The modifications thus 
necessitated in the linear algebra are well known. 


2.1. Preliminary estimates. 


THEOREM 2.11. If f(x) isan element of a given Loy and if « > lyy(f) 
then the inequality of 1.14 will be satisfied for this f(x) and this «. 


Proof. By 1.14, there exists ¢,,/¢y(f) < ¢, such that 


‘Berry, Proceedings of the National Acad. of Sciences, vol. 17 (1931), pp. 456-459. 

I take this opportunity to make a correction. In this note I stated that the metric 
l(f) = inf + meas {| f(x)| > €}), 
(e>0) 

introduced by M. Fréchet (“Sur divers modes de convergence d’une suite de fonctions 
d’une variable,” Bulletin of the Calcutta Mathematical Society, vol. 11 (1921), pp. 187- 
206; Les espaces abstraits, cited above, p. 91) was said by him not to satisfy the 
triangle inequality 2.22. Secondly, I impliedly agreed with this supposedly quoted 
opinion. 
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By (1.11) and (1.12) the desired inequality, 
| 
f 


THEOREM 2.12. If f(x) is an element of a gwen space Loy, tf g(x) 
is measurable, and if | g(x) | S| f(x) |, almost everywhere, then g(x) is an 
element of Loy, and loy(g) S ley(f). 


follows. 


Proof. By (1.11), it is seen that the inequality of 1.14, if satisfied for 
the given f(z) and for a given e > 0, also will be satisfied for g(x) and the 
same e«. This fact establishes the theorem. 


THEOREM 2.13. If f(x) 1s an element of a gwen Loy, if OSlpy(f) < 4, 
and tf Uo, 0S Uy < is such that 0 < +), then 


meas {| f(x)| > S 
Proof. Let ¢« and y be chosen so that 
a, 


and let these values be kept tixeu throughout the discussion of the following 


three cases. 
Case A. w(e) =0. 


Here, by 2. 11, 


= almost everywhere, (— 0 0). 


Since 


$ = +) >0, 
it follows that 
meas {| f()| > (uo + —0. 


Here, since 2. 11 yields: 
f dx <y(e) Sy(1) < @, 


meas {| f()| > (to + 


We see that 
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Case C. w(e) >0 and <0. 


Here we note that 


0 < H(t +) S (wo +1) < 


0< Sy(1— Sy(1) < @. 


Thus, if in (1.13) we set u—0, w=1, s=1—e*%, t=¢, 
€ 
we find that 


| 


Whence, 
meas {| f(x)| > (uo + 

Uo + 

(to + 7) y(e) + 7) 
In all cases we have found that the inequality 


= ¢(uo +7) 


holds for each sufficiently small « > /¢,y(f) and for each 7 > 0. Considering 
only such values of « and », but requiring 


meas {| f(z)| > (uw +y)e4} S 


y(f), 0, 


we see that the set {| f(x)| > (uw. + 7)e*} expands to the limiting set 
{| f(x)| > woVlo,y(f)}. Under such circumstances we know that meas lim 
= lim meas. Therefore, 


meas {| f(z)| > wVloy(f)} S 


2.2. Proof that each L¢,y is a linear metric space. 


THEOREM 2.21. A necessary and sufficient condition that lpy(f) = 
is that f(x) =0 almost everywhere, 1. ¢., that f be the null element. 
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Proof of sufficiency. Let f(x) =0 almost everywhere. Then for each 


«> 0, 


By definition 1.14, lo y(f) =0. 


Proof of necessity. Let loy(f) =90. Since ¢(1+) >0, it follows 
from 2.13 that 
meas {| f(z)| > 0} —0, 


which means precisely that f(z) —0, almost everywhere. 


THEOREM 2.22. If f(x) and g(x) are both elements of a given Loy, 
then the “ triangle inequality,” 


lov(f+9) Sloy(f) + 
is valid and implies that f(x) + g(x) also is an element of Lg,y. 


Proof. Let « and y be chosen so that 


lny(f)<e< mo, loy(g)<1< %, 
and let these values be kept fixed during the discussion of the three following 


cases. 
Case A. =o. 


Here we are to regard the inequality 


| f(z) + 9(2)| 
fo ac +0) 


a8 satisfied. 
Case B. At least one of the values y(¢), ¥(7) is zero. 


Without loss of generality we may assume that y(e) —0. This, in virtue 
of 2.11, implies that 


= 0, almost everywhere, (— 0 0). 
€ 


Since (wu) is non-decreasing, we conclude that 


| f(z) + 9(2)| | f(x)| + | g(2)| 
e+7 <4( e+7 


< max E =¢ , almost everywhere. 
4 


ot 
m 
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Thus, 
22!) ae su) Suet. 


Case C. 0< (ce), O< and ¥(e+7) < 
If, in (1.13), we set 


| ; € 
we find that 
| f(z) + 9(2)| +1 9(2)| 
| f(z)| | 9(x)| 

ety e+ 


Since 2.11 yields: 


dx = y(e), and fe (220!) dx = y(n), 


it follows that 


f 


Collecting results, we find that this last inequality is valid in all cases. 
We conclude, therefore, that 


loy(f+9) Set 
for all e >/¢y(f) and all » >19y(g). This is possible if and only if 


lov(f +9) Slou(f) + loy(g)- 


THEOREM 2.23. If f(x) is in Loy and tf a is a finite complex number, 
then af(x) 1s in Lo,y, and 


ley (af) S |a|loy(f), when |a| > 1, 
 I¢y(f), when |a| =1, 
lo,y(af) S l¢,y(f), when |a| <1. 


In the special case in which y(u) = constant, (0 <u< o), these relations 
can be strengthened to the equality loy(af) = |a|lgy(f) valid for all a; 
i.e., the metric is homogeneous in this case. 


| 
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Proof. We need only consider the case: | a| > 0. 


When y(u) = constant, the inequalities 


fo acsylale, 


have their left members equal and their right members equal, and so are 
equivalent in the sense that whenever one is valid so also is the other. By 
1.14, then, l¢y(af) = | a|l¢y(f), for all a. 

In general we see that these same two inequalities are equivalent only 
when |a| = 1, but that the validity of the first implies that of the second 
whenever |a| > 1. These facts establish, respectively, the second and first 
relations of the theorem. The third relation is an immediate consequence 
of 2. 12. 


2.3. An existence theorem. 


THEOREM 2.31. If g:(&),g2(z),-° +, are elements of a gwen Loy; 
if (for a gwen constant, T, independent of n) it is true that g,(x) = 
whenever |x| >T, (n—1,2,-- -); af 


| Qnsi(@) — gn(x)| S 2", for all x and all n; 
and tf for each p, (p=1,2,° °°), 
lo,y(9m— Gn) when m= p and n=p; 
then there exists an element g(x) in Loy such that 
lim — gn) =0. 
Proof. We note first that, since 
gn(t) = gi(x) + {92(%) —gi(@)} {gn(t) — gus (2)}, 


there exists 


g(x) = lim = + {g2(z) —gi(z)} +°°°; 


n->0O 


defined for all x as the sum of a uniformly and absolutely convergent series. 
In particular, we see that 


— gn(x)| S| guss(%) —gn()| + | guse(%) — 
for all x and all n. 

Now let « > 0 be given. 

Case A. w(e) =0. 


{ 
q 
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Here, determine n, so that 
< 


Since 2-"- > 2-2-2 when n —1,2,: - -, theorem 2.11 yields: 


| 
( gn(z) | ) = 0, almost everywhere (for each n= n,). 


Next we observe that, for all z, 


| g(x) — gn(2)| < | — gn(Z)| + | Gnso(%) — 
e Q-n-1 +. Q-n-2 


< | (2) — | 


, whenever n= %. 


Since the union of a denumerable infinitude of sets of measure zero is likewise 
a set of measure zero, and since ¢(w) is non-decreasing, we conclude that 


(! — 9n(2) ) = 0, almost everywhere (for each n= nm). 


€ 


This implies that 
loy(g—gn) Se for all 


Case B. >0, (0+) =0. 


Here, determine n, so that 
are 
€ 


Then, for all n= 
fs (: g(x) dz = 2T (=) < w(e). 


gn) Se forall n=”. 


That is, 


Case C. w(e) > 0, > 0. 


Here, determine n, so that 


By 2.13, with uw — 0, 
mens {| —go(2)| > 0} YO 2-1, (nm 1,8,- +>). 


= $(0-4) 
Whence 


| } 
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f +(=) meas {| g(x) — gn(x)| > 0} 


$(1) meas {| — go(2)| > 0} 


$(0 +) 


That is, 
loy(9 — gn) Se, forall n= 


Thus we have shown that the function g(x) constructed at the outset of 
our proof meets the requirement: 


lim — gn) = 0. 


n->0O 


Since g = (g — gn) +n and since Loy is linear we see that this same 
g(x) is also an element of Loy. 


2.4. On non-decreasing sequences of non-negative functions. 
THEOREM 2.41. If hi(x),ho(x),- + are elements of a gwen Loy, 
if for each j, (j = 1,2,° 
and if there is a constant, M, independent of j, such that 


lo,y(hj) =M, (j = 1,2,° 
then 
h(2) = lim hy(z) S 


exists almost everywhere, is an element of Lo,y, and 1s such that 
loy(h) SM. 


Proof. Since the denumerably many inequalities, hj(z) S are 
valid simultaneously except «’ most on a set of measure zero, it follows that 
h(x) exists almost everywhere. 

Let « > M be given. Determine some ¢) such thate >e& > M. By 2.11, 


f aes yo) S v0, (j=1,2,- °°). 
As j—> o, the non-negative integrand increases monotonely. Hence, 


But, by (1.11), 
lim =¢ , almost everywhere. 
0 


q 
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fe (72) da y(e) 


for each «> M. This implies that l¢y(h) =M, and so establishes the 
theorem. 


Whence, 


Note 2.42. Under the hypotheses of theorem 2.41 we might expect to 
conclude further that 


lim Ig,y(h —hj) =0. 
j-00 


We shall see indeed, in theorem 3. 22, that this conclusion can be guaranteed 
when L¢,y has the property S defined in 3.11. However, if Lg,y fails to have 
the property S, then the conclusion under consideration can be shown to be 
false by means of the functions constructed in theorem 3.41. The details will 


be discussed in note 3. 23. 


2.5. Proof that each L¢y is complete. 


THeorEeM 2.51. f(x), fo(x),- - are elements of a given Leo,y and if 
lim low (fm —fn) — 0, 


then there exists an element f(x) of Lo,y such that 


Proof. If the theorem can be established for a sub-sequence of the given 
sequence of elements, then a simple application of 2.22 will establish the 
theorem for the given sequence. Therefore, we need prove our theorem in no 
more general a case than the following in which we assume that 


lo,w(fm—fn) S2-*, whenever m=p andn=p, (p—1,2,:-°). 
This implies, by 2.13 with uw) = 1, that for each p, (p — 1, 2,-- -), 
meas {| fn (x) —fu(a)| > Sy(1) 274, (m= p,n=p). 
For each j, (7 = 1, 2,- - -), let the corresponding set 


foo (#) —fo(2) | > 22} 


be denoted by H; and let the complement with respect to the entire interval, 
—o<2< o, be denoted by £;. We observe that 


meas < meas {| —fo(z)| > 27} Sy(1) 24, (fj —1,2,--°), 


lim y(f —fn) =0. 
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and that each set #; contains the corresponding set Hj,,. Finally, we see that 
z is in &; if and only if all of the inequalities 


| fos S27", (p=j,j+1,° °°); 
are valid. 
Let us temporarily fix 7. Construct the functions: 


f fn(x), if, simultaneously, is in #; and Sj, 
gu(t) = \ 0, otherwise, ). 
By 2.12, the sequence g(a), g2(«),* is seen to satisfy the hypotheses of 
2.31 (with Hence, 


g(x) =lim gn(2) 


n->0O 


exists for all v, is an element of L¢,y, and is such that 


lim l¢y(g — gn) = 09. 


Now, by 2. 22 and 2. 12, 
— gn) S low (g — gm) + (Gm — Gn) 


— gn) + (fm — fn) 
gm) + 2°", forall m= n. 


Thus, 
lo,y(g — gn) == (n =1,2,°-°). 
This last estimate is of importance in that M = 2-?"-? is independent of 
j. As j7—> «, we see that g(x) converges almost everywhere (since H; con- 
tracts and since meas #; > 0) to a limiting function which we shall denote 
by f(z). Moreover, since for each n, (n —1,2,° °°), 


f(x) —fn(«), if, simultaneously, is in BE; and |z| Sj, 


—gn(z) = \ 0. otherwise, 


we find that if we fix n and allow j— o, then the non-negative functions 
| g(x) —gn(x)| form a non-decreasing sequence converging almost every- 
where to | f(a) —fn(x)|. By 2.41, therefore, 


(f—fn) (n =1,2,- 
This proves that f(a) is the desired element of Lg,y. 


III. CoNnDITIONS FoR THE SEPARABILITY OF L9,y. 
3.1. The property 8. 


Definition 3.11. Ly,y will be said to have the property 8 if the corre- 
sponding functions ¢(u), y(u) satisfy the following additional requirements : 


| | 
| 
ed 
ill 
now 
| 
10 
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(3. 111) 
(3. 112) 
(3. 113)° 


$(0 +) =0. 
0<y(u) < forall ow. 


There exists a constant C,1=C < o, 


such that 


THEOREM 3.12. If Loy satisfies (3.113), then 


0< < «© whenever U< o. 


Proof. Since ¢(1) —1, (3.113) yields: 


$(2") < 


(n =0,1,2,° °°). 


0< $(2™), 


Since ¢(w) is non-decreasing, the theorem follows. 


3.2. Dominated convergence in an L¢y having the property 8. 


THEOREM 3.21. If f(x) ts an element of a space Loy having the 
property S, then | f(x)| < 0, almost everywhere. 


Proof. Apply (3.112) and 3.12. 


THEOREM 3.22. If g(x), fi(z), fe(z),--- are elements of an Loy 
with the property 8S, and if, almost everywhere, 


f(z) fn(z) exists, 
S| 9(@) 
then f(x) is an element of Lo,y, and 
lim lg¢,y(f—fn) =9. 
Proof. We may assume that 
1—=I¢y(g) > 0, 


as otherwise the theorem is trivial. Let « >0 be given. Let us determine a 
corresponding non-negative integer m =m, such that 


gm > 
€ 


5 Compare this requirement that ¢(u) be “ not too convex ” with the property (A;) 
used by Birnbaum and Orlicz: ‘“‘ Uber die Verallgemeinerung des Begriffes der zueinander 
konjugierten Potentzen,” Studia Mathematica, t. 3 (1931), pp. 1-67. 
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Now f(z), itself, is dominated almost everywhere by g(x). Hence, by (3.113), 


almost everywhere. But, by 2.11 and (3.112), 
f ¢ dz < y(2l) < 


Furthermore, by (3.111), 
f(z) 


lim ¢ 


= 0, almost everywhere. 


By the Lebesgue theorem on dominated convergence, therefore, 


lim f —0 < wo. 


In other words, 
lim sup Se. 


This being true for each e > 0, our theorem is established. 
Note 3.23. If we apply 3.22 by making the substitutions: 
g(x) =h(z), fn(z) =hj(z), (n= j = 1, j ‘), 


we learn, under the hypotheses of 2.41 and the additional requirement that 
L¢,y have the property S, that 


lim Ig,y(h—hj) =0. 


Now let L¢,y fail to have the property 8. If we can show that the above 
extension of 2. 41 is here false, then we shall have shown at the same time that 
3,22 would be false without the hypothesis that Ly have the property S. 
Consider the one-parameter family 


{ffi(z)}, (05AS1), 


which will be constructed in 3.41. Select, for example, the sequence, 


{1 — 1/3}, (7 = 1,2,- 
of parametric values and denote the corresponding elements of the family by 
hi(t), he(x),---. These functions satisfy the hypotheses of 2.41 and 


converge for all x to the limiting function: 


h(x) =lim h;j(z) =f, (2). 
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But, by 3. 41, 


lim inf ly,y(h—h;) =1>0. 
j00 


Thus, when 3.41 will have received its independent proof, the present 
necessity for the property S will have been established. 


THEOREM 3.24. If f(a) is an element of an Lo,y having the property 8, 
and tf for each T, (T —1,2,- -), we set 


fn) f f(x), if, simultaneously, | f(a)| ST and |x| ST, 
(2) otherwise, 


then each f‘T (x) is an element of Loy, and 
lim 1¢,y(f —f‘”) =0. 
Proof. By 2.12, each f‘?(z) is in Loy. By 3. 21, 


lim f‘ (2) f(z), almost everywhere. 


By setting g(x) = f(x), we obtain the present theorem from 3. 22. 


THEOREM 3.25. If f(x) is measurable, 1s bounded, and differs from 
zero at most on a finite interval, and if Loy has the property S, then f(a) 
is an element of Lo,y. 


Proof. Apply (3.112) and 3. 12. 
3.3. Proof that each L¢,y with the property § is separable. 


Definition 3.31. The expression “rational step-function” will be re- 


served for functions of the form: 


0, otherwise, 


= 
where n is a positive integer, where 8 is a positive rational number, and where 
each a, is a complex number whose real and imaginary parts are both rational. 
Tt is to be noted that the totality of rational step-functions can be arranged in 


a sequence : 
8,(2), 


THEOREM 3.32. If f(x) is an element of a given Loy having the 
property S, and if «> 0, then there can be selected from the sequence of 
rational step-functions an element, s;(x), such that 


loy(f—sj) <e 


ont 


ym 


re- 
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Proof. In virtue of 2.22 and 3.24, we need prove the theorem only in 
that case in which there exists a positive integer 7 such that 


{ | f(x)| ST, for all z, 
f(z) =0, if |z|>T. 


Since f(x) is also measurable, it is integrable. For each positive integer n 
let us determine the numbers: 
(k+h)T/n 
ben = f(t) dt, 
(k-4) T/n 


Let {d%,n} be any corresponding rational complex numbers such that 
| den | S| ben] and | den | < 1/n. 
Consider the rational step-functions : 


{ |a—kT/n| <T/2n, 
0, otherwise, (n= 1,2,° °°). 
Almost everywhere, the derivative of the indefinite integral of f(x) exists 


and is equal to f(z). Whence, readily, 


lim on(x) = f(x), almost everywhere. 


Next, we observe that 


\ 0, otherwise, 


By 3.25, L¢,y contains g(x) and each on(x). Therefore, by 3. 22, 


lim lo y(f—on) = 0. 


This fact, since {on(x)} is a sub-sequence of {s;(a)}, establishes the theorem. 
3.4. Spaces L¢y lacking the property 8. 


THEOREM 3.41. If Loy fails to have the property 8, then there exist 
numbers land M,0 <<1< M < ow, and there exists a one-parameter family 
(OS AZ1), of elements of Loy such that 


lov(fri) SM, loy(fr—fu) (AA 


In particular, there exist such elements for which, furthermore, 


0 Sfr(x) S fala), for all (<p). 


| 

al, 

of 
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Case A. (8.111) is false. 


<y¥(1) < 


we conclude: 
lo,y(fu—fra) 21. 
Case B. (8.118) is false. 
Here, there exists a sequence: 


$(2ux) > k (ux), 


Determine corresponding positive numbers ¢,, C2, ° 


Here, by 1.21, we can determine 1,0 <1 <1, 


And we can find a corresponding M > 1 such that 


y(1) 


+( 


so that 


+)¥Q). 


Now, let 
fr(t) = $ 
0, otherwise. 
Since 
(B®) ae svn, 
we see that 
ley (fr) SM. 
And since 


> 


u) 


- + go that 


> Sy¥(1), Cr 2H) —= 0. 


We assert that the constants = 1 and M 2, and the functions: 


Proof. Since, by 2. 23, lo,y(fr.—fu) = l¢.¥(fu—fnr), we shall introduce 
no loss of generality if we replace the requirement AA p byA <p. Through- 
out the following four cases it will be agreed, firstly, that each definition or 
relation involving A alone holds for all A such that 0= AS 1, and secondly, 
that each inequality involving both and holds whenever 0 =A <pSi. 


-, 0 < um < such that 


|| 
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luce k-1 9 
2 0 n A 1 
gh- f(t) = Uk = Cn < ACK ( 
1 or 0, otherwise, 
- meet the requirements of the theorem. Since 


f a Sv) Sve), 
we see that 


loy(fr) S 2. 
And since 


—fr(2))de— — 20 > ¥(1), 


we conclude: 
lo,y(fu—fr) = 1. 
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Case C. (3.113) is valid; (3.112) is false because there exists 


10<1< 1, such that y(l) =0. 


For this 7 and for M —1, we assert that the functions: 


_frA0<¢<y(1), 
meet the requirements of the theorem. Since (1) —1, we see that 
yaa), 
and hence that 
Igy (fr) S1. 


Since 3.12 yields: 


(fu—fr) 21. 


we conclude: 


Case D. (3.112) is false because there exists M, 1< M< , such 


that y(M) = o. 
For ]—1 and for the above M, we assert that the functions: 


play { 0, otherwise, 


meet the requirements of the theorem. Since y(M) = o, we see that 


(fr) SM. 


1, (k=1,2,° °°), 


| | 
| 
| 
k=1 
| 
fs dz > 
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And since 


6(fu(2) —frlz))dz = (u—d) = > ¥(1), 


we conclude: 
loy(fu—fr) 21. 


THEOREM 3.42. If Loy is separable, then Loy has the property 8S. 


Proof. Assume that L¢,y lacks the property S, but that there exists a 
sequence dense in Lgy. Consider the constant and the 
family {f,(v)} furnished by 3.41. For each f(z), determine a corre- 
sponding g;(x) such that 

loy(fr—gi) < 1/3, 


and write: f,~gj;. Now, by 2. 22, 
LS l¢,y(fu—fr) S 21/3 + (ge — Gi), 


whenever f,~ gj; and fu~ gx. Thus, by 2.21, the correspondence between 
the non-denumerable family and the sequence is one-to-one. This contradiction 


establishes the theorem. 
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THE ISOPERIMETRIC INEQUALITY ON THE SPHERE.’ 


By Trpor Rapo. 


1. Statement and preliminary discussion of results. Reduction to a 
5a geometrical lemma. | 


the 


1.1. Among all simple closed plane curves with given length the circle | 


" has the greatest area. This classical theorem can also be expressed as follows: | 
The area a of the circle with perimeter / is given by the equation | 
4ra = |?, 
Hence, on account of the extremal property of the circle, we have for every 
simple closed plane curve with length / and enclosed area a the isoperimetric 
S inequality in the plane 
on = 


where the sign of equality holds if and only if the curve is a circle. 


1.2. Similar considerations, applied to simple closed curves on the unit 
sphere, lead us to surmise the following isoperimetric inequality on the unit 
sphere: if | is the length and a the area enclosed by a simple closed curve on 
the unit sphere, then 
(1) 4ra — a? S 


where the sign of equality holds if and only if the curve is a circle. 

Since a simple closed curve determines two regions on the unit sphere, 
with areas a and 4%r—a respectively, it is interesting to observe that the 
inequality (1) holds for both of these regions. Indeed, the function 
$(z) = — 2? satisfies the equation 


= $(4r—2), 


and hence, if (1) holds for one of the two regions determined by a curve 
then (1) also holds for the other region. 


* Presented to the American Mathematical Society at the meeting in Chicago, 
April, 1935. 
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1.3. The inequality (1) has been proved by F. Bernstein for the impor- 
tant special case of curves which can be covered by a hemisphere,” and as far 
as the present author is aware, the general case has not been investigated as 
yet. It is the purpose of the present paper to establish (1) in complete 
generality. 


1.4. In the sequel, C will denote a simple closed curve on the unit 
sphere, 7 the length of C, and a the area of any one of the two regions 
determined by C on the unit sphere. The following two cases exhaust then 


all possibilities. 


Case I. The curve C can be covered by some open hemisphere.? 


Case II. There exists no open hemisphere covering C. 


1.5. Case I is settled by the result of F. Bernstein (see 1.3). While 
it seems that the ingenious method of F. Bernstein does not apply to case IJ, 
we shall see presently that this case is easily disposed of by means of the 


following lemma. 


Lemma. If a simple closed curve C, located on the unit sphere, has a 
length less than 27, then C can be covered by some open hemisphere. 


1.6. We shall prove the above lemma in § 2. If this result is anticipated, 
the discussion of case II in 1. 4 is quite trivial. Indeed, if C cannot be covered 
by any open hemisphere, then the length J of C is = 2z, on account of the 
lemma. On the other hand, the maximum of the function 


p(x) = — 
is 


p(2r) = (27)?. 


Hence (1) is certainly satisfied if / = 27, and the sign of equality can hold if 

and only if 1 = 27,a—2z. But then C divides the surface of the unit sphere | 
into two regions with equal areas, and consequently C contains two points 
P,, P2 which are end-points of the same diameter of the unit sphere.* From 
| = 2, in connection with the fact that the geodesics on the unit sphere are 


* Mathematische Annalen, vol. 60 (1905), pp. 117-136. 

*An open hemisphere is a hemisphere without its boundary circle, and a closed 
hemisphere is a hemisphere with its boundary circle. 
* Loc. cit. *. 
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ares of great circles, it follows then that C consists of two arcs of great 
circles joining P, and On account of a= it follows finally that 
these arcs are sub-arcs of the same great circle; that is to say, that C' itself 


por- 
far 


1 as 
lete is a great circle. 
We proceed now to prove the lemma of 1. 5. 
init 2. Proof of the geometrical lemma. 
| 
mY: 2.1. In the sequel, C denotes a simple closed curve on the unit sphere, 
1(C) denotes the length of C, and tt is assumed that 1(C) < 2m. 
2.2. Obviously, C cannot contain two points which are end-points of | 
the same diameter of the unit sphere. Indeed, if P,, P, were two such points, 
then both arcs determined on (’ by P;, P2 would have a length = and thus 
we should have /(C) = 2z, while by assumption 1(C) < 2z. | 
| 
II, 2.3. Let A, As, As be three points of intersection of a great circle T 
the with (. These points determine three non-overlapping arcs T,, T, T's; on T 
and three non-overlapping arcs C1, C2, C3 on C, where T;, Ci are the arcs 
bounded by Az, As, and so on. Then one of the arcs T;, T2, T3 has a length 
Indeed, if we assume that 
“a then T';, T2, I; are all three shortest arcs, on the unit sphere, between their 
bia respective end-points. Hence 
1(C) =1(C,) + 1(C2) + 1(Cs) 2 + + = 2x, 
in contradiction with the assumption that 1(C) < 2z. 
2.4. Denote by S§ the set of all the points of intersection of a great 
f circle T with C. In case S§ is empty, the conclusion to be stated at the end 
‘ of the present section is obvious. Therefore we assume that 9 is not empty. 
. Then § is a closed set, and the complementary set on I is the sum of non- 
overlapping open arcs y1, °°. Since the sum of the lengths of these 
complementary arcs is finite, namely S 2m, there is clearly one among them 
whose length is greater than or equal to the lengths of all the others. Suppose 
the notation is such that 
d 
l(y1) = I(yn), (n = 1, 2, 3,- *). 
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Denote by P,, Q; the end-points of yi:. Then P,, Q: are points of § and con- 
sequently of C’, and hence (see 2.2) P; and Q, are not end-points of the same 
diameter of T. Consequently, l(yi)==7. We 
wish to show that I(y,) >. Suppose, indeed, 
that 


Denote by P,*, Q,* the points of I diametric- 
ally opposite to Pi, Q1, respectively, and by y,* 
the sub-are of I which is bounded by P,*, Q,%, 
and which does not overlap with y;. On account 
of the assumption (2), such a sub-are y,* does 
exist (see figure) and we have 


L(y:*) =U(y:). 


On account of 2. 2, the points P,*, Q:* are not in the set 8. Since 8 is closed, 
we have therefore vicinities of P,* and @Q,* which are free of points of S. 
Hence, if we first assume that y,* does not contain any point of S, then there 


follows the existence of an open sub-are 7 of T which is free of points of § 
and which is longer than y,*. Such an are y would then be comprised in one 
of the complementary arcs y:, y2,° Say in yx, and we should have 


This contradicts however the extremal property of y,. Secondly, let us assume 
that y.* contains some point R* of 8. Then R* is different both from P,* 
and @,*, since these points are not in S. Hence (see figure) none of the three 
non-overlapping arcs, determined by P;, Q:, &* on T, has a length >z. 
This contradicts however 2.3. Summing up: 


On every great circle T there exists an open sub-arc with a length > 
which is free of points of C. 


2.5. It will be convenient to use the following definitions. A point-set 
x, located on the unit sphere, will be said to possess the property CH if it 
can be covered by some closed hemisphere. The set & will be said to possess 
the property OH if it can be covered by some open hemisphere. 


2.6. Let & be a closed sub-arc of the curve C (the case =C is not 
excluded). If % possesses the property CH, then it also possesses the property 
OH. 
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For the sake of brevity of presentation, the closed hemisphere which covers 
3 will be called the southern hemisphere, and the boundary of this hemisphere 
will be called the equator H. On account of 2.4, we have then on the equator 
E an open sub-arc y, free of points of C and consequently of points of 3, such 
that 1(7) >. We can choose then on ¥ a closed sub-are y such that 
l(y) =7. Denote by A, B the end-points of y. Then A and B are the 
end-points of the same diameter of the unit sphere. Since y and & are closed 
sets without common points, a slight rotation around the diameter AB will 
carry y into an are y* which has no points in common‘with 3. Let us denote 
by £* the transform of the equator # under such a rotation. Let us choose 
the sense of rotation in such a way that y* is located on the closed southern 
hemisphere. ‘Then the open are #* —-y* is located on the open northern 
hemisphere, and has consequently no points in common with & which is located 
on the closed southern hemisphere. Since y* also has no common points 
with 3, it follows that the great circle H* = y* + (H*—y*) does not 
intersect the arc . Hence & is located on one of the two open hemispheres 
bounded by #*, that is to say & has the property OH. 


2.7%. Let us now choose a sense on the curve ( which we shall call the 
positive sense, and let us also choose a point A on C. We shall denote by 
P(s) the point of C at distance s from A, the distance being measured on ( 


in the positive sense from A to P(s). Then s varies in the closed interval 


(3) < 2. 


2.8. Let us denote by {s;CH} the set of all those values of s, in the 
interval (3), for which the following assertion is true: the closed sub-arc 
y(s) of C, consisting of all points such that 0 = os, possesses the 
property CH. The set {s; CH} is not empty, since sufficiently small values of 
s are certainly comprised in {s;CH}. Furthermore, {s; CH} is obviously a 
closed set, and contains therefore a largest number §. We assert that 
§=1(C). Suppose, indeed, that §<1(C). Then the arc y(5) is a true 
sub-are of Since § is in {s; CH}, the arc y(5) possesses the property CH, 
and therefore, on account of 2.6, the property OH also. That is to say, the 
closed arc y(5) can be covered by some open hemisphere. By obvious reasons 
of continuity, the same open hemisphere will also cover the are y(5 +), 
provided « > 0 is sufficiently small. Hence, for «> 0 sufficiently small, the 
arc y(§-+-«) possesses the property OH and consequently the property CH. 
This contradicts however the extremal property of 5. Hence 5 =1(C), that is 
to say the whole curve ( possesses the property CH and therefore, on account 
of 2.6 the property OH also. Thus the lemma of 1. 5 is proved. 
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Conclusion. The following general problem arises naturally in connection 
with the topics considered in the present paper. Let there be given a general 
surface S, subject only to the usual restrictions of regularity as made in dif- 
ferential geometry. Denote by a the area and by / the length of the perimeter 
of a simply connected region on S. What is the best limitation, valid for all 
such regions on S, for a in terms of 1? The reader might welcome a few brief 
references indicating the scope of the results obtained up to the present. 

If the surface S is a plane, then the classical isoperimetric inequality 
4nra =I? solves the problem. If S is the unit sphere, then the answer is 
4ra — a? = /*, as discussed in the present paper. If § is a minimal surface, 
then Carleman proved that the answer is 47a = /?, the same as for the plane 
(T. Carleman, “ Zur Theorie der Minimalflachen,” Mathematische Zeitschrift, 
vol. 9 (1921), pp. 154-160). If S is a saddle-shaped surface, that is to say 
if the Gaussian curvature of S is = 0 throughout, then the answer is again 
4ra = And conversely, if the inequality holds for all regions on 
a surface, 8, then the Gaussian curvature of § is necessarily = 0 (these last two 
results are due to E. F. Beckenbach and T. Radé, “ Subharmonic functions 


and surfaces of negative curvature,” Transactions of the American Mathe- 
matical Society, vol. 35, pp. 662-674). Obviously a number of attractive 
problems of this nature are yet to be solved. 


THE OHIO STATE UNIVERSITY, 
CoLumBus, OHIO. 


THE CONJUGATE CHORD QUADRICS OF A CURVE ON A 
SURFACE. 


By M. L. MacQuEEn. 


1. Introduction. The projective differential geometry of a surface in 
ordinary space has been greatly enriched by the knowledge of a number of 
quadrics that have been associated with a point of a surface. Among these 
quadrics there are the two asymptotic osculating quadrics of Bompiani;* each 
of these is the limit of the quadric determined by three asymptotic tangents 
of one family constructed at points of a curve C on a surface § at these points 
independently approach P along C. 

Lane? has defined in a similar way two quadrics called conjugate oscu- 
lating quadrics, replacing, however, in the definition just stated, the three 
asymptotic tangents by three consecutive tangents of the curves of one family 
of a given conjugate net. 

Another pair of quadrics called asymptotic chord quadrics has been 
defined * by Bompiani, these quadrics having a geometrical property in common 
with the asymptotic osculating quadrics, namely, that they contain the asymp- 
totic tangents at the point P on the surface 8. An asymptotic chord quadric 
may be defined as follows: On a surface S let us select a curve C and two 
points P and P on this curve. Denote the points of intersection of the two 
asymptotic curves through each of these points by P, and P2. As P approaches 
P along C the asymptotic chord PP, generates a ruled surface which has for 
every position of its generators a well defined osculating quadric. The limiting 
position of this quadric as P—>P along C is called an asymptotic chord 
quadric. A second quadric may be defined similarly by considering the asymp- 
totic chord PP.. 

It would seem to be of interest to define similarly two quadrics called 
conjugate chord quadrics, which are associated with each point of a given 


+E, Bompiani, “ Ancora sulla geometria delle superficie considerate nello spazio 
rigato,” Rendiconti dei Lincei (6), vol. 4 (1926), p. 262. 

*E. P. Lane, “ Conjugate nets and the lines of curvature,’ American Journal of 
Mathematics, vol. 53 (1931), pp. 573-588. Hereinafter referred to as Lane, “ Conjugate 
Nets.” 

*E. Bompiani, “ Sugli elementi di 2° ordine delle curve di una superficie,” Rendi- 
conti dei Lincei (6), vol. 9 (1929), p. 288. 
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curve on a surface sustaining a given conjugate net. For this purpose we shall 
replace the asymptotic curves through P and P, in the definition of an asymp- 
totic chord quadric, by the curves of each family of a given conjugate net. 
In § 2 we summarize briefly for subsequent use some of the theory of the 
projective differential geometry of a surface in ordinary space referred to a 
conjugate net as parametric. In § 3, after formulating a definition of the 
conjugate chord quadrics, the equations of these quadrics are found. The 
method which we employ is quite similar to that used by Bompiani in obtaining 
the equations of the asymptotic chord quadrics. Finally, in § 4, we study 
briefly the geometrical properties of these quadrics, our investigation paral- 
leling somewhat that of the conjugate osculating quadrics made by Lane. 


2. Analytic basis. In this section an analytic basis for the projective 
differential geometry of a parametric conjugate net on a surface in ordinary 
space is established. We employ the completely integrable system of dif- 
ferential equations, which are written in a symmetrical form intimately asso- 
ciated with the axis congruence of the net, that define a conjugate net in 
ordinary space, except for a projective transformation. 

Let the projective homogeneous codrdinates z,- - -, 7 of a point P,; 
on a surface § referred to a conjugate net N, in ordinary space be given as 
analytic functions of two independent variables u,v. The two osculating 
planes of the parametric curves Cy, C, at a point P, on the surface § intersect 
in a line defined to be the axis of P, with respect to the net Nz. If Py is any 
point distinct from P, on the axis and if Py is chosen such that it is the 
harmonic conjugate of P, with respect to the two foci of the axis regarded as 
generating a congruence when the point P, varies over the surface S, then 
x and y satisfy a system of differential equations * of the form 


Luu = px +- ary, + Ly, 
(1) Luy = CL + Ady, + bay, 
Loy = qu + 82, + Ny (LN 


where the notation here employed is similar to that used by Lane in his recent 
book. 


The coefficients of system (1) are functions of u, v and satisfy four in- 
tegrability conditions which we do not need to write here. 
From the equations 


*E. P. Lane, Projective Differential Geometry of Curves and Surfaces, The Uni- 
versity of Chicago Press, 1932, p. 138. 
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u = (Luv) vy (Luu) v = (Luv) 
we find 
Yu = fx — nary, + sty + Ay, 
(2) Yv = 9x + try + nt + By, 
where we have placed 


= cy + ac + bq — c8 — qu, gL = cy + be + ap— ca— pr, 
—nN tL = dy, + ab + ¢— wm, 
(3) sN = b, + ab + nL = by, + b? — ba—p, 
A =b— (log N)u, B=a— (log 


The Laplace-Darboux point invariants H, K, the tangential invariants 
H, K, the invariants ¥’, ©’, D of Green, and the invariant r are given in the 
notation of system (1) by the formulas 


H=c+ab K=c+ab—h, 
H = sN, K = 

(4) 8B’ = 4a — 26 + (logr)>, 80’ = 4b — 2a — (logr)u, 
D — 2nL, r= N/LD. 


The differential equation of the asymptotic curves on the surface § is 
(5) L du? + N dv? = 0. 


Since the four points 2, au, Z-, y are not coplanar, we shall choose them as 
vertices of a local tetrahedron of reference at Pz. Let the unit point be chosen 


so that a point XY defined by 


(6) X = 2,0 + Lely + + 


has local codrdinates proportional to z,,- - -,as. Later we shall have occasion 
to use the covariant tetrahedron with vertices at the points z, p, o, y for which 


(7) o = Ly, — az, p = 2, — bz. 


The points o, p are the ray-points, or Laplace transformed points, of the 


curves C',, C, respectively, corresponding to the point Pz. 


3. The conjugate chord quadrics. In order to formulate a definition let 
us consider a surface S referred to a conjugate net Nz, and any curve C on § 
not belonging to N,. Let P, and P be two distinct points of the curve 0. Let 
P,(P.) be the point of intersection of the u-curve (v-curve) through P, and 
the v-curve (u-curve) through P. As the point P approaches P, along C, 
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the line joining P to P,, namely, the conjugate chord v, describes a ruled 
surface which has for every position of one of its generators a well defined 
osculating quadric. The limit of this quadric as P approaches P, along ( 
is a conjugate chord quadric at the point Pz of the curve C on the net N,,. 
A second conjugate chord quadric is defined in a way similar to the foregoing 
by considering the conjugate chord PP». 

In order to find the equations of the conjugate chord quadrics just defined, 
let us consider a curve C through points P, and P on S to be defined by the 
parametric equations 
(8) u=u(t), v=v(t). 


If the points P, and P of the curve C correspond to the parameter values t = 0 
and ¢ = and if the codrdinates of points P, P;, and be denoted by Z, 
and x, respectively, we have 


& A,t + A;t?/2 + 


(9) 2+ Ryt + Rol?/2 + 
= + + 8207/2 + +- 


where 
A, = + av’, Ay = + + + ayu” + ay”, 
(10) Ag = + B82 + + + 
+ + uv’) + + + 
and 
(11) Ri Ry + Rs = + + 


The formulas for the third derivatives of 2 expressed as linear combinations 
of z, tu, %y, y are found from system (1) by differentiation and substitution 
to be 
Tuuu = (Pu + ap + + + + p— nb) ty 
+ sLa, + (In +aL-+ AL)y, 
Luuv = (Cu + bc + + (au +c¢-+ ab + 
+ (bu + + aLy, 
Luvy = (Cy + ac + + (a, + a?) 
+ ab + b8)2, + 
= (qv + 89 + GN) + 
+ + nN)a, + (N,+ 8N + BN)y. 


It is evident that the points X, Y defined by 


X = (%+2%,)/2, 


(12) 


(13) Y = (¢—2,)/t 
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are on the conjugate chord PP,. Any point P¢, except the point Y, on the 
line PP, is defined by placing 


(14) 4) =X(t) + Y(t) scalar). 


If ¢ is fixed while p» varies, the locus of the point P¢ is the line PP,. If t,p 
both vary, the locus of Py is the ruled surface of the conjugate chords of one 
family (v-curves) relative to the curve C. 

Fixing a generator of the ruled surface by holding ¢ fixed, we observe 
that an asymptotic tangent at a point of the fixed generator of the ruled 
surface, distinct from a rectilinear generator, at the point (¢, ») joins the point 
Ps to the point d¢, if dt/dp is determined by the condition 


(15) by, pe, + | = 0. 


If we vary », with dt/dp determined by (15), ¢ being fixed, the line joining ¢ 
and d@ describes an osculating quadric along a fixed generator. When ¢ 
approaches zero we obtain the desired quadric at Pz. 

It is easy to verify that condition (15) may be written in the form 


(16) | X,¥,X’ + pY’, oes | dt X’, | 


wherein the accents denote derivatives with respect to t. When ¢ = 0, easy 
calculations yield the following results: 


X Y = = + 

= + + /2, 

XY” + + tyyv’?/2 + ayu” + 

= + + + + ur’) 


+ + 


On substituting in equation (16) the expression for ¢:¢ found from equation 
(14), and reducing by means of elementary properties of determinants, we find 
that the first determinant appearing in (16) may be written in the form 


| X, Y,X’ + | | x, + p¥’, X” + pY” | 


(18) 
—D-+ Fp’, 


where 


(19) Dm |X,¥,X,X"|, |, 


+ |X,Y¥,¥',X" |. 


On making use of (17), (1), and (12) we find 


M. L. MACQUEEN. 


| X, ¥, X’, | —— Nau’r’?/2, 


D =— (Iv? + Nv”? /2)Au'v’, 
E = {N (aw? + + 0’ /2 —a(Lu”? + 
(20) — [aLu’? + bNu'v’ + (Ny + 8N + BN) v?2/3 + No” }av?, 
F = {N[(au+c¢-+ ab + aa)u’?v’ + (a + a?) + tNv*/3 
+ a(u’v” + uv’) 1/2 


— aw [aLu”? + bNuw’v’ + (Ny + 8N + BN) v?/3 + Nv” ]} Av’, 


where 
A = | 2, Lu, Lv, y | 0. 


By means of the results just obtained it is now possible to write equation 
(16) in the form 
(21) (D + Ep + Fy?) dt — dp, 


where we have placed 


FPF =P/Av’. 


E =E/Av, 


D=D/Adv’, 


The quadric whose equation we are seeking is generated by the point 
(22) + do + + (i scalar), 


as » and k vary and if dt/dy is determined by (21). On making use of (14), 
(17), and (21), we find that can be expressed in the form 


+ paw’) + + 
+ p( + + ayv’/2)] + (D + Ep + Fy?) a’. 


(23) 


Then by use of (1) we find 


C= + + Lely + 


where 


=k + (cw’ + qv’/2), 
Lp = Nu’*v’?(1 + apr’), 
(24) = + Nu’v’®/2 + (2bu’ + 8’ + v/v’) /2 
+ (D+ Fp’)v’, 
a, = N2yu'v’*/2. 


These are the local codrdinates z,,- - -,2, of the point Pr, referred to the 
tetrahedron 2, ty, Zy, y with suitably chosen unit point. Homogeneous elimina- 
tion of » and & from equations (24), together with some further simplification, 
the details of which will be omitted, gives the equation of the conjugate chord 
quadric Q», referred to the tetrahedron x, tu, Zy, y, namely, 


776 


CONJUGATE CHORD QUADRICS OF A CURVE. 


(25) + — — 2AM 2, + Pr? + = 0, 


wherein we have placed A = dv/du, and 


P= 2[(c+ab—au) + (¢ + a5 — a, — — tNd?/3]/N, 
Q = 2(N./N — 8/2 + B)dA?/3 — ad + A(log A)’. 


In order to write the equation of the quadric Q, referred to the tetrahedron 
Z, p, 9, y, it is not difficult to show that it is sufficient to replace 2, in equation 
(25) by #:— bx.—azs. On making this substitution and simplifying the 
coefficients by means of (3) and (4) we find the equation of the conjugate 
chord quadric Q, referred to the covariant tetrahedron z, p,o,y to be 


(26) Lan? + + AB’/3) + (log 
— [D/L—2H/AN + 2dAK/3L — + AN = 0. 

The equation of the conjugate chord quadric Q, at the point Pz of the 
curve C on the net Nz can be written immediately by interchanging u and v 
and making the necessary symmetrical interchanges of the other symbols. For 
this result we find 


(27) + [4(6’/3 + —A(log 
+ [AD/L + 22K /L — 2H/3N — + Lar, = 0. 


4. Geometrical considerations. Let us regard the curve C, employed in 
defining the conjugate chord quadrics, as imbedded in the one-parameter 
family of curves defined on the surface S by the equation 


(28) dv — \du = 0, 
where A is a non-vanishing function of u,v. Then the differential equation 
(29) (dv — ddu) (dv — pdu) = 0 


will represent a conjugate net on the surface S if the two directions defined by 
this equation separate harmonically the two asymptotic directions satisfying 
equation (5). A necessary and sufficient condition for this is 


(30) 


The two curves of such a conjugate net that pass through a point on the 
surface § will be denoted by C\ and C, respectively, according as the direction 
dv/du has the value d or p. 

The tangent line of the curve C, at the point P, is given by 
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(31) = 2, — AT, = 0, 
and that of the curve Cy is 


(32) + = 0. 


Inspection of equation (27) shows that the conjugate chord quadric Q, is 
intersected by the tangent plane, z,— 0, of the surface § in the u-tangent, 
XL, = XZ; = 0, and in a residual line which is precisely the tangent line of the 
curve Cy given by (32). Similarly, the tangent plane intersects the quadric Q), 
in the v-tangent, 7, = 7, = 0, and in the same residual line (32). Therefore, 
the conjugate chord quadric Qu (Qv) at every point of a curve C on a con- 
jugate net intersects the tangent plane of the net in the u-tangent (v-tangent) 
and in a residual line tangent to the curve in the direction conjugate to the 
curve C. 

It is well known that a necessary and sufficient condition for a direction 
to coincide with its conjugate is that it be an asymptotic direction. Hence, 
the residual line in which the tangent plane of the net intersects the two 
conjugate chord quadrics at every point of a curve on a net coincides with 
the tangent to the curve if, and only if, the curve is an asymptotic curve on 
the sustaining surface. 

Lane has shown * that the conjugate osculating quadric @, is intersected 
by the tangent plane in the u-tangent and in the residual line whose equation, 
referred to the same tetrahedron that we are using, is 


(33) = (L—Na*) x, = 0. 


Similarly, the tangent plane intersects the conjugate osculating quadric Q» in 
the v-tangent and in a residual line in general distinct from the line (33). 
The two residual lines in which the tangent plane intersects the two conjugate 
osculating quadrics coincide ® if, and only if, the curve C) is an asymptotic 
curve on S, and in this case the lines coincide with the tangent of the curve. 

The residual line (32) of the conjugate chord quadric Q, coincides with 
the residual line (33) of the conjugate osculating quadric Q, if, and only if, 
1+ rd? = 0, i. e., if is an asymptotic curve on 8. Therefore, the conjugate 
chord quadrics and the conjugate osculating quadrics at every point of a curve 
on a net are intersected by the tangent plane of the net in the same lines tf, 
and only if, the curve is an asymptotic curve on the surface; then the lines 
are the u-tangent, the v-tangent, and the tangent of the curve. 


5 Lane, “ Conjugate nets,” p. 579. 
* Ibid., p. 580. 
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We next consider briefly the intersections of the conjugate chord quadrics 
with the two osculating planes 7; = 0, 72 = 0, of the curves Cy, Cy respectively. 
One of the generators of the quadric Qu, in the osculating plane zz; = 0 at the 
point P, of the curve Cy, is the u-tangent, rz; = 2,0. Another generator 


in this plane is the line 
(34) (D + 2K — 2H/3dr) a, — = 0. 


In the osculating plane x; = 0, one of the generators of the conjugate oscu- 
lating quadric Q, is found’ to be the u-tangent also, and the line 


(35) (D + AK — H/ar) ax, — 2L2, = 0. 


Thus, on comparing equations (34) and (35) we find that the osculating plane 
a, = 0, at a point Py of a curve Cy, contains the tangent of this curve asa 
common generator of the conjugate chord quadric Qy and the conjugate 
osculating quadric Qu at a point Pz of a curve Cy. The other generators, in 
the plane x, = 0, of these two quadrics coincide if, and only if, 


= — H/ark. 


As is also true in the case of the conjugate osculating quadric Qu, the osculating 
plane, 7; = 0, touches the conjugate chord quadric Q, of the curve C in the 
ray-point p of the curve C». 

Results similar to the preceding may be obtained by considering the 
quadric Q, and the osculating plane, 7, = 0, of the curve C;. 

The equation of the cone projecting from the point Pz the curve of inter- 
section of the two conjugate chord quadrics Qu, Q»v is found by eliminating 2, 
from their equations. For this result we find 


Ax2) (L2 + rats) + [4( 0/3 + AB’) — A(log 
(36) + »ABW’/3) + (log ] 
4 2[aD/L (H + H/3)/N +.2(K + K/3)/L]a2 =0. 


This cone will be tangent to the tangent plane, x, == 0, along the tangent line 
(31) of the curve C) in case 1 + ra? = 0, that is, in case the curve C) is an 
asymptotic curve. 

It is of some interest to consider the relations of the two conjugate chord 
quadrics Q, for the curves C, Cy of the two conjugate families. The equation 
of the quadric Q, for the curve Cy, with » determined by equation (30), can 
be written immediately by replacing A by —1/rA in equation (27). This 
result is found to be 


Idid., p. 580. 
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Na,? + [4(8’ — raA@’/3) + (log Ar/?) 4 — (log Ar’/?) o/rA] 


—2[n+ K/AN —AH/3L — AN — 24,2, = 0. 


If z, is eliminated from equations (27) and (37), we obtain the equation of 
the cone projecting from the point P, the curve of intersection of the con- 
jugate chord quadrics Q, for the curves of the two conjugate families, namely, 


[4(1 + ra2)r6//3 — 2ra (log Ar/?) + (1 ra?) (log Ar/?) 


(38) 4+ N(1 + aor, + 2(1 + ra*) (K —H/3)2/L =0. 


This cone is indeterminate in case 1 + rd? = 0, that is, when the curve () is 
an asymptotic curve. In this case the two quadrics (27) and (37) coincide, 
In case 1 + rd? ~0 and H = 3K the cone (88) is a pair of planes so that 
the two quadrics intersect in two conics. One of the planes is the osculating 
plane, x; 0, of the curve Cy, and the equation of the other is easily read 
from equation (38). Otherwise the cone (38) is tangent to the osculating 
plane, 7; = 0, of the curve C,,, touching it along its tangent line, 7, = x, = 0. 


SOUTHWESTERN COLLEGE, 
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ARITHMETICAL THEOREMS ON LUCAS FUNCTIONS AND 
TCHEBYCHEFF POLYNOMIALS. 


By E. T. 


1. Introduction and Summary. Any identity in elliptic, or elliptic theta 
functions, is equivalent to (implies and is implied by) an identity in Lucas? 
functions or Tchebycheff polynomials with arbitrary complex arguments. We 
first develop an isomorphism between the Lucas functions and circular functions. 


2. The functions U, V, C, S, T. Principal values of all irrationalities, 
wherever they occur, are to be understood. Let «, B, z, uw be complex variables 
such that aB(a—fB)~0. Write c=ap. Then are the 
roots of 

(1) y? — by c= 0; 

2a == b + (b? — 28 = b — (b? — 4c)”. 


The functions U, V, associated with (1), are defined by 


(2) U ct) V(b, c, 2) = a* + pe. 


The connection with circular functions mentioned in $1 will be made 


by means of 
(3) 
Thus C(u,z), S(u,z) are associated with 


(4) y? —2uy +1—=0, 
of which the roots are 


p—u+ 


C(u, 2) =4V (2u, 1, z), S(u, z) =U (2u, 1,2). 


o=u— 


and we have 
o* 


C(u,2) =F(p? +07), 


Comparing the last with (1), (2), we have the important formulas 


* The functions are the U,, V,, of Lucas, American Journal of Mathematics, vol. 1 
(1878), pp. 184-240, 288-321; the arguments are his P, Q, which he restricts to be 
rational. The designation “‘ Tchebycheff Polynomials” is retained as it appears to be 
accepted, although these polynomials occur in the writings of Vieta, Newton, De Moivre, 
Johann Bernoulli and Euler, to mention only predecessors of Gauss and Cauchy. 
According to Lucas, loc. cit., p. 208, they first appear in Vieta’s Opera, Leyden, 1646, 
pp. 295-299. 
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(5) U(b,c,z) §(b/2c'/, z), V (b,c, 2) = 2c*/? z), 


To connect our functions with one usual definition (for example that of 
Polya and Szegé) of the Tchebycheff polynomials we introduce 


(6) T(u, =S(u,z+1), 


which, for z an integer, is a Tchebycheff polynomial. Only one of S, T is 

necessary, as any formula involving either may be restated immediately in 

terms of the other by means of (6). We shall use § in preference to 7. 
From (2) we have 


(7) U(b,c,0) U(b,c,1) V(b, c,0) V(b,c,1) =); 
(8) U(b,c,—z) =—c*U(b,c¢,z); V (b,c, —z) =c* V(b, 2); 


(9) W(b,c,z+n+2) —bW(b,c,2+n+1) + cW(b,c,2+n) =0, 


From (7), (9) the U(b,c,z-+ ), V(b,c,z2-+ 1) can be calculated by recur- | 


rence. From these and (3), (4) we write down the corresponding relations 
for C, S: 
(10) C(u,0)=1, C(u,1) S(u,0)=—0, S(u,1) —1; 
(11) C(u,—z)=C(u,z); S(u,—2z) =—8(u, z) ; 
(12) Z(u,z+n+ 2) =0, 
Z=C,S; n=0,+1,+2,-:-. 
Let m be an integer > 0. Then, identically, 


cos (m + 2)6— 2 cos 6 cos (m + 1)6+ cos md = 0, 
sin (m + cos 6 sin (m + sin m6 = 0. 


Comparing the first of these with (10), (12), we see that C(u,m) is the 
Tchebycheff polynomial obtained from the expansion of cos m6 in powers of 
cos 6 on replacing cos @ by u. From the second, S(u,m-+ 1) is the Tchebycheff 
polynomial 7'(u,m) obtained on replacing cos@ by wu in the expansion of 
sin (m + 1)@csc@ in powers of cos@. Hence, for integer values of m > 0, 
we have the explicit forms 


13 {(m-1) /2] ( 1)" 
m-r— m-2r— m-2r 
{(m-1) /2] 
(14) S(u, m) == > ) Qm-2r-1 
r=0 


where [2] is the greatest integer in 2. These are in descending powers of w. 
In ascending powers we have 
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8928 
(15) C(u,2m) = (—1)™"m> us, 
g=0 


m-1 
(17) S(u, 2m) =2(—1)™ m+) 


m-1 


To write down the expressions of S(u,n), C(u,n), where n is an arbitrary 
integer (positive, zero, or negative) we refer to (10), (11) and use the 
sgn function, defined for all real values of x by sgn « = —1,0,1 according 
asz<0,x=—0,2>0. Then 


(19) C(u,n) =C(u,|n|), S(u,n) =sgnn 8(u,|n]). 


From (13)-(18) and (5) we have the following reduced forms of the 
U(b,c,m), V(b,c,m) for all integers m > 0: 


[(m-1) /2] (—1)"m 
r=0 m — 2r 


(20) C, m) == 


r 


[(m-1) /2] 


(21) U(b, C; m) = b > (— 1)" r- 


r=-0 


m (— 1)8 m+ 28 pm- 
(22) V(b, c, 2m) =2(—1)™m = 
m-1 1)* 


(23) V(b, c,2m—1) = (—1)™*(2m—1)b 
(24) U(b,c,2m) = (—1)™"b (—1)#( ms) 


3-0 


m-1 
(25) U(b,c, 2m —1) (—1)™* (—1)#( 
Corresponding to (19), for arbitrary integers n, 


(26) V(b, n) crsenn-D/2 V(b, ¢, | n|), 
U (b,c, nm) = sgn n (b,c, | n |), 


which refer all cases to (20)-(26). As (22)-(25) are merely (20), (21) 
written in reverse order, the numerical coefficients are integers. 

We shall call U(b,c,n), V(b, c,n) the Lucas functions of the arguments 
b,c, of order n. Lucas had occasion to consider his functions only for rational 
(for the most part integral) arguments. The generating functions of U(b, c, n), 
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V(b,c,n) can be written down from (2), if needed; the information given 
by them is, however, more readily obtainable from the isomorphism next noted, 


3. Trigonometric identities. Lucas (loc. cit., p. 189) emphasized the 
connection between his functions and the circular (or hyperbolic) functions, 
and he gave a method for passing from identities in his functions to identities 
in circular functions. The method is also reversible. We shall give another 
way of accomplishing these things, which seems more direct and which is much 
easier to apply. What follows is generalized in § 5. 

Let the r; be integers, and let P(z,- 2st) be a polynomial in 


be an identity in z. Replace sinrz by sinwsinrjrcscex —1,-- -,t), 
The result is an identity in x for the same range. In this we write 


cos = C(u, ni), sin csc x = S(u, 71;), 
= COS Z, sin = (1 — u?)?/? 8; 


say the result is R(u) =0. Then R(u) —0 is an identity in u, since R(u) 
is a polynomial in wu, (1 —u*)*/? which vanishes for an infinity of distinct 
values of wu. Hence in = 0 we may replace u by the complex variable 
getting the identity R(w) —0 in w. Choose w= b/2c'/? (as in (5)). It 
follows that we can pass directly from the original cos, sin identity P( ) =0 to 
This converts the trigonometric identity P(_ ) =0 into an identity in func- 
tions U, V with the arbitrary arguments b, c. The process is evidently 
reversible, and we may sum up the simple algorithm in the following table, 
in which n is an integer. (See also § 5.) 


Circular Lucas 

cos nx $c-"/?V (b,c, n) 
sin nz csc (b, c, n) 
sin (1 — b?/4c)1/? 
cos b/2c%/? 


To pass from a trigonometric identity in x to its correspondent in Lucas 
functions we replace the functions in the first column by their correspondents 
in the second. To pass from an identity in Lucas functions to its correspondent 
in circular functions, we replace V(b, c,n) by 2c"? cos nz, and U(b, c,n) by 
c")/? sin nz ese x. The last two lines of the table suffice to eliminate }, ¢ 
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from the result, if they are not already absent; if not, the supposed identity 


is untrue. 
We give some simple examples. All admit of generalization. From 


(m,n are integers) 
sin (m + = sin mz cos nz + cos mz sin nz, 
and the table, we have 
2U (b,c, m +n) =U (b,c, m)V(b,c,n) + V(b, c,m)U (b,c, n). 
Similarly 


sin mz sin nx 
sinz 


cos (m + n)x = cos mz cos nx — sin? x ‘ 


2V(b,c,m +n) = V(b, c,m) V(b, c,n) + (b? — 4c)U (6, c, m)U (b,c, n). 
To indicate the inverse process we verify the evident identity 
U (b,c, 2n) =U (b,c, n) V(b, c, n), 


which is obtained from the first of the above by taking m =n. If the identity 


is true, then 
gin ese = sin nx esc x 2c"? cos nz, 


which is sin 2nz — 2 sin nz cos nz, and hence the identity is verified, since the 


steps are evidently reversible. 
The algorithm provides a straightforward way for deriving relations 


between the U, V. Suppose, for example, we wish to sum 


¢, 8) 


in terms of functions U, V, where p is a positive integer. By the table, this is 
equivalent to summing 
QP (c?/?)® cos? sa, 
e=1 
expressing the result as a function of sines and cosines, and reapplying the 
table to replace sin, cos by U, V. The special cases of this considered by 
Lucas follow in this way at once. 

The isomorphism expressed in the table also suggests a possible generaliza- 
tion of the U, V which it might be profitable to investigate: the two functions 
U, V are replaced by the four polynomials in snz, cn occurring in the 
humerators and denominators of sn nz, cn nz, dnnz. When the modulus is 
zero, the polynomials degenerate to the U, V. 
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The isomorphism also leads to the theory of “division” for the U, V, 
which Lucas mentions in passing, but on which he did not, apparently, publish 
anything. This concerns the expression of U(b, c, t), V(b, c, t) with ¢ rational 
but not integral, as algebraic functions (in the usual technical sense as in 
complex variables) of U’s and V’s of integral order. As this does not concern 
the application to elliptic functions which we have in view here, we shall not 
go into it. 

If the identities involve several sets of variables 2;, bi, c; and associated 
integers ”;;, the table is applied to each. There is an example in § 4. 


4, Elliptic and theta identities. It was shown in a previous paper ” that 
any identity in elliptic or elliptic theta functions is equivalent to an identity 
in arbitrary parity functions summed over one or more quadratic partitions 
of integers. The parity functions may be replaced by products of circular 
functions (sines or cosines) having the same parity. This identity is also 
equivalent to the original identity. Transforming the circular identity by 
means of the table in § 3 into its equivalent in U, V functions, we get an 
identity in Lucas functions which is equivalent to the elliptic identity. We 
need give only enough examples * to illustrate the process. 

From the expansion of #;/,?(x) in arithmetical form, as given in M § 10, 
we have 

(x) = St cos (t — r) 2] 
(m =1,3,5,--+; m=—tr, t>0,7>0). 
Hence, using 
B(x) = 3q”(— 1)” cos - (pon 2 1, + - -), 


multiplying throughout by 37(x), and applying 
we have the following identity on equating coefficients of like powers of q: 
St cos(t — + + 1) /2m, mo, 


where the sums refer to all positive integers ¢t, r, m1, me, and to all integers 
v1, ve (positive, zero, or negative) such that, for n a constant integer = 0, 


4n + 2 m,? + m2? = tr + 2v,? + 


* Transactions of the American Mathematical Society, vol. 22 (1921), p. 1; 
cited as A. 

*The expansions used are quoted either from the paper cited in the preceding 
footnote, or from my paper in Messenger of Mathematics, vol. 54 (1924), pp. 166-176, 
cited as M. 
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Applying the table in § 3, we have 
V(b, c, — + 21 + 2-2) (— 1) m2, 

where the sums are as just defined and b, c are independent complex variables. 

The other identity of this sort is obtained from #,?/9.?(x), by applying the 


method of A to the expansion in M § 10. 
As a somewhat simpler specimen of the infinity of results obtainable 


from the available expansions we shall state the equivalent of the identity 
= using the expansion of #,/0,(z) in M § 8. 

Let (—1)| m), (2| m) be defined as Jacobi-Legendre symbols when m is 
an odd integer, and write e(n) —1, or 0, according as n is, or is not, the 
square of an integer > 0. Consider all the integer solutions, for « constant 


and = 1 mod 4, of 
a==tr +t 4y? (t{>0, r>0, v= 0), 
<= 


and let & refer to all sets of solutions (¢,7,v). Then 
43(—1| +) (2 | tr) c, + 4v) = e(m) (—1| m2) 


Such identities can be given a form analogous to that of the recurrences 
for functions of divisors, of which the first example is due to Euler. Thus, 


from M § 8, we have 
= 23q%/* [ 1] 7) cos (=) ] 


where the first = refers to « = 1, 5,9,13,- - -, and the second to all positive 
integers t, such that Write 


a) =3(—1 | b, =) 


where & refers to ¢t, 7, and tra (as before). Then the identity 


is equivalent to 
23 (— c)~ P(b, c, m — 4v?) = e(m) (—1 | 
where m is positive and, ==1 mod 4, and & refers to v= 0,+1,+2,:--, 


the sum continuing so long as 4v? < m. 
To illustrate identities in more than one variable we _ take 


f(x, y) = cos éx cos xny in a theorem in A, 
— dz, 8: + 82) —f(di + ds, 8, — 82) ] 3t[f(0, 24) — f(t, 0)] 


in which f(z, y) is an arbitrary single-valued function of x, y satisfying the 
conditions f(z, y) = f(—z,y) =f(z,—y), and the sums refer to all positive 
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integers d,, 8;, dz, 82, t, + such that 2¢r — d,8, + ded2, 7, di, 81, de, 52 are odd, 
and tr is constant. The equivalent in Lucas functions is 


[ys /2V (2, Yr, — 82) V Yo, 81 + 82) 
— /2y.- /2Y dz + dz) V (22, — 5.) ] 
= 23 V (x2, yo, 2t) — yr (21, yr, 2t) J, 


5. Generalized isomorphism. Let x be a real or complex variable, and 
z a complex variable. Then the isomorphism may be generalized as follows, 
in which ~ is the sign of 1, 1 correspondence: 


cos 4c-*/?V(z), sins ~ $c*/*A?U 
V(z) =V(b,c,z), U(z)=U(b,c,z), =4c— 


in which 0, c as before are complex variables. For, the variables «, 8 in a 
U, V relation may be replaced by other variables, or by functions of themselves, 
Under the particular transformation «—«*, B— B*, we have, from the 


original isomorphism, 


cos nz (nz), sin nx ~ (nz), 


as may be readily verified, in which n is an arbitrary integer. Taking n =1 
we get the form stated. 

Let 2s be independent real or complex variables, and z,,- -, 2s 
independent complex variables. Then, more generally, we have the above 
isomorphism in which now 


and the correspondence between the two sets of independent variables is 2; ~ 2; 
(j=1,---,s8). This is evident upon mathematical induction on s applied 
to the addition theorems for cos, sin, V, U, and an application of the iso- 
morphism as stated at the beginning of this section. Finally, in the same way, 
or as a consequence, we have the isomorphism in which 


where the n’s are integers, and njrj ~ njz; (j -,8). 
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BINARY QUADRATIC DISCRIMINANTS DIFFERING BY SQUARE 
FACTORS. 


By Gorpon PALL. 


1. The problem of finding the number of representations of numbers not 
prime to the discriminant in an integral quadratic form, or in a genus or order 
thereof, has never been adequately solved. The classical methods depending 
on forms constructed from the roots of certain congruences, subject to con- 
ditions which isolate the forms of a given class, genus, or order, are simple 
enough for numbers prime to the discriminant, but are excessively detailed 
and tedious in general. One reason for these complications is that those 
methods lead first to proper representations, and through them to all, and the 
relations between proper representations in different classes and genera are 
more involved than those for all representations. To avoid the difficulty we 
may attempt to reduce the problem to one in which the order-invariants are 
(so far as possible) free of square factors. 

We treat in this paper binary quadratic forms, our principal method 
employing reduction formulae to replace a problem concerning forms of dis- 
criminant p’d by a like problem for discriminant d. 

A discriminant d is a non-zero integer congruent to 0 or 1 (mod 4), and 
is fundamental if divisible by no prime p such that d/p? is a discriminant, i. e. 


(1) p> 2 and p*®|d, or p=2 and d=0 or 4 (mod 16). 


Let r(n, d) denote the number of sets * of representations of n in a repre- 
sentative system of primitive integral binary quadratic forms of discriminant d. 
Then r(n, d) is a factorable function of n, and if p does not satisfy (1), 


(2) =1+ (d|p)+(d| p?) 
It is also known that 
(3) r(p,d) =0 if p satisfies (1).? 


Consequently a prime is represented in at most one class (and the 
reciprocal class) of discriminant d. On the basis of this property and the 
composition of classes the writer has elsewhere (Pall I and II) considered the 


* Pall II, 491; or Dirichlet, 216. 
? Pall II, p. 493. 
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number f(n) of sets of representations of m in any integral binary quadratic 
form f, but only partially for n divisible by primes of type (1). 

To any primitive f, of discriminant p*d corresponds a form f of dis- 
criminant d such that 


(4) 
Here o = op, is defined as follows: 
(5) 


and if d is positive but not square, o is the least positive integer such that 
p| Uc, where (t,,u,) denote the successive integral solutions of 


fi(p?n) =of(n), for every integer 


o=1ifd<—4or dis square,o 2 if d=—4,0=—3 if d=—+3; 


(6) t? — du? = 4. 


In § 5 we shall associate (4) with the Lipschitz correspondence between 
the classes of discriminants d and p*d.* The formula 


(7) h(p?d) /h(d) {p— (d| p)}/o, 


which was the object of Lipschitz’s investigation, can be deduced directly from 
(4) and (9), 4(d) denoting the number of primitive classes of discriminant d.° 

The slight variant of Lipschitz’s method, given in § 2, may be of value. 
Lemma 3 replaces the reference to Gauss’ complicated Art. 162, and finds 
further applications in § 3. 

A primitive ambiguous class of discriminant d has v derived primitive 
ambiguous classes of discriminant pd, ‘where v is given in Theorem 4. We 
note in § 3 the following curious corollary : 

Frequently, an ambiguous class (’ of even discriminant d contains one 
ambiguous form [a,b,c] with b/a even, and another with b/a odd. If 
o = 02,4 > 1 and d=0, 12, or 28 (mod 32) such forms of both kinds seem 
to exist in every primitive ambiguous class; if d==4 or 8 (mod 16), or 
16 (mod 32), then o = 1, and it is trivial that every primitive ambiguous form 
has b/a even. But: 


(8) if d=0, 12, or 28 (mod 32) and o—1, every primitive ambiguous 
class contains ambiguous forms of only one kind, and there are 
equally many ambiguous classes of either kind. 


® Pall I, p. 331, II, p. 494. 
* Lipschitz, p. 255. 
iii. 
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Further properties of derived classes appear in section 4. 
Finally we note in section 6 that 


(9) r(p’n, = {p— p)}r(n, 4), 
which together with (2) and (3) yields immediately the value of r(p*, d) 
for any p. 


If n has no factor of type (1), n is represented in at most one primitive 
genus of discriminant d. In any case it is represented equally often in each 
of the 2 genera which represent it, specified in § 7. 


2. Binary matrices P and Q are called right-equivalent if PU =Q@Q for 
some unitary integral matrix U; left-equivalent if UP = Q. 


(10) If P= Pt denotes the adjoint-transpose ( 
y 


Evidently PU = Q is equivalent to UtPt — Qt, and every P is the adjoint- 
transpose of the matrix Pt of the same determinant. We have 


Lemma 1. Lvery integral matrix of prime determinant p is right- 
equivalent to one and only one of the p+ 1 matrices 


(11) (x = 0, 1, »?P 1), P,= (5 


and left-equivalent to one and only one of 


1 —k p 9 
(12) Px (x = 0,1, Pr» 


By fP we denote the form derived from f —|[a,b,c] by applying the 
linear transformation of matrix P. By the associativity of matrix multi- 
plication, f(PU) —fPU. Hence 


THEOREM 1. Let f —[a,b,c] be primitive, b>—4ac—=d~0. Every 
form derivable from f by integral transformations of prime determinant p is 
equivalent to one of the p+ 1 forms 


(13) fPx = [ap?, (2ax + b) p, ax? + bx + c], (x =0,°- 1), 
= [a, bp, cp?]. 


Exactly p— (d| p) of the forms (18) are primitive. 


° Mathews, p. 160; or Smith, pp. 166, 176. 
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The 1+ (d|p) imprimitive forms fPx are given by 
(14) ax? + bx + c=0 (mod p) (0OSk« <p) 


if pta; by x—p and (14) if p|a. In every case the divisor of the im- 
primitive fP, is p unless (1) holds, and then p’. 

Let V be an unitary integral matrix. If VPx is right-equivalent to 
VP), VPx=VP)U, Pe=P)U, Hence VPo,: Pp are right- 
equivalent in some order to Py,- --,P,. This proves 


Lemma 2. If f is replaced by an equivalent form g (=fV), the classes 
of gPo,- +, 9P» constitute a permutation of the classes of fPo,: - -,fP». 


Lemma 3. Let f and g be integral primitive forms of discriminant d, 
P and Q integral binary matrices of determinant p. Let fP and gQ be equal 
and primitive. Then R = (PQ')/p is integral, det R=1, fk = g.’ 


For choose integral unitary matrices U and V (Lemma 1) such that 
UtP = and QtV = Px, and set = fU, = gV, R’ = (Py'tPx)/p. Then 
R’=U'tRV, fR=g, f and g are integral and of discriminant d, 
fP=fU'P =f 9Q = 9 It remains to prove that if R’ is 
not integral, then f’P,t is imprimitive. Now according as (a), x,A< jp, 
kx=p>dA, (y) k< p=aA, (8) kx =A—p, is equal to 


Let f’ = [a,b,c]. In cases (a) and 
f/Py' = [a, — 2ar + bp, ad? — bpd + cp*] 


and is imprimitive if p|a. If R’ is not integral in case (a), pf} y—=x—A, 
fR’ = [a,- - -, ap?/p? + bu/p + c] is integral only if p | a. In case (f) the 
same holds for = [a/p*,---,---]. In case (y), = [ap’, bp, c] is 
imprimitive if p|c, =[ap’,- - -,ax? + bx/p+c/p?] is integral only 
if p|c. 


THEOREM 2. Let d be a discriminant, pa prime. (i) Every primitive 


*The conclusion may be false if fP = gQ is imprimitive. If the divisor is p’, 
(1) holds, and all we can say is that f and g are derived from the same class of 
discriminant d/p*. If the divisor is p, p is represented in a class C, and O-', of dis- 
criminant d; then the classes of f and g are either identical, or one is C* times the 
other; this may be deduced from 


fP,/P = [a/p, b, cp] ~ [ep,—b,a/p] = [e, — b, a] [p, — b, ac/p], ete. 
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class K of discriminant pd is derivable from a primitive class C of discrimt- 
nant d by an integral transformation of determinant p. (ii) C is uniquely 
determined by K and p. 


(i) Replace d by p*d in Theorem 1. The imprimitive form [Px is 
unique, and of divisor p?; set fPx = pf’, whence f is imprimitive and of 
discriminant d. Then 
(16) Pf =f (PePat) = (fPa) 

(ii) The uniqueness follows from Lemma 3. 

The proof of the fact that each of the p— (d| p) primitive forms (13) 
is equivalent to exactly o — 1 of the others, is based on the following criterion. 
If fP ~fQ, fPU =fQ for some unitary integral matrix U; by Lemma 3, 
PUQ'/p is an integral unitary transformation A of f into f. Then 
U =PtAQ/p. Conversely, if U = PtAQ/p has all its elements integral, where 
A is any integral automorph of f, then PU = AQ, fQ =fAQ =—fPU ~—fP. 

The general integral automorph of [a,b,c] (assumed primitive) is 


—eu 
( au 4(¢+ bu) J’ 


where (t, ~) runs over all integral solutions of (6). Forming PytAPx (x < p) 
we find only one element not termwise divisible by p, 


(18) A=aux« + $(t+ bu). 
To complete the proof of (7) it now suffices to prove 


Lemma 4. If fP, is primitive, i.e. p}a, there are exactly o—1 values 
k(0S« < p) such that p | A by choice of t, u. 


For by Lemma 2 it will follow for any primitive fPx, that there are 
precisely o — 1 others equivalent to it in (13), by applying Lemma 4 to fV, 
where 


If 0 (mod p), t= + 2 if p> 2, and 
(19) $(¢+ bu) =4(t? — = 1 — acu? =1, if p=2, 


whence A== + 10; disposing of all cases ¢ =1 in Lemma 4. 
If d — 4, we have also t=0, u= +1. If f=[1,0,1], A=+x, 
{Pp>~ fPo, and o = 2 is effective in Lemma 4. 
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If d=—3, f—[1,1,1], u=+1, or, 
fPp~fPo~ o = 3 is effective. 
Finally consider d positive but not square,o >1. Write 


(20) Ay = + + bux), 


whence 
(21) Uj — = Ui-x, — = (2aK + b) 


Now p | u, if and only ifo| i. If i=kA0 (modo), uj = + u% (modp), 
and by (21,),4;== + A; (mod p). Thus we need consider only k = 1,---,¢—1, 


For each such k, 4,=0 determines an unique x (0x <p); and if 
A, = A, = 0 for the same x, p | by (211), 0 | 


THEOREM 3. Setr=—{p—(d|p)}/o. Exactly + classes K correspond 
in Theorem 2 to each class C. 


3. With these developments freshly in mind we demonstrate 


Lemma 5. Let p>2, p}a, d=b*—4ac be positive but not square, 
o=074a>1. Not counting the residue x =— 4b/a when p | d, the number 
of residues x (mod p) for which A; = + 1 (mod p) by choice of k = 1,---,o—1 


Ws 


o—lifp|d, 2(¢—1) if p}d. 


i) Case p>2, p|d. By (6), t:==_+2 for every i. The residue 
«x ==—4b/a appears from A;=—1 if 4; =2, A,x=—1 if =—2. The 
remaining o—1 residues x determined by 
are distinct from each other and from — 4$b/a: for example, if t; =2=—h 
and o }t—k, (21,) shows that A; and — A, are incongruent for the same «. 


ii) Case p>2,p}d. If A4;==+1 and A,=1 or —1 for the same x, 
then by (21), wis == + ui + which is impossible unless | i, or i—k. 
[For example, if is even, i=hA+1, k=h—l, 
Uix—=Uuiti, etc. If 1+ k is odd, transpose a term, and proceed in the same 
way. | 

THEOREM 4. Let v denote the number of primitive ambiguous classes of 
discriminant p*d derivable from a primitive ambiguous class C of discriminant 
d, by integral transformations of determinant p. Then 


(22) if p>2, 


If p = 2 let C contain the form [a,b,c] in which a|b; then 
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v=0 if d=0, 12, or 28 (mod 32), o—1, and b/a is odd; 
(23) v=2 if b/a is even ando—1; 
v=1 tf d is odd, ora > 1. 


We may assume a |b inf. For the theorem to hold, (13) should contain 
yo primitive {Px improperly equivalent to themselves. If fPx —=fP«V, where 
V is an integral matrix of determinant —1, and B, is the matrix 


(0 


then fB, =f, fPx = fB,P.V. By Lemma 8, if fPx is primitive, B,P«VPxt/p 
isan automorph (17); hence PxVPx'/p is an improper integral automorph B 
of f, and V = Px'tBPx/p. Conversely, if V = PxtBPx/p is integral for some 
=fBPx = fPx, fPxe~ fPx. 

The general improper integral automorph B of a primitive form [a, b, c] 
in which a |} is AB,, with A as in (17). Replacing u by — wu, we find 


4(¢+ bu) $b(¢ + bu) /a—cu 


The only element of PxtBP, not obviously divisible by p is 


(25) T = aux? + (t+ + 4(¢ + bu) (b/a) — cu. 


I. Case p> 2, p|a. Then p| b, p}ec, and by (14) fPx is primitive 
(kx<p). Now p|d, p}t by (6), p| Lif and only if 


xk + 4b/a=cu/t (mod p). 


As t, w range over solutions of (6), w/t has exactly o residues, vy = 1. 


II. Case p> 2, p}a. Then fP, is primitive and ambiguous. The 
unique residue = — 4b/a appears from T=0 when t= + 2, u=0; then 
ax? +- bx + c==— jd/a, and by (14), fPx is primitive if p}d, imprimitive 
if p|d. In the remaining cases, p} au and 


(26) aul = (aux + 4(t + bu) +1) (aux + 4(t + bu) —1), 


so that T= 0 if and only if The residue « 4b/a cannot 
Teappear, since it implies 4(A? 1) For d positive but not 
square (22) follows from Lemma 5. Our discussion is now complete also if 
d<—4 or d is a positive square. If d——4, f=—[1,0,1], A—=x, 
fPx («x =0, 1, p—1, p), and since o=2, v—2 If d=—83, 
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f=([1,1,1], A=«+1 or «; if now p> 3, fPx (x =0, p—2, 1, 
p—1, p, $(p—1)), and since o—3, v= 2; if «x —0, 2, 3 are 
effective, fP, being imprimitive, v = 1.° 


III. Case p—2,0—1 (every u even). Then $(¢ + bu) =1 by (19), 
T'=b/a. Hence v= 0 if b/a is odd and a even, v = 1 if b/a is odd and a odd 
(fP. primitive). If b/a is even, the two primitive forms (13) are non- 
equivalent (o—1), v= 2. 


IV. Case p=—2,o0>1. Since du? + 4 is a square with wu odd, 


d = 5 (mod 8), 12 (mod 16), or 0 (mod 32). 


(27) 
In these cases, o—2— (d|2) =vo. Hence v—1 if y>0. If a is odd 
v > 0 since fP, is primitive; if a is even, d is even, the o (~2) primitive 
forms (13) are equivalent, f= wu + b/a (mod 2) is even by choice of u, vy =1. 


Remark. If y(d) denotes the number of primitive genera of discriminant 
d, and d has exactly ¢ distinct prime factors, 


if d=4 (mod 16), 
(28) y(d) = 2 2** if d=1 (mod 4), 8 or 12 (mod 16), 16 (mod 32), 
if d=0 (mod 32).° 


Further the number of primitive ambiguous classes of discriminant d is equal 
toy(d). By (28), 


y(4d) = y(d) if d=1 (mod 4), 12 (mod 16), or 0 (mod 382) ; 
y(4d) = 2y(d) if d=4 or 8 (mod 16), or 16 (mod 32). 


(29) 


Comparison of these facts with (23) yields (8). 
For example, consider d = — 84. Reduced forms: 


fo = [1, 0,21] and f; = [3,0,7]; fe—[5,4,5] and f, = [2, 2, 11]. 


From these are derived the following of discriminant 4d: 


fi- [3, 0, 28], | 7, 0, 12] 
fs— [8, + 4, 11]. 


fo > [1, 0, 84], [4, 0, 21]; 
fe— [5, + 2,17]; 


The least positive non-square d= 0, 12, or 28 (mod 32 having o —1 is 
d= 156; the chains of reduced forms are (1, 12, — 3, 12,1; and its negative), 


® And in fact, [1,1,7] is the only primitive reduced form with d = —- 27. 
° If d is a square double these values for y(d). 


| 
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(2, 10, — 7, 4, 5, 6, — 6, 6, 5,4, 7, 10,2; and its negative); by (8), these 
four classes each contain ambiguous forms of only one type. 


4. The term m-derived classes of C will signify the primitive classes 
derived from C by integral transformations of determinant m. 

For f= [a,b,c] and f/—[a,—b,c] it is plain from (13) that 
(QV9<« <p), fPo~fPo, f’P». Hence by Lemmas 2 
and 3 we have: 


(a) tf K is a p-derived class of an ambiguous C, so is K*; 
(b) the p-derived classes of a non-ambiguous C are non-ambiguous, and 
are the reciprocals of the p-derwed classes of C-. 


Both (a) and (b) extend at once to m-derived classes. 
The m-derived classes of C’ are the same as the (— m)-derived classes 


of 


THEOREM 5. Theorem 2 holds with p replaced by any non-zero integer m. 


5. If in (13), fPp is primitive and p*n is represented therein, evidently 
n is represented in f; similarly for fPx. By induction from md to (pm)?d: 
an integral b. q. f. represents every number represented by any of tts primitive 
derwed classes Gauss, D. A., Art. 166]. 

Hence, if a primitive f, of discriminant m?d represents a prime 
q (or —gq or +1) represented by f, then f, is a (+ m)-derived form of f. 
For the property f(q) > 0 determines the class of f or its reciprocal. 


THEOREM 6. Let f and f, be primitive and of respective discriminants 
dand p*d, any prime. Then f, is a (+ p)-derwved form of f if and only if 
fi represents p*q, where + q is any prime (or 1) represented by f, and if and 
only if (4) holds.*° 


6. Now (9) is an immediate consequence of (4) and Theorem 3. 


7. Since f represents all integers represented in f;, each p-derived form 
f, of f has all the generic characters of f. An additional character 


(30) | (—1 | (2 | fr) 


of f; occurs only in the following respective cases: 


(31) p>2, phd; p=2, d=4, 8 (16); p—2, d=16 (32). 


° Pall I, 331, II, 494. 
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Lemma 6. In the cases (31), among the p—(d| p) primitive forms 
(13) occur equally many having either value + 1 for (30). 


We may suppose a prime to p. 
i) p=2. The forms (13) are now 
(32) fo = [4a, 2b,c], fi = [4a, 4a + 2b,a+6+ c], fe = [a, 2b, 4c]. 


We find that if d= 4 or 8 (mod 16), then f. =a (mod 4), and the primitive 
one of fo, f; is==—a (mod 4); if d= 16 (mod 32), then f, =a (mod 8) and 
the primitive one of fo, f; is == 5a (mod 8). 


ii) p>2. Now A= 2ax + is with « an independent integral variable 
(mod p). If f;—fPp», (f: | p) =(a| p); and for the rest, 


| p) = (| | p). 
Hence Lemma 6 is a consequence of 


Lemma 7%. Let m be an integer, p an odd prime, p}m. Then among 


the numbers 
m (A=0,1,:--,p—1), 


there is one more quadratic non-residue than residue (mod p).™ 


Consider cases (31). Each primitive genus I of discriminant d has two 
p-derived genera Ty (1 =1,—1) differing only in the value 1 of (30). Let 
I'(n) denote the number of sets of representations of n by a representative 
system of classes of T. By (4) and Theorem 3 


(33) T,(p’n) = T,(p’n) 3{p— (4 | p)}0(n). 
By (3), if m is prime to p, Ti(pm) —=0 (t=1,—1); while 


(34) =T(m), =0, 
[t= (m | p), (—1| m), (2 | m) according to (31)]. 


There remain the cases (cf. (29) ) 
(35) p>2,p|d; p—2, d=1 (mod 4), 12 (mod 16), 0 (mod 32). 


The p-derived classes of T form a single genus I’, for which, m and n being 
integers, p m, 


11Thus there are 0 = — (m} P)} non-residues, 1 residues. This curious 
result must have appeared frequently in related forms. 
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(36) I’(p’n) = {p— (4 | p)}T(n), =0, 
By induction from (33) and (36,) we have 


THEOREM 7. An integer n has equally many sets of representations in 
every primitive genus of discriminant d which represents n. 


To determine these genera we proceed as follows. To begin with, if n’ has 
no prime factors p such that d’/p? is a discriminant, then r(n’, d’) = 0 unless 


(37) | n’, p** +n’, a odd imply (d’ | p) =0 or 1; 


and then n’ is represented in an unique genus I of discriminant d’.? 

Generally, let &? be the largest square factor of n for which d/k? is a 
discriminant, and set d = k*d’, n = k?n’. Then n is represented only in the 
k-derived genera of the unique genus (if any) of discriminant d’ which 
represents n’. The number of these genera, (37) being assumed, is 2‘, where 
iis the number of odd primes p such that p|k, p}d’; this number being 
increased by 1 if 


d’=1 (4), k=4 (8), or d’ =4 (16), k=2 (4); or 
d’ = 8, 16, 24 (32), k even, or d’==12 (16), k=0 (mod 4); 


but increased by 2 if d’==1 (mod 4), k==0 (mod 8), or d’=4 (16), k=0 (4). 


UNIVERSITY. 


REFERENCES. 


G. Pall, I. Mathematische Zeitschrift, vol. 36 (1933), pp. 321-343; II. Transactions 
of the American Mathematical Society, vol. 35 (1933), pp. 491-509; III. Bulletin of 
the American Mathematical Society, vol. 41 (1935), pp. 373-4. 

Dirichlet, Vorlesungen iiber Zahlentheorie, 4th Ed. 

Lipschitz, Journal fiir Mathematik, vol. 53 (1857), pp. 238-259. 

G. B. Mathews, Theory of Numbers (1892). 

H. J. S. Smith, Collected Mathematical Papers, vol. I. 


#2 Cf. Pall I, 337, footnote. It is easy to define this genus by the generic char- 
acters either of n’ or of the ambiguous forms representing the prime factors common 
to n’ and d’. 

7 


799 

; 
e 


ABSTRACT LINEAR DEPENDENCE AND LATTICES. 


By Garrett BIRKHOFF. 


1. Introduction. In a preceding paper, Hassler Whitney has shown 
that it is difficult to distinguish theoretically between the properties of linear 
dependence of ordinary vectors, and those of elements of a considerably wider 
class of systems, which he has called “ matroids.” 

Now it is obviously impossible to incorporate all of the heterogeneous 
abstract systems which are constantly being invented, into a body of systematic 
theory, until they have been classified into two or three main species. The 
purpose of this note is to correlate matroids with abstract systems of a very 
common type,? which I have called “ lattices.” 

As this correlation is purely formal, the discussion will be descriptive 
rather than detailed. 


2. The fundamental construction. Let us refer to Whitney’s definition 
of a matroid as a set M whose subsets have a numerical rank function with 
certain properties (R,)-(R,). It is easy to define mutual dependence by 
abstraction from the theory of vectors, and to see that if we suppress elements 
of rank zero, and regard mutually dependent elements as merely repeated 
occurrences of the same element, then we get a matroid M* with the same 
structural properties as M. Moreover M* has the additional property that 
no element is dependent on any other element.® 

Now let us call a subset of M* “linearly complete” if and only if it 
contains all elements dependent on it. By what we have just shown, distinct 
elements of M* are distinct linearly complete subsets. Moreover 


Lemma 1. The product N-N’ of any two linearly complete subsets N 
and N’ of M*, is linearly complete. 


For suppose ¢ any element of M* not in N-N’; by symmetry, we can 
suppose ¢ not in N. Therefore 


1H. Whitney, “On the abstract properties of linear dependence,” American Journal 
of Mathematics, vol. 57 (1935), pp. 509-533. His main definition is in his section two. 

Cf. the author’s “On the combination of subalgebras,” Proceedings of the Cam- 
bridge Philological Society, vol. 39 (1933), pp. 441-464. This article will be referred 
to subsequently as “ Subalgebras.” 

*This assertion corresponds to 8S. MacLane’s assumption “without loss of gen- 
erality ” of his conditions (R,)-(R;) in his note on “Some interpretations of abstract 
linear dependence, etc.,” supra. 
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1—r(N +e) —r(N) [by definition of N] 
Sr(NV-N’ —r(N- N’) [by Whitney’s Lemma 4]. 


Hence r(N-N’+¢) =r(N-N’) +1, and e is not dependent on N-N’, 
proving the lemma. 

Observe now that M* is itself linearly complete, and has the property 
M*:N =N for any subset N. Finally, the operation of intersection is idem- 
potent, commutative, and associative. Consequently 


THEOREM 1. The linearly complete subsets of M* can be regarded as 
the elements of a new system L(M*), satisfying 


(L,) Any a of L(M*) and b of L(M*) determine a unique “ product ” 
in L(M*). 

and ar (bc) = (arb) 

(Ls) There exists a “ unit” [namely, M*] such that 1 =a «rrespec- 
twe of a. 

(L,) In any sequence of products a, %Q2, some two 
terms are equal. [Remark: This is a simple corollary of the 
fact that L(M*) is finite]. 


Moreover distinct single elements of M* appear as distinct single elements 


of L(M*). 


3. An incidental theorem. We shall now prove a result which is obvious 
in the case in hand—provided we define the “join” Nw WN’ of N and N’ 
directly as the product of all linearly complete subsets containing N and N’. 
(This definition is equivalent to defining N v N’ as the set of all elements 
linearly dependent on N+ N’). The formal proof in abstracto has however 
been included, to give a neat new approach to the theory of abstract lattices.‘ 


THEOREM 2. It is an abstract consequence of Theorem 1 that any ele- 
ments a and b of L(M*) determine a unique “ join” av b with the properties 


‘It is extremely useful in applications. For instance, it shows that if we adjoin 
4 purely formal “unity” i, we can subsume the theory of “effective implication” as 
defined by E. V. Huntington in his note “ Effective equality and effective implication 
in formal logic,” Proceedings of the USA Academy of Sciences, May, 1935, under the 
theory of lattices in the finite [but not the infinite!] case. Viewed in this light, his 
Propositions 32, 33, 34, 36, 37 appear as extensions to the infinite case of Theorems 4. 2, 
6.1, 6.2, 6.3 of “ Subalgebras.” 

With regard to precedence, it was Professor Huntington’s paper which suggested 
Theorem 2 to me originally. 
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(L;) (avb) =av (arb) —a. 
ava=a, avb=—bva, and av (bvc) =(avb) ve. 


The main thing is to define av b. To do this, note first that ir a=, 
andi°b=—b. Second, not that if and c’.a—a, then 


(coc) =coa—a, 


Therefore if we set co 1, and try to find successive elements ¢,, C2, C3,° °° 
such that m@°b—b, and yet differs from every 
+ 9c; [7 < k], then by (L,) we obtain after a finite number of attempts, 
an element such that (1) d-a=a and d°-b=b (2) if 
c*¥na—a and then - + for some k < n—which, 


since 
(dod) = (c*¥od) 


[by iterated use of (Z.)], means c*¥ 

Conditions (1)-(2) and (Z,.) show that d is determined uniquely by a 
and b; we shall define avb asd. To prove that av b satisfies (L;)-(L¢) is 
now merely a question of substituting from (1)-(2), and using condition (Lz), 

This completes the proof, the details of which the reader should be able 
to fill in without difficulty. 


4, Principal results. But by definition, an “ abstract lattice” is any 
system which satisfies (L,)-(Z.) and (L;)-(LZ.¢). Consequently, we have 


THEOREM 3. L(M*) is an abstract lattice. 


Not all lattices correspond to matroids; in particular, every lattice corre- 
sponding to a matroid contains only a finite number of elements. The facts 
as to which lattices correspond to matroids can however be summarized as 
follows. 

A finite lattice corresponds to a matroid if and only if (1) if b andc 
are smallest distinct elements larger than a, then bc is a smallest element 
larger than b. (This is the “ dual ” [under the inversion of inclusion *] of the 
abstract property of composition subgroups used in the classic proof of the 
Theorem of Jordan-Hélder) (2) every element can be expressed as the “ join” 
of elements of rank one. 


5It being observed that the definition of a lattice is invariant under inversion of 
meet and join. Property (1) amounts in the case in hand to the property that if two 
linearly complete subsets of M* of rank (n+ 1) intersect in a subset of rank n, then 
the rank of their join is (n + 2). 
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Moreover the “ rank ” of any subset N of elements ex of M* 
is equal to the length of any chain [in the sense of the Theorem of J ordan- 
Hild] in L(M*), between the lattice-element corresponding to the null 
subset, and the “ join” of the lattice-elements corresponding (under Theorem 
1) to the e;. That is, 


TurorEM 4. The structure of L(M*) determines that of M*—and hence 
that of M. 


5. Theoretical consequences. The results of the last sections suggest 
trying to interpret theorems on matroids as theorems on lattices, and con- 
versely. This can be done in at least two cases. 

The less interesting of these is Whitney’s Theorem 3, which may be 
regarded as a reappearance ° of the first formula of Theorem 9.2 of “ Sub- 
algebras.” 

A more interesting correspondence concerns Whitney’s Theorem 15 on 
separability, which is a generalization of a well-known theorem on graphs. 
This theorem may, in the light of the above results, be regarded as a specializa- 
tion of a theorem’ on the “strong” uniqueness of the representation of any 
lattice as the direct product of irreducible (— non-separable) components. 


6. Geometrical correspondence. In another paper,® 8. MacLane has 
shown that M* also corresponds to a schematic configuration of dimensions 
r(M*) —1, and has pointed out a relationship with projective geometries. 
This defines an obvious correspondence via matroids between “ matroid lattices ” 
(or lattices satisfying conditions (1)-(2) of § 4) and schematic configurations. 

In terms of this correspondence, results proved elsewhere ® by the author 
directly imply 


THEOREM 5. A schematic configuration is the direct product of a finite 
number of projective geometries and single points, tf and only if the dual 
[under the inversion of join and meet] of the corresponding matroid lattice, 
is again a matroid lattice. 


* This formula very likely has a long previous history. 

* Proved in the author’s “ On the lattice theory of ideals,” Bulletin of the American 
Mathematical Society, vol. 40 (1934), p. 616, Theorem 2. 

* Cf. footnote 3, above. A much weaker result of the same sort was obtained by the 
author, in Theorem 5 of “On the structure of abstract algebras,” to appear shortly 
in the Proceedings of the Cambridge Philological Society. 

°“Subalgebras,” Theorem 10.2, and “Combinatorial relations in projective geo- 
metries,” Annals of Mathematics, vol. 36 (1935), pp. 743-748. 
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(By the “ direct product ” of two projective geometries P and P* is meant 
the system whose elements are the couples (A, A*) [A any m-plane of P and 
A* any m*-plane of P*], and in which (A, A*) lies in (B, B*) if and only 
if A lies in B and A* in B*. This is the inverse of the notion of separation 
into non-separable components mentioned above). 

Theorem 5 and well-known results *° show that such schematic configura- 
tions can in general be realized by vectors in spaces whose codrdinates lie in 
suitable finite fields. 


Society or FELLows, 
HARVARD UNIVERSITY. 


7°0. Veblen and W. H. Bussey, “ Finite projective geometries,” American Trans 
actions, vol. 7 (1906), pp. 241-259. 


SOME UNIQUE SEPARATION THEOREMS FOR GRAPHS." 


By SaunpERs MacLang.? 


An abstract graph * is a combinatorial structure which consists of a finite 
set of points or vertices, together with a number of edges. Hach edge joins 
exactly two of the vertices. Such graphs are considered in topology, in the 
study of electrical circuits * and in combinatorial analysis. Since the structure 
of such a graph becomes involved if the number of vertices is large, it is desir- 
able to have methods of uniquely breaking up a graph into smaller parts or 
components. One such method is that of separating the graph at a single 
vertex. This is possible when the removal of the vertex in question discon- 
nects the graph. The uniqueness of this process has been established by 
Whitney.® 

Similar to the separation at a single vertex is the separation along a 
chain of connected vertices. Consider for example the graph 


The vertices 1 and 2 together form a chain. If we drop these two vertices and 
all edges involving them, the graph falls into two connected pieces. If the 
separating vertices 1 and 2 be added to each piece, we have the two components 


1 1 3 
The second component may be further separated by the chain (3,4). This 


gives three components, each one a square. Had we instead separated by 
the chain (3, 4) first, the result would have been the same. 


1 Presented to the Society, September 7, 1934. 

* Sterling Research Fellow, Yale University. 

*M. A. Sainte-Lagué, “ Les Réseaux,” Mémorial des Sciences Mathématiques, Fas. 
XVIII. 

*R. M. Foster, “ Geometrical Circuits of Electrical Networks,” Bell Telephone 
System Technical Publications, Mon. B-653. 

5E. Netto, Lehrbuch der Combinatorik, 2nd ed., pp. 292-308. 

°H. Whitney, “ Non-separable and Planar Graphs,” Transactions of the American 
Mathematical Society, vol. 34 (1932), p. 339. 
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This uniqueness property can be suitably extended: if any graph is sepa- 
rated by chains until the resulting components cannot be further separated, 
then the result is independent of the chains used in this separation. Two 
provisos are needed: 1. all the chains used in the separation must be geodesics 
(§ 3); 2. isomorphic components are considered as essentially identical (§ 4), 

The plan of the proof is as follows: it is sufficient to consider any two 
geodesic chains B and C’, and to construct a separation S’ beginning with a 
separation by B, and a separation 7’ beginning with C, in such a way that 
S’ and 7’ have the same results. First we use the geodesic property to show 
that B and C form together a symmetric figure. We then construct the desired 
separation S’ as an alternating separation; first separation by B, then by C, 
then by B, and so on. A slight modification is made to insure that each 
separation is a separation by a single connected chain. The so modified sepa- 
ration S’ then has the same result as the separation by a similarly constructed 
T’. This is established by showing that each stage of the alternating separa- 
tion 8’ gives a finer subdivision of the original graph than does the preceding 
stage of the separation 7”. 

The separation process has two other basic properties: it yields a repre- 
sentation of the original graph (§ 1) and it assists in the choice of complete 
independent sets of cycles (§ 2). 


1. The Definition of Separation. The graphs as defined in the intro- 
duction will be restricted by requiring that each edge join two distinct vertices 
and that no pair of vertices be joined by more than one edge. We can then 
conveniently represent the vertices by arabic numerals, while each edge may 
be denoted by the pair of vertices which it joins. Two vertices joined by an 
edge are called contiguous. Any symmetric binary relation R(z,y) in which 
x and y range over a finite class (the class of vertices) can be interpreted as a 
graph by taking F to be the relation of contiguity. 

Among the subgraphs of a graph G we consider only those subgraphs H 
such that two vertices of H contiguous in G are also contiguous in H. This 
restriction is natural in the relational interpretation. Such a subgraph 
H C G is completely determined by the set of its vertices. 

If a graph G and two subgraphs H, and Hy, are given, then H, + H; 
denotes the subgraph determined by the set of all vertices present in either 
H, or H2, while H,— H, denotes the subgraph determined by the set of 
vertices present in H, but not in H». 

A graph with n > 2 distinct vertices 1, 2,- - -, m and with the edges 


(12), (23), - -, (n—1,n), (n,1), 
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is called a circuit. Similarly, a chain is a graph of the type 
(12), (23),- °°, (n —1,n) 


with n > 0 distinct vertices. This chain has the length n, and is said to join 
its end vertices 1 and n. Its vertices are ordered, in that a vertex 7 on the 
chain is between the verticesi and kift<j<kork<j<i. 

The separation of a connected graph G@ by a connected’ subgraph H is 
an operation which yields a set of components, each of which is a subgraph of 
G. This set we denote by H XG. To obtain it, dissect the graph G—H 
into its connected pieces F;, F2,- - +, Fm. The set of subgraphs 


A,=F,+H, 
is then the set H & G. These components can also be characterized as follows: 


THEOREM 1,1. Jf H is a connected subgraph of a connected graph G, 
then every vertex of H belongs to every component of HX G. Every vertex 
of G—H belongs to just one component, and two such vertices belong to the 
same component if and only if they are joined in G by a chain containing no 
vertices of H. 


Any graph @ is represented by the set of its components, in the following 
sense : 


THEOREM 1.2. If H is a connected subgraph of a connected graph G, 
then every vertex and edge of G ts present in at least one component of H X G. 


A set of components H, X G can be further separated by a subgraph H, 
of G if each component of H, X G which contains Hz is separated by H2, 
while the other components of H, X G@ are left unchanged. The result of 
this separation we denote by H.xXH: XG. The simplest uniqueness 
theorem * then is 


THEOREM 1.3. If H, and Hz are connected subgraphs of a connected 
graph G, and if H, and H, have no vertices in common, then 


A,X G=H,xX< G. 


Proof. Denote the connected pieces of G — (H; + H:) by 


*This assumption here is essential; without it any graph could be separated into 
trivial components. 

* This theorem is essentially a generalization of Whitney’s results for separation at 
single vertices. 
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Gi, G2, Ga. 


A vertex b of H, + H, will be called a boundary vertex of a piece G; if and 
only if 6 is contiguous to a vertex of G;. Two applications of Theorem 1.1 
then show that the operation H, X H2 X G yields a component 


(1) H,+H.+ 


the sum being taken over all these pieces G; which have boundary vertices 
both in H, and in Hz, together with several components 


(2) 


one for each G; whose boundary vertices are all in H,, and several components 


Hy, + Gj, 


(3) Gx, 


one for each G; whose boundary vertices are all in Hz. Since these com- 
ponents, (1), (2), and (3), are symmetric in H,; and Hz», the uniqueness is 
established. 

This theorem enables us to define the separation of a connected graph @ 
by a disconnected subgraph H. For if H consists of the connected pieces 
H,, H.,: - +, Hm, we set 


HXG=—H,X Hm XG. 


2. Circuits and Separation. If we consider a graph G as a one-dimen- 
sional topological complex, then it is known that in this complex we can choose 
a complete set of linearly independent one-dimensional circuits.® Separation 
simplifies this choice, for the linearly independent circuits can all be chosen 
from the components after a separation H X G. 

To establish this result for a connected subgraph H, we agree to call a 
circuit C an H-circuit if C—H is connected (in particular, C may be 
contained in H). An H-circuit C may contain no vertices of H whatsoever. 
If this is not the case, the vertices of C not in H form a chain with two ends 
aand 6. The remaining vertices of C (i. e., those in H) form, together with 
a and b, a second chain with a and 6 as ends. Any H-circuit is thus contained 
in at least one component of H X G. 


Lemma 2.1. If a chain B in G contains no vertices of H, and if there 
is a circuit C containing B, then there is an H-circuit containing B. 


°O. Veblen, Analysis Situs, 1st ed., p. 17. 
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Proof. If C is not itself an H-circuit, extend B along C until both end 
vertices are points of H. Then complete the desired circuit by joining these 
ends in H. 


LEMMA 2.2. Any circuit C in G may be represented as a sum (modulo 
2) of H-circutts. 


Proof. Denote the connected pieces of H by B,, --, Bn. Hach 
B, is a chain, and by Lemma 2.1 is embedded in an H-circuit C;, so that 
The sum 


(modulo 2) 


has then no vertices not in H. It can thus be represented as a sum (modulo 
2) of circuits in H; that is, as a sum of H-circuits. These circuits, with the 
(;, give the representation *° of C. 


THEOREM 2.3. If H is a connected subgraph of the connected graph G, 
then a complete set S of circuits in G can be constructed from H X G as 
follows: select in each component of H X G a complete set of circuits, com- 
bine all these sets to form a set T, and remove enough circuits from T to make 
the resulting set S linearly independent. 


Proof. The set is complete, for by Lemma 2. 2 every circuit is a sum of 
H-circuits, while any H-circuit is contained in at least one component of 
HXG. If H is a tree (i. e., contains no circuits), the set 7 itself can be 
shown to be linearly independent. 


3. Geodesic Separation. The fundamental problem is to show that the 
result of separation by chains is essentially unique. This is not always true, 
for consider the graph which consists of three chains joining two vertices 1 
and 2, with the edges 


(13), (32), (14), (42), (15), (56), (62). 


If we separate this graph by the chain 1 3 2, we obtain a quadrilateral with 
vertices 1 2 3 4 and a pentagon with vertices 1 2 356. If instead we were to 
separate by the larger chain 1 5 6 2, we would obtain two pentagons, with 
vertices 1 2 3 5 6 and 1 2 45 6 respectively. The two results are essentially 


*° A circuit C contained (in the usual sense) in a graph G need not be a subgraph 
of G according to our definition; such a 0 can however always be represented as a sum 
(modulo 2) of circuits which are subgraphs. 
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different." This difference arises because the two separating chains 1 3 2 and 
1 5 6 2 have the same ends, but different lengths. 

To avoid the lack of uniqueness we can agree in such a case to separate 
only by the shorter of the two chains; that is, by a “ geodesic” chain. In 
general, a chain C is geodesic in a graph G if every other chain contained in 
G and having the same end vertices as C’ is at least as long as C. Note that 
any subchain of a geodesic chain is geodesic. 

A complete geodesic separation of a graph G will then proceed first by 
separating G@ by a geodesic chain B, then by separating each resulting compo- 
nent LZ by some chain B,, contained in and geodesic in ZL, and so on, until 
the final components are no longer separable in this way. The desired unique- 
ness theorem states that any two such complete geodesic separations S and T 
of the same graph G have essentially the same result. S will begin with a 
separation B X G, while T starts with a separation C X G. We first investi- 
gate the interrelations of the geodesics B and C. 

This will involve the decomposition of a chain into subchains. A 


representation 
D=D,+D.,+: Dn 


is said to be a decomposition of the chain D if each of the graphs D; is a 
chain, if each vertex of D appears in one and only one of the chains D;, and 
if the order of the sum on the right represents the order of the vertices of D. 
This last requirement means that if d;, dj, and d; are vertices chosen from the 
three distinct chains D;, D;, and Dx, respectively, then d; is between d; and 
d, in the chain D if and only ifi<j<mkork<j <i. 


Lemma 3.1. Let Band C be geodesic chains in a graph G, and let f, 9, 
and h be vertices belonging to both Band C. If g is between f and h in B, 
then g is also between f and h in C. 


Proof. Since g lies between f and h, there is a decomposition 
B=B,+f+8.+9+8:;+h+ B, 


in which f (likewise g and h) represents the subchain whose only vertex is f. 
If f were between g and h in C, then similarly 


C=C, + 


We thus have two distinct chains 


1The results cannot be further reduced, for a circuit is not separable by any 
subgraph. 
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f+B.+9+Bs+h 
f+Os+h 


joining the same vertices f and h. Both chains are geodesic, and hence have 
the same length. If the length of each chain B; (or Ci) be denoted by the 
corresponding Greek letter, then 


Be 1 + Bs e 
A similar argument for the chains joining g to h yields 
Y2 + 1 + as Bs. 


Substitution of the second equation in the first gives the contradiction 


(Bz + y2 + 2) + ys = ys 
The intersection of two geodesic chains can now be described as follows: 


THEOREM 3.2. Let Band C be geodesic chains in a graph G, and let the 
intersection of B and C consist of exactly n connected pieces A;,*-+~-, An. 
Then these A; are chains, and there are two decompositions 


i Bn + An + Bau, 
Cn + An + Conus, 


where the B; and C; are chains, no two of which have a vertex in common. 
Each B; and each C; for 7=2,- +--+, n contains at least one verter. The 
orventation of the A, im both decompositions is the same; that is, we can 
denote the ends of each A, by ay and ex in such a way that a, is contiguous 
to a vertex of B, and a vertex of Cy, while ex is similarly contiguous to Byes: 
and Cy... However, a, need not be contiguous to a void B,, etc. Furthermore 


length B; = length C; (7 =2,° -,n) 


Finally, a vertex d on B; (j =2,:- +, ) is never contiguous to any vertex 


of Cy (tj). 


Proof. By suitably numbering the pieces Ax; we can obtain the decompo- 
sition of B. A similar decomposition for C is possible, except that the chains 
A, might appear here in a different order. But since each A; contains at 
least one vertex, any such difference is impossible, by Lemma 3. 1. 

Furthermore, the decomposition of C might offer some A, in an orienta- 
tion different from that in the decomposition of B. Thus A; might have ends 
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a, and ¢, with a contiguous to By and Cy, and ex, contiguous to By, and 
Cy. We can assume without loss of generality that k <n, and we select a 
point d in An. We then have e, between a, and d in B, while a, is between 
¢, and d in C, contrary to Lemma 3. 1. 

Next, the equality of the lengths follows because 


€j-1 + By + + Cj + a; 


are two geodesic chains with the same ends. Finally, the non-contiguity of 
B; and C; is a consequence of the geodesic property of C. 

The chains A; (k —1,---, n), Bi, and Cy (t—1,---, ~-+1) into 
which B and C have thus been decomposed may be called the atomic chains 
of the figure. No two atomic chains have vertices in common. 


4, Isomorphic Components. Two complete geodesic separations of a 
graph need not give identical results. Consider for instance the graph used 
in §3. The separation by 132 gave a quadrilateral 1234 and a pentagon 
12356. The separation by the geodesic chain 1 4 2 would give the same 
quadrilateral, but a different pentagon 12456. The two different pentagons 
are nevertheless still isomorphic. 

In general, two graphs are said to be isomorphic * if their vertices can be 


put into a 1—1 correspondence which leaves invariant the relation of con- 
tiguity. It is important to note the effect of separation on isomorphic graphs. 


THEOREM 4.1. If two connected graphs G, and Gz are isomorphic, and 
if G, be separated by a subgraph H,, while G, is separated by the correspond- 
ing subgraph H>, then there is a 1—1 correspondence between the compo- 
nents of H, X G, and those of H. XK Ge, such that corresponding components 
are isomorphic. 


This theorem is a consequence of the general invariance of any logical 
property under an isomorphism. 


5. Alternating Separation. Let a graph G and two geodesic chains 
B and C, with intersections as described in § 3, be given. We proceed to con- 
struct a separation S’, beginning with B X G, and a separation T’, beginning 
with C X G, such that S’ and T’ have the same results. S’ is to be con- 
structed in stages of alternating separations by B and by C, as indicated in 


18 Whitney, “On the Classification of Graphs,” American Journal of Mathematics, 
vol. 55 (1933), p. 236. 


al 
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and the first m stages of the separation will be denoted by (C,B)™X G. T’ 
is to have a similar structure. However, the simple alternation indicated in 
(1) is not always sufficient.* Thus it may happen that B X @ yields a com- 
ponent L which does not contain all of C, such that the part of C in L con- 
sists of two separate chains D, and Dz. Then instead of next separating L 
by C (or, more precisely, by the disconnected graph D, + Dz), it is desirable 
to separate L by a graph C’, obtained by adding to D, + D2 enough vertices 
from B to insure that the result C’ is a single chain. Similar modifications 
are to be made at each stage of the alternating separation. 

This modified separation (C,B)™ X G will be defined by induction on m. 
At the same time we will establish the following properties of any component 
L of (C,B)™ X G: 


5.1. If one vertex of an atomic chain (see § 3, end) D belongs to L 
then D is contained in L; 

5.2. For every j,7 =2,-- -, n, either B; or C; belongs to L; 

5.3. For every k,k =1,---, , Ax belongs to L. 


For m —1 we define 


(C,B)* X G=BX G. 


The three properties follow at once from Theorem 1. 1. 

Now let m be even and equal to 2p, and let L be a component of the 
already defined separation (C,B)*?* & G. L is to be separated by the chain 
C, after C has been modified as follows: 


1. If C, is not present in DL, drop C, from C; 

2. If Cn. is not present in L, drop from C; 

3. If C; is not present in (j7 = - replace C; in C by the cor- 
responding B;. 


These transformations of C yield a graph Cz, with the following properties: 


5.4. Cz is a chain, 

5.5. Cz is contained in L, 

5.6. Cz contains every vertex of C present in L, 
5.7%. Cz is geodesic. 


The first property is a consequence of the configuration of B and C, as 
described in Theorem 3.2. The construction of Cz, together with properties 


** Thus if @ has nine vertices and the edges (12), (23), (34), (25), (54), (16), il 
(67), (74), (18), (89), (94), and if B and O are the chains 1234 and 254 i 
respectively, the simple alternating separations 8’ and 7” will not give the same results, 4 
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5.1 and 5.2, gives the second and third properties. Finally, to show that 0, 
is geodesic, note that the first and second operations above transform C into g 
subchain, and thus leave it a geodesic, while, in virtue of Theorem 3. 2, the 
third operation changes neither the length nor the ends of C, and so must 
leave it geodesic.** Cy is thus geodesic in G, and therefore geodesic in L as 
well. 

(C,B)* X @ is now the set of all components obtained by separating 
each component L of (C,B)*”* « @ by the corresponding chain C,. The 
three properties 5.1, 5.2, and 5.3 of the separation are establi'.cd by using 
Theorem 1.1 and noting that the separator C, contains every Ax and just 
one of each pair Bj, Cj. A component M of (C,B)?? X G which arises from 
a component L of (C,B)*”* & G by the separation Cr, X L is said to have L 
as a parent. Every such component M has at least ** one parent. 

The inductive definition of the alternating separation may be completed 
for the case of odd m by a treatment similar to that for even m, except that 
the letters B and C are to be everywhere interchanged. Thus each component 
M of (C,B)* & @ is to be separated by a suitable modification By of the 
chain B. In any component L at any stage of separation (C,B)™ X G both 
the separators B; and Cz, can be constructed, although only one is to be used. 

The phenomenon of isomorphic but not identical results discussed in § 4 
can affect but a small part of a component Z; that part of Z unaffected in 
this way we will call the body of LZ. Specifically, the body of LZ consists of all 
vertices of L, except that B; is to be omitted from the body if C; is not present 
in L, while C; is to be omitted if B; is not present (j —2,:--,n). We will 
denote the body of Z by B(L). A vertex not in B(L) belongs to both B, 
and 

The “ finer separation theorem ” to be discussed in the next section applies 
only ** to those components Z with B, ~L and Cz, L. Such components 
we call substantial. A substantial component ZL contains at least one vertex 
not in B;, and one vertex not in C,. These vertices are useful in establishing 


uniqueness properties. 


6. Substantial Components in Alternating Separation. The ultimate 


14 Q would not necessarily remain a geodesic were C, to be replaced by B,. For 
this reason, the end chains B, and B,,, cannot be treated in the same way as the 
intermediate chains B,,- - -,B,,. 

1° Two or more parents for one component can occur; see § 7. 

1¢ For example, if G@ has six vertices and the edges (12), (23), (34), (25), (5 4), 
(16), (26), while B=254 and C1234, then (B,0)?XG@ and (0,B)*X@ 
differ in that the former has a non-substantial component 1254 not present in the 
latter. 


. 
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agreement of the two separations (C,B)™ & G and (B,C)™ X G rests on the 
increasing fineness of the separation. Thus 0 X BX G, since it involves 
separations by both C and B, should subdivide G more finely than C X G 
alone. This “ finer separation theorem ” is 


THEOREM 6.1. If L is a substantial component of (C,B)™X G 
(m > 0), then there exists a component M of (B,C)"" X G, such that 


1. C B(M), 
2. M w substantial. 


First note that the following conclusions could be added to those of the 


theorem. 


3. If geL and gC; for some vertex g, then ge M and g& Cy. 
4, The same for B, and By. 


These follow readily from the first conclusion. By the definition of the body 
of L,geB(L). Hence ge B(M) andgeM. Were ge Cy, then either ge C, 
whence by 5.6 ge Cz, a contradiction, or ge B; for some j = 2,° such 
that C; is absent from M. In the latter case g& 8(M), a contradiction. 

The second conclusion of the theorem follows from the third conclusion, 
in virtue of the definition of substantial components. 

The first conclusion itself may be proved by induction on m. If m ~—1, 
we need only take M—G. If m>1, we treat the typical case of even m. 
We select a parent L’ of the given component LZ. The induction assumption 
yields a component M’ in (B,C)™ X G, with 


B(L’) C B(M’). 


The desired component M is now to be found as a component of Cy XK M’ 
corresponding to L. Since LZ is substantial, there is a vertex g in LZ but not 
in C;. But ZL has arisen by the separation C,, * L’, whence 


(1) Ci = Cr. 


Conclusion 3. above gives ge M’, g& Cw. Hence there is exactly one compo- 
nent M of Cy XM’ which contains g. This M, a component of 
(B,C)™- « G, has the desired property 1, for if h e B(L), we prove he B(M) 
by an argument in two cases, as follows. 


Case 1. hx Oz. Then, by (1), h&Cz. But since the vertex g chosen 
above to determine M lies together with h in the component L of Cy X L’. 


8 


at 
nto a 
}, the 
must 
L as 
ating 
The 
ising 
just 
from 
ve L 
leted 
that 
nent 
the 
both 
ised. 
1 in 
F all 
sent 
will 
Bz 
lies 
nts 
‘tex 
ing 
ate 
For 
the 
4), 
ai 
the 


816 SAUNDERS MACLANE. 


there is by Theorem 1.1 some chain D in L’ which joins g to h and contains 
no vertices of Cy. By the induction assumption, D C M’ and D contains no 
vertices of Cy. Hence g and h must belong to the same component 
M of Cy X M’. Finally, he M and hx Cw imply he B(M). 


Case 2. heCy. It may be that A is in C, or Cn, or some Ay. The 
desired conclusion he B(M) is then immediate. Otherwise, since he B(L), 
there is some j, (j7 =2,:--+,m) such that he Cj, while both OC; and B; are 
contained in Z. Hence both C; and B; are contained in L’, in B(L’), and 
therefore, by the induction assumption, in B(M’). By 5.6 Cj; C Cw, and 
hence C; C M in the separation Cy X M’, while by case 1 Bj CM. Since 
both B; and C; are in M, C; and therefore h is in B(M). 

It is also necessary to show that the alternating separation used ultimately 
comes to anend. This is the finiteness theorem. 


THEOREM 6.2. For a given graph G and fixed geodesic chains B and 0 
there exists an integer q such that, for all m > q, 


(B, C)™ X @ = (B,C)*X G. 


We thus introduce the notation for an “ infinte” separation: 


(B,C)© X = (B,C)1X G. 


Proof. Any component J in a separation (B,C)™ X G is obtained from 
some parent component M by a separation such as By X M. Hence By CL 
and B, = By, so that L cannot be further separated by the same separating 
chain B;. If now LZ should remain unchanged by the nezt separation Cz, X L, 
it must remain unchanged by every subsequent separation, for then neither 
B; nor C;, separates L. That is, if L is separated at any one of the subse- 
quent stages of separation, then it must also be actually separated at the next 


stage. 
Return to the theorem and take g equal to the number of vertices in G. 


Suppose that the inequality 
(B,C)™" K G~(B,C)™X G 


holds for some m = q. Then there is at least one component Ly on the left dif- 
ferent from one of its parents LZ, on the right. Denoting one of the parents 
of L, by L., and of L, by Ls, and so on, construct the sequence 


Lo, Do, Iq. 
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Since Lp = L, the remarks of the preceding paragraph show that each L; is 
different from its parent Zi,,; in particular, each ZL; has a smaller number 
of vertices than its parent. Since Lg cannot have more than q vertices, this 
shows that LZ, has no vertices at all, a contradiction.” 

Any separation H X G@ is determinate, in that a vertex of G not in H is 
contained in exactly one component of H K G. A useful consequence is 


THEorEM 6.3. If L and N are two substantial components of 
(C,B)™ X G, such that 


B(L) CBN), 


then 
L=N. 


Proof. If ZL contains a vertex f contained in neither B nor C, then, by 
the determinateness mentioned above, L is the only component of (C, B)™ K G 
containing f. Since fe B(L), the result follows. 

Suppose that no such vertex f is present. JZ consists then entirely of 
atomic chains from B and C. Since L is substantial, it contains either a pair 
of chains (B;,C;) for some 7 = 2,: - or else one of the pairs (B,,C;), 
(By, Cas), (Bris, C1), (Bass, Now there is but one component of 
(C,B)™ & G which contains both B; and Cj, as may be established from the 
determinateness property by induction. Since, by the definition of the body, 
both B; and C; belong to B(L) and thus to B(N) if they belong to L, the 
equality L — WN is again established. The other pairs above are treated in 
like manner. 

The uniqueness theorem for substantial components now runs as follows: 


THEOREM 6.4. There is a 1—1 correspondence between the substantial 
components L of (C,B)~& XG, and the substantial components M of 
(B,C)° & G, such that corresponding components are isomorphic. 


A suitable correspondence between the L’s and the M’s can be defined 
by the relation 
(1) B(L) = B(M). 


This relation is equivalent to the relation 


(2) B(L) C B(M), 


The value of q used here can be decreased considerably by a more elaborate 
analysis, based on the number n of chains common to B and C. 
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for, by the finer separation Theorem 6.1 there exists for each M an N in 
(C,B)” & G@ with 
B(M) C B(N). 


This, combined with (2), shows that the conditions of Theorem 6.3 hold. 
The conclusion (1) follows at once. The converse, (1) implies (2), is 
immediate. 

Furthermore, (1) is a 1—1 relation. The existence of an M for every L 
follows from the finer separation Theorem 6.1 and the equivalence of (2) 
and (1). The uniqueness of this M is a consequence of Theorem 6.3. The 
converse properties are established by similar proofs. 

If Z and M stand in the relation (1), then they are isomorphic. For 
(1), combined with 5.2 and the definition of a body of a component, shows 
that LZ and M differ, if at all, only in that, for certain values of j between 2 
and n inclusive, Z contains B; but not Cj, while M contains C; but not B; 
(or vice versa). If in LZ we replace each such B; by the corresponding (;, 
or vice versa, we can transform ZL into M. 

Each replacement B;—>C; in this transformation is an isomorphism. 
Since B; and C; have the same number of vertices, we need only show that 
the contiguity relations of B; and those of C; are the same. In fact, both 
B; and C; are attached to the adjacent chains Aj-, and Aj; in the same man- 
ner (see Theorem 3.2). No other contiguities between vertices of B; and 
vertices of L — B; are possible. For suppose instead that a vertex g of B; 
were so contiguous to a vertex h of-L. This vertex is not in B, for B is a 
chain. If h were in C but not in B, then either he Cj, and both C; and B; 
belong to LZ, contrary to assumption, or h e C; for 1 j, contrary to Theorem 
3.2. Hence h belongs to neither B nor C, and so he B(L). By (2), 
he B(M). Now in any separation H & G two contiguous vertices such as 
h and g must be present together in at least one component; in the separa- 
tion (B,C) X G this must be the component M, for h is in only one com- 
ponent. But geM contradicts the assumption that C; but not B; was con- 
tained in M. The invariance of the contiguity is thus established.'® 


%. Duplicate and Non-substantial Components. In a complete geodesic 
separation S a component may consist of just one edge e. However, the 


18 The isomorphism of L to M is of a special type: any vertex g in L is identical 
with its corresponding vertex in M unless g is not contiguous to more than two points 
in L (alternatively, L is transformed into M by replacing certain “ suspended ” chains). 
The whole investigation could be formulated in terms of this narrower concept of 
isomorphism. 
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same edge e may be part of another component of S. In such a case we agree 
to drop the edge e from the set of components 8. On the other hand, if e 
appears more than once as a component in S, but is not part of any larger 
component, then we agree to count e but once. This convention *® will not 
alter the fundamental Theorems 1. 2 and 2. 3. 

More generally, any set W of components may contain a component L 
which is a “ duplicate ” because it is a subgraph of some other component in 
W. In a chain separation all such duplicate components are chains; hence 
the result of a complete geodesic separation is not altered if all duplicates are 
dropped as they arise. 

The non-substantial components in a complete separation are either 
duplicates or arise from “ bridges.” By a bridge * e in a graph G we mean 
an edge which is contained in no circuit of G. 


THEOREM 7.1. Jf S is a complete geodesic separation of a connected 
graph G, then every bridge in G appears by itself as a component in S, and 
S contains no other components which are trees. 


Proof. A tree with more than one edge is always separable; hence 
the only trees in § are single edges of G. Any edge e of G which is not a 
bridge is contained in a circuit of G. For any separation B X G, e is con- 
tained in a B-circuit (§ 2), and this circuit is contained in some component 
L of BX G. Hence e belongs to a component which is not a tree. By 
induction, ¢ is present in S in some component which is not a tree. Hence if 
e appears by itself in 9, it is a duplicate. 

Any bridge e’ of @ belongs to at least one component LZ in § and is a 
bridge in Z. Were L to contain any edges other than e’, then LZ would be 
separable, contrary to the fact that § is a complete separation. Hence e’ is 
the whole component L. 

This theorem suggests that the treatment of duplicate components in a 
complete separation can be standardized as follows: Whenever a component 
L with a bridge e arises, then separate L successively by the two end-vertices 
of e. Then e appears by itself as a component. It is a duplicate unless it 
was a bridge in the original graph G. 


8. Uniqueness Theorems for Chain Separation. 


THEOREM 8.1. Any two complete geodesic separations S and T of a 
connected graph G have the same result, in that there is a 1 —1 correspond- 


* Some such convention is necessary for the uniqueness theorems of § 8. 
2° E. Steinitz und H. Rademacher, Vorlesungen iiber die Theorie der Polyeder, p. 98. 
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ence between the components of S and the components of T such that corre- 
sponding components are isomorphic. 


This theorem may be proved by induction on the number q of vertices 
in G. An enumeration of the cases shows it to be true for q—1, 2, 3, 4. 
Assume then that it holds for all integers less than some g. Let the separa- 
tions § and 7’ begin with B X G and C X G respectively, and construct a 
complete separation 8’ beginning with (C,B)”® X G. Also construct a com- 
plete separation 7’ beginning with (B,C) XG and continuing so that 
each substantial component of (B,C) X G is separated by 7” in just the 
same way as the corresponding isomorphic component of (C,B)™ X @ is 
separated by S’. By Theorem 6.4, (C,B)™ XG and (B,C)™ X G@ have 
the same result, except possibly for some components which are non-sub- 
stantial; i. e., which are chains. Thence, by Theorems 4.1 and 7.1, S’ and 
T’ have the same result throughout. Now S and 8S’ both begin with the sepa- 
ration BX G. We can assume without loss of generality that Bx GAG; 
we can then apply the induction assumption to each component of BX G 
and obtain a 1—1 correspondence between components of S and 8’ which 
are not single edges. The correspondence can then be extended to include 
these single edges (Theorem 7.1). By a similar proof, 7 and T’ have the 
same result. Hence S, through S’ and T’, has the same result as does 7’. 

A similar theorem can be obtained for a complete separation which uses 
geodesic chains whose lengths are all less than a fixed integer m. This 
follows because all the separating chains used in the construction of 
(B,C)™ X G are at least as short as the longer of the two chains B and C. 

For example, a chain of length 2 is always a geodesic. Hence if a graph 
is separated by single vertices and by edges (chains of length 2) as many 
times as possible, then the resulting set of components is independent of the 
particular vertices and edges used in the separation. In this case correspond- 
ing components are not only isomorphic, but also identical, for two chains 
B and C of length 2 cannot have more than one subchain in common (see 
Theorem 3.2 and the discussion of isomorphic components under Theorem 
6. 4). 

The methods discussed in this paper for establishing the uniqueness of the 
separation of graphs by chains can be applied to study separation by circuits. 
The chief problem which arises is the development of a notion of “ geodesic” 
circuits to exclude the cases in which separation is not unique. 
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GAUSSIAN DISTRIBUTIONS AND CONVERGENT INFINITE 
CONVOLUTIONS. 


By AUREL WINTNER. 


A result of Paley and Zygmund‘ [3] on Rademacher series suggests the 
following situation: Every symmetric Bernoulli convolution is at the infinity 
at least as strongly damped as a Gaussian distribution function. The object 
of the first part of the present note is the proof of a theorem to this effect. 
The result implies in particular that every symmetric Bernoulli convolution 
has moments of arbitrarily high order, 


(1) dp(zx), (m = 0,1, 2,°° 


and that these moments belong to a determined moment problem. As far as 
the asymptotic estimate by means of Gaussian distributions is concerned, it 
cannot be stated that the density of probability is majorized by a Gaussian 
density C exp(—Azx?). In fact, there exist symmetric Bernoulli convolutions 
which are nowhere absolutely continuous (cf. [2], Example 6). It will, how- 
ever, be shown that the distribution function itself is 


(2) O(w,(x)) as oo and 1+ O(1—ao(z)) ast>+ 
where 


= f exp (— Au?) du 


is the Gaussian distribution function with a sufficiently small dispersion 
parameter A > 0. Since there need not exist a density, the situation is more 
delicate than in the case of “ smooth ” problems of the type of the distribution 
problem of the Riemann ¢-function (cf. [2], Theorem 16). It will turn out 
that it is not necessary to restrict the considerations to the case of Bernoulli 
convolutions. It may be emphasized that the Gaussian distribution function, 
majorizing the convergent infinite convolutions under consideration, belongs 
to a case of divergence of these infinite convolutions (cf. the end of the paper). 
The proof of (2) requires an adaptation to convolutions of an argument 
applied by Paley and Zygmund [3] to Rademacher series. The adaptation is 
made possible by the well-known algorithm of convolution moments (cf., e. g., 


* Numbers in brackets refer to the bibliography at the end of the paper. 
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[4]). This algorithm will play the réle of the algorithm which defines the 
orthogonal functions of Rademacher. The result (2) for symmetric Bernoulli 
convolutions is interesting also in view of a theorem of Hardy [1], since it hag 
been shown in [5] that there exists for every « > 0 a symmetric Bernoulli 
convolution the Fourier transform of which is 


O(exp (— | ¢ |?*)) 
ast—+ o. 
Let 


(3) 01,02," 


be a sequence of distribution functions which are, for instance, constant without 
a finite interval. On considering the Fourier transform of the convolution 
(“ Faltung ”) 


on 
and using the notation (1), it is easily shown (cf. [4]) that 


where | |” is a symbolical power affecting the » with subscripts. In other 
words, 


where the summation runs through all collections (1, 7,- - -) of m non-negative 
integers 1,7,- for which and Ci;... denotes the multi- 
nomial coefficient 


Cy... = 
It is easy to see (cf. [3]) that 
(5) Sm"Ciy..., if 
Let, in particular, 
(6) Hom+1 (01) = 0, Homs1 (a2) Homs1 (on) =0,:- 
where m =0,1,2,---+. Then from (4) 


Poms on) = 0, 
while 


where the summation runs through all collections (i,j,- ~~) for which 
2i+ 2% +--:-—2m. Hence from (5), 


| 
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(7) pom(ox *° * on) = Ci; (or) (o2) (m 

where the summation runs through all collections for which i + 7 +° + - =m. 
Let 

(8) on(x) = B(2/bn), (bn > 0, n=1,2,° °°), 


where (2) denotes the symmetric Bernoulli distribution function which is 
equal to 0, $ or 1 according as z lies on the left, in the interior or on the 
right of the interval — 1 =2=1. Then (6) is satisfied, while 


Hom (on) = b,?™ (m = 0, n= 1, *). 
Hence from (7) 
Hom (ox * on) = m™ 61746274 - 


where the summation runs through all collections of n non-negative integers 
i,j,: for which 1+ and so the factor of m™ is the m-th 
power of -++-- +--+ bn”. Consequently, 


(9) Pom(o1 ke on) (Bm)", (m, n= i, 2, 
where 
co 
B= bn? 
n=1 


It will be supposed that this series is convergent. This assumption is, ac- 
cording to [2], necessary and sufficient for the existence of a distribution 
function + such that 


(10) a ow, 
1.e., for the convergence of the infinite convolution 
(10a) T=0;, 


where on is defined by (8). Now it is easy to see that wom(r) is finite for 
every m and that, furthermore, 


(11) (0 =) pem(r) S (Bm), (m = 1,2,°- -). 
In fact, it is clear from (9) and (1) that, for every R > 0, 
R 
f 2 dr, (2) < (Bm)™, where tm 
-R 


Since, from (10), 
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R R 
- -R 


R 


in virtue of Helly’s theorem on term-by-term integration, it follows that 


R 
22” dz (x) < (Bm)™, 
-R 


which implies (11) by letting R— +- o. 
The estimate (11) shows that the series 


is divergent. Hence 


bm (7) Cm (m = 0, 1, 2," 


is a determined moment problem in virtue of Carleman’s classical criterion. 
It is also seen from (11) and from the convergence of the series 


m!*)"B™m™, where m!-1m™ ~ 


1 


for sufficiently small values of A > 0 that the series 


fe +00 @) 


m=0 m=0 


is convergent, and so 


(Az?) dr(z) << + 


for every sufficiently small A > 0. Thus for every 7 > 0 


const. > {exp (Au?) dr(u) = exp(Aa*) = exp (Az?) [1 —7(z)], 


or 


= O(exp(— Az’)), r—>+ o, 


while 


= O(exp(— Az’) ), 


by reasons of symmetry. This completes the proof of (2), since A is arbitrary 


and 


exp((A—«)a*) exp(—au’)du < exp((Q— — du 


+00 
exp(— eu?)du— 0, 
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hence 
*+00 
exp (— Au”) du = O(exp(—(A —)2”)), r—>+ 0, 
@ 
for every fixed positive « (<A). 
The above proof applies also in cases where (10a) is not a Bernoulli con- 


yolution. In fact, it is sufficient to assume that (10a) ts a convergent infimte 
convolution of arbitrary symmetric distribution functions on for which 


co 
B<+o, where B=>p2(on), 
n=1 


and 
(12) (u2(on) = @™pam(on), (m = 0, 1, 2,° 


where @ is a sufficiently small positive constant. 
First, the symmetry of on means that 


+ on(—z) —1. 
Since this implies (6), the inequality (7) is applicable. Hence, from (5) 
and (12), 
bom (o1 * on) = mma-™ ( 
j=1 


and so 
(9a) Pom (o1 * on) = (Am), (m, n = 1, 2,° 
where 


is independent of m and n. The balance of the proof is the same as above. 
A sufficient condition for (12) is that 
(8a) on(X) =p(2/bn), (bn > 0, n=1, 2," 


where p(x) is an arbitrary symmetric distribution function the spectrum of 
which is a bounded set and contains at least two points. In fact, the latter 
conditions imply that 


| pm (p) < const. and po(p) ~0. 
On the other hand, 
bm (on) bn™ wm (p) 


by the definition of o,. Thus (12) is satisfied. The convergence of 


B= > by? 


n=1 


825 
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is necessary and sufficient for the convergence of the infinite convolution (10a) 
also when On placing 


Bn, where B, = -+ 


the finite convolution 


tends, as n—> + oo, to a Gaussian distribution function » —w(y) whenever 
B=-+o and 6b, < const., while it tends to the distribution function 
+(y V B) whenever B < + o, i. e., whenever (10a) is a convergent infinite 
convolution. 


THE JOHNS HOPKINS UNIVERSITY. 
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ON CONVERGENT POISSON CONVOLUTIONS. 


By AvuREL WINTNER. 


Let 
where 


a>0O and 0<q<1l, 


denote the one-dimensional distribution function which has at z = 0 and z =a 
the jumps 1—gq and q respectively. Thus r(x) is a step-function which is 
equal to 

0, 1—q or l, 


according as x is in the interval 


(— oO, 0), (0, a) or (a, + 0). 


Clearly 

and 

(2) L(t;7) =1—q(1—e™), 


where px(o) denotes the k-th moment 


and L(t;o) the Fourier transform 


of the distribution function o. Poisson’s law of seldom events deals, in its 
classical form‘! [2], with the limit of a properly reduced convolution of a 
finite number of distribution functions 7. The present note considers infinite 
convolutions of distinct distribution functions + without any reduction, that 
is to say infinite convolutions 


where 
(4) = On, Qn), 


and the asterisk is the convolution operator. 


*Numbers in brackets refer to the bibliography at the end of the paper. 
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It has been shown in [1] that if both series 


co 
are convergent, then so is the infinite convolution 


Now the series (5) take in the case (3) the forms 


oo oo 
in virtue of (4) and (1), and it is shown by examples like 


(8) Qu~m*, An?Qn(1— qn) = 1 (Qngn~ n—> w) 


that the convergence of the first series (7) is compatible with the divergence 
of the second series (7). It is nevertheless true that the convergence of the 
first series (7) alone implies the convergence of (3). It is sufficient to prove 


that the convergence of the first series (5) alone implies the convergence, § 


even the absolute convergence, of (6), whenever no on(x) has a negative x in 
its spectrum. Now in the latter case 


ya(on) =f don(2), 


and it has been shown in [8] that the assumption 


always implies the absolute convergence of (6). Hence the situation is this: 


The infinite Poisson convolution (3) is absolutely convergent whenever 


(9) ange < + 


On the other hand, (9) is not implied by the absolute convergence of (3); 


cf. (2) and (14b). 


It will always be supposed that (9) is satisfied. The distribution function 


represented by (3) will be denoted by 


(3a) p=p(Z). 


q 
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Thus 
(10) L(t; p) L(t; mn) 


according to the general theory [1] of infinite convolutions. It is seen from 
(8) that (9) may be satisfied also when 


This does not contradict the fact, proven in [1], that the convergence of (3) 
implies the limit relation 


where § denotes the distribution function 
(12) 4(1 + sgn). 


In fact, the n-th term of the series (9) is the area of the rectangle which is 


bordered by the curves 
(ct) and 


and so (9a) is implied by the condition 
(9b) —> 0, 


which is compatible with (11). 
In view of Lévy’s deduction [4] of the Gauss law, it is worth while to 
mention that, as a consequence of the convergence criterion (9), there exist 


infinite convolutions such that 

(13) fi(on) =0 and ype(on) =1 for every n, 

although (6) is convergent. If (6) is convergent, then the finite convolution 


when reduced to have the dispersion 1, does not tend to the Gaussian distribu- 
tion function of dispersion 1 but to the distribution function (12), for which 
#2(8) =0. Now the Fourier transforms of the distribution functions 


(13a) o(z) and o(z+5) 


are identical up to the factor et. Hence, if 


(13b) 
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is convergent, the convergence of (6) is necessary and sufficient for the con. 
vergence of the “ translated ” infinite convolution 


Thus the existence of a convergent infinite convolution (6) satisfying (13) is t, 
in view of (1), (9) and (13b), a consequence of the fact tha. (8) is com- 
patible with (9), the difference of the first moments yp, of the distribution funet 
functions (13a) being equal to 6 in virtue of (1a). 

The addition rule of spectra [1], when applied to (3), shows that the OF 
spectrum of (3) always consists of z 0 and of the closure of the positive 


values 
(14) a+aj+at:::, direc 
where i, j, k,- - - is an arbitrary finite collection of distinct positive integers, § (16) 
Thus the spectrum of (3) is a bounded set if and only if wher 
oo (16a 
(14a) Xan << + 0, and 


n=1 


a condition implying (9). The smoothness criterion (21), to be proven later (17) 
on, is compatible with (14a). On the other hand, (3) cannot be a continuous 
function if 


M8 


u 


n=1 


In fact, it follows by a complete induction from the definition of a convolution | The 
as an integral, that the jump of the function (3) at «0 is never less than § | 


(1— qn), | 


and is therefore positive in the case (14b). Further, it is clear from the 


In | 
spectrum rule (14) that the spectrum of (3) is the whole interval [0, + ], . 
whenever 
(14c) and ist] 
n=1 
This does not imply the continuity of (3), since (14c) is compatible with 
(14b) and (9). An example to this effect is and 
to | 


Oy? — (n + 1), 


Now if both (14b) and (14c) are satisfied. then the discontinuity points of 


(14b) 
| 
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(3) lie dense in [0, + co] in virtue of Theorem 35 of [1]. The spectrum 
of (3) is a sequence of points 


(15) 0, Cap where Cn -|- 


if, for instance, (11) is satisfied or if a, is independent of n, conditions 
necessitating (lap) in view of (9). On the other hand, not every distribution 
function which has a spectrum of the structure (15) may be represented in 
the form (3). An example to this effect is the Poisson distribution function 
[2], for which c, = and the jump at c= n (= 0) is (n!e)*. 

An approach to the investigation of smoothness properties of p(a) consists 
of obtaining, if possible, estimates of L(t;p) for cf. [7%]. In this 
direction it will first. be shown that if 


(16) Qn? < + 
n=1 
where 
(16a) Yn = 3, 
and if (9) is satisfied, then 
(17) log | L(t; p)| <—Ot*f(t) +4, 


where C and A are positive constants and f(¢) denotes the even function 


(18) f(t) = dnitn’. 


an|t|S1 


The inequality (17) is understood to hold for every ¢, with the proviso that 
log | L | denotes — 0 if L 0. 

The proof of (17) depends on a combined adaptation of arguments used 
in [7] and [9]. First, 


(19) log | L(t;7)| <<—q(1—cosat) + if gS. 
In fact, 
log | L(t; + ¢(1 — cos at) 


is the real part of the function 
log L(t;m) + q(1— 


and so not larger than the absolute value of this function, hence, according 
to (2), 


ett) (2q)*/n < 84°, 


n=2 


| 
, 
n=2 
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if g=4. This proves the inequality (19), which is, according to (16a), 
applicable for every g= dn. Now 


1— cost = Ci? 
for some C > 0 and for every ¢ in the interval —1=t=1. Hence 


1 — C08 dnt = Ca,?t? 
for every a =1/|t|. Consequently, 


1 


Qn(1—cosant) = 
an|t| 


an|t|S1 


for every t. On combining this inequality with (18) and (19) and using the 
assumption (16), it is seen that 


| L(t; mn) | <—Ctf(t) +4 


for some sufficiently large A >0. This implies 


Blog | L(t3m)| <—C#F(t) +4 


in virtue of | L(t;an)|1 and therefore completes, according to (10), the 


proof of (17). 
Since the spectrum of p(x) lies at the right of the origin, p(x) = 0 for 


z <0 but not for every x, so that p(x) cannot be regular-analytic along the 
z-axis. On the other hand, it is possible to delimit a class of sequences (4) 
for which p(x) has derivatives of arbitrarily high order for every z. According 
to [7], this will be the case whenever 


(20) L(t;p)=O(exp—|t|%), toto, 
for some y > 0. Now, on using (17), it is easy to prove that if 


(21) t<v<1<A+y 
and if (4) ts such that 


(22) <a<cn and < <n 


for every 8 > 0 and every n > N = Ns, then p(x) has for every x deriwatwes 
of arbitrarily high order, (20) being satisfied for every 


(23) y¥< (1—yv)/. 
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At the first sight, the restrictions (21) seem to be artificial. It turns out, 
however, that the inequalities (21) are about the best of their kind. 

First, (9) and (16) are satisfied in virtue of (21) and (22). Also, (16a) 
is implied by (16) for large n, and since in (28) the sign of equality is 
anyway excluded, no generality is lost by supposing that (16a) holds not only 
for large n but for every n. Thus (17) is applicable. Now from (21) 


2A +v>1; 
hence, as | t | —> 00, 

(24) > f y-2-"dyu = B | t 

n-A|t|S1 
where B > 0. Since 6 in (22) is arbitrarily small, it is seen from (21), (22) 
and (24) by straight-forward estimates that 
> On? Gn > | t | 


an|t|S1 


for every « > 0 and for every |¢| > 7 —T,. Hence, from (18) and (17), 
log | L(t3p)| 


for every « > 0 and for every |¢| > 7’ —T”’.. This means that (20) is true 
for every y satisfying (23), q.e.d. 

That the inequalities (21) are, in the main, as good as possible, is seen 
as follows. First, vy > 1 is impossible for any A, since v > 1 implies (14b), 
hence a discontinuity for p(z). On the other hand, on letting 


2v3>1+0 and 2->1-+0, 
which is compatible with (21), it is seen that 
(1—v)/A>1—0, 


while (20) holds for every y satisfying (23). Hence (21) permits in (20) 
every y<.1. Now (20) cannot hold in the limiting case y—1. In fact, 
(20) with y 1 implies, as shown in [7], the analyticity of p(x) along the 
#-axis, when, as a fact, p(x) cannot be analytic along the z-axis. This proves 
that vy < 4 is impossible for some A. The assumption 1<A-+v has been 
made in view of (9). Finally, it was necessary to exclude in (21) the equality 
signs, since one had to take care of the small exponents + 6 in (22). 

These considerations hold, of course, also under the restriction A =v, in 
which case (21) goes over into $< v< 1 and the rectangle of small area, 
mentioned in connection with (12), is nearly a square. 
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Without using the language of the convolution theory, Schoenberg hag 
effectively shown [5] that the distribution problem of the sequence 


(25a) log 1—log¢(1), log2—log 4(2),- - -, logn—log¢(n),: - - 


depends on the particular case 


(25) Qn =1/fn~1/(nlogn), (1—1/pn) ~ qn 


of the infinite convolutions treated in the present note, ¢(n) being Euler's 
function and p, the n-th prime number. Schoenberg obtains (10) from a 
direct consideration of Schur and not from the theory of convolutions. An 
application of the theory of convolutions to arithmetical functions which are 
more general than (25a) will be given by Schoenberg in a paper referred to 
in [1]. It is seen from (14c) that in the case (25) the spectrum of p(z) 
is the whole interval [0,-++- «]. On the other hand, Schoenberg [5] has 
proven in an interesting manner that p(x) has, in the case (25), no dis- 
continuity points. It is not known whether Schoenberg’s p(z) is or is not 
absolutely continuous; the criterion (20) fails, since (25) implies yA =1, 
Correspondingly, Schoenberg’s proof for the continuity of p(2) depends on 
arithmetical properties of his an, more particularly on their linear independence, 
and not merely on questions (22) of rough order of magnitude. 

It is interesting that the existence of a rough order of magnitude implies 
a high degree of smoothness for the symmetric case of infinite “ Bernoulli 
convolutions ” also. The result of [7] is precisely to this effect but imposes 
a strong restriction of regularity on the increase of the correction factor. The 
method used above admits of a simpler and general treatment if one replaces 
(17) by the corresponding inequality given in [9]. 

In order to prove this, let 8 = (x) be the distribution function which 
has both at = —1 and 4 = 1 the jump j, i.e., the distribution function for 
which L(t; 8) = cost, and let the sequence {bn} be such that 


oo 
(26) D> bn?< + 0, where 0,>0. 
n=1 


Then the infinite Bernoulli convolution 
(27) = B(x/b,) * B(x/be) 


is convergent and has the Fourier transform 


(28) L(t;0) cos (byt). 
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as On placing 
(29) N(t)= 1, 
| 21 
it is easy to see that 
(30) O(exp{—O[N(2t) —N(t)]})  (t->+ @) 
for some C > 0. In fact, N(¢) clearly is the number of values n satisfying 
the inequality bn,» = 1/| t|, where b, >0. Hence, if ¢ > 0, there are at least 
‘ (29a) N(2t) — N(t) 
. values of n satisfying both inequalities 
(29) 1/(2t) Sb, S 1/t. 
: Now for all these (29a) values of n, 


(29c) 0 < cos(bnt) S cos} 
in virtue of (29b). Hence it is seen from (28) that 
(30a) | L(t; o)| S (cos 


for every > 0. Since L(t;o) and N(¢) are even functions in view of (28) 
and (29), the estimate (30) is implied by (30a), the constant C being the 
logarithm of 1/cos , and so > 0. Now (30) implies the desired analogue 


to (22), and even more: 
If (26) 1s satisfied and if 


(31) 


holds for a fixed « > 0, for every 8 > 0 and for every n > K = Ks, then (27) 
has derivatives of arbitrarily high order for every x. Furthermore, (2%) is or 
ts not regular analytic along the x-axis according asa<1o0ra>1. On the 
other hand, (27) may possess derivatives of arbitrarily high order for every x 
also in cases where the decrease of by, is stronger than that allowed by (381), 
an example to this effect being 


(32) bn = exp(— n*) 
Finally, in the case 


where the decrease of by is still stronger, (27) acquires derivatives of arbi- 
trarily high order for every a as 
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0, 
for a fixed h there being assured the existence of a continuous (h —1)-th 
derivatwe for every x. 


The last result is interesting also because (27) is, according to [8], 
not an absolutely continuous function if 0< ¢ < 4 (for c = 4 one obtains the 
classical Cantor function). 

Consider first (31). Since (31) holds for every § > 0, it is easily seen 
from (29) and (31) that 


| t | N(t) | t | 
for every « > 0 and for every |¢| > 7'—T,. This clearly implies 
N(2t) —N(t) >| 


for every 7 >0 and for every |¢| >T7”’=T",. It therefore follows from 
(30) that 
L(t;o) = O(exp(—|t|7)) 


for every y << 1/a. Thus there always exists a y > 0, and y — 1 is admissible 
whenever Finally, if > 1, then 


oo 
+o, 
n=1 


i.e., the spectrum of (27) is a bounded set and so (27) cannot be regular 
analytic along the z-axis. The spectrum of the simplest case, Dn = n-, has 
further been discussed in [3]. 

Consider next (32). The function V(t) is, according to (29) and (32), 
the largest integer not exceeding (log | ¢|)’/*, where |¢| > 1. A straight- 
forward reduction yields therefore for large values of |¢| the asymptotic 


formula 
N(2t) — N(t) ~ log 2) (log | |) 


Thus, since 0 < x < 4, 
N(2t) —N(t) > | t | 
for every « > 0 and for every |¢| >7—T,. Hence from (30) 
L(t30) =0(|t 9) 


for every fixed « > 0, an estimate implying the existence of all derivatives of 
(27) for every x. In fact, it is seen from the inversion formula [4], 


i 
i 
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o(2) =0(0) dt, ( tim Ey 


of the Fourier transform (2a) that, for a fixed h > 0, the estimate 
(34) L(t;0) =O(|¢|*) (t> + o) 


is a sufficient condition for the existence of continuous derivatives o™ (a) of 


every order k= h—1. 
The remaining case (33) is now easily treated. In fact, from (28) 


and (33), 
L(t;c) = cos (2-"/* ¢), 
n=1 
Hence 


(35) Li(t;o) = Il cos (2-™ 


j=0 m=1 
This may be written, in virtue of Vieta’s identity 
. 
I] cos (2-" z) = 2" sin z, 
m=1 
in the form 
h-1 
L(t;o0) (2-4 ¢)+ sin 
j=0 
Consequently, 


L(t;e) — t |) =0(|¢|>), 


which completes the proof in view of the criterion (34). 

It may be mentioned that o(2) is, in the case (33), symmetrically convez, 
i.e., such that the derivative o’(x) is a non-increasing function of |#|. In 
fact, if two distribution functions are symmetrically convex, then so is their 
convolution. Now on denoting by on(x) the o(z) which belongs to (38), it is 
seen from (35) that 

L(t; on) = I L ¢; 
i. 


Thus it is sufficient to show that o,(x) is symmetrically convex. Now 
L(t;0,) is Vieta’s product and so 


vl 
L(t3o1) sint—4 de: 
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hence 


=4 if |x|<1 and if |r| >1. 


Thus o,(z) is symmetrically convex. 
Similarly, the «(z) belonging to b, =n is symmetrically convex, since 
it may be written in the form 


This o(z) is regular for every x, since in (31) the correction factors n* are 
superfluous and so 
L(t;0) = O(exp(—|¢#|7)) 


holds not only for every y < 1/a = 1 but for y — 1 also. 


THE JOHNS HOPKINS UNIVERSITY. 
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A NOTE ON THE CONVERGENCE OF INFINITE CONVOLUTIONS. 


By AUREL WINTNER. 


It is known?‘ that the infinite convolution of distribution 
functions on = o»(x) is convergent if and only if the product 


(1) I] L(t;on), where L(tyon) = don (x), 


n=1 

is uniformly convergent in every fixed finite ¢-interval. This criterion for the 
convergence of o, *o,*--- has the disadvantage of involving a variable 
parameter ¢. Convergence criteria which contain only the first and second 
moments of every o, have been proven in the paper referred to before, where 
a general theory of o; * 02 *- - - also is developed. The object of the present 
note is to point out a simple convergence criterion which does not contain a 
parameter and applies also when the moments of second or first order do not 
exist. Let 6 > 0 and 


(2) <-+ where Ma(on) | |° don (2). 


n=1 
If (2) holds for 6&8, it need not hold for § < 4, although it requires the 
less of every on the smaller is 8. Now if 0< 8&1, then (2) implies the 
absolute convergence of o,*o.*- Forif0 <8S1, then | sin ta | S| ta 
Now | et#@—1| sin (tz/2)|. Hence | Conse- 


quently, since L(0; on) = 1, 
| 2 | ta don(x) = 2 | Ma(on). 


Hence it is seen from (2) that the product (1) is absolutely and uniformly 
convergent in every fixed finite ¢-interval. Furthermore, (2) implies the con- 
vergence of o,* a. only when For let or on(4) = 1 
according as or x= 2/n, while = 1/2 if O< 4<2/n. Then 
2Ms(on) = (2/n)*, hence (2) holds for every 8 > 1, although 


II L(t3on) = TL exp (it/n) cos (t/n) 


n=1 


is not convergent for every t. 
THE JoHNS HopKINS UNIVERSITY. 
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DETERMINATION OF A VAN DER CORPUT-LANDAU ABSOLUTE 
CONSTANT. 


By RicHArp KERSHNER. 


It has been shown by van der Corput and Landau? that there exists an 
absolute constant y with the property that if f(z) be a real-valued function 
possessing in the finite interval [a,b] a second derivative which, is nowhere 
less than a fixed positive constant r, then 


(1) | cos f(2) de | 


it being understood that y is independent of [a,b] as well as of f(x). This 
result has several applications in the analytic theory of numbers. Let » 
denote the least permissible value y. The best estimate of y. so far known 


seems to be 
Yo 382% = 5.657 - -. 


We shall determine the actual value of y by verifying a, suggestion of Wintner 
that the maximum of the expression on the left of (1) occurs when f(z) isa 
parabola such that /’(x) =r. The precise result is included in the following 
statement : 


Let f(x) be real-valued and possess a second derivate f’(x) =r >0 
in [a,b]. Then 


b Bo 
| f cos f(x) dx cos (12/2 + po) dz = 


where 


the constant? jo —=—0.725- - - being determined as the only root of 


1 Cf. E. Landau, Vorlesungen iiber Zahlentheorie, vol. 2 (1927), p. 60; or E. Landau, 
Einfiihrung in die Differentialrechnung und Integralrechnung (1934), p. 307; also for 
further references E. C. Titchmarsh, “On van der Corput’s method and the zeta fune- 
tion of Riemann,” Quarterly Journal of Mathematics, vol. 2 (1932), p. 173. 

*The values of # and 7% given here were obtained by interpolation into the table 
of Fresnel integrals included in G. N. Watson, A Treatise on the Theory of Bessel 
Functions (1922), and are correct to + .002. 
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(/2-p) 
f sin(z? + = 0 
0 


in — 0/2 S pS 7/2, 80 that 


— 


vo = cos (2? + pp) da = 3.327- - 
0 


It will be sufficiently clear from the proof that the function 
f(z) = 1rx’/2 + po and the interval [a,b] = [— Bo, Bo] lead, for any fixed r, 
to a maximum for the expression on the left of (1) which is unique up to 
the obviously permissible translations which do not affect the value of cos f(z). 

The method of van der Corput and Landau consists, in the main, in 
introducing f(x) as an independent variable and applying the second mean 
value theorem. In the present paper we shall work directly with elementary 
properties of the cosine curve. In fact, the proof follows directly from the 
following lemma. 


Lemma. Let f,(2), fo(x) be real-valued and possess first derwatives 
f1(@), im the intervals [a, b:], [a, b2] respectwely. 


Suppose that 
(i) fi(a) = f2() 


and denote this common value by ». Let k be the integer for which 


(k+1/2)e 
and suppose that 
(i) = = (k 
Let 
(iii) fi(z) f2(z) >Oina<rSh, 
and let 


(iv) fi(a) =f2(a) 20. 
Finally, let 
(v) = f'2(%2) 


for every x, in [a,b,], where x. (z,) denotes the uniquely determined 
point of [a,b.] for which 
fi(@1) = fe (22). 


[This function x.(z,) exists and is unique in [a, b.] by virtue of (iii)]. Then 


(2) cosf,(z)dz |} S | cos de 
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Proof. We notice first that these conditions cannot all be satisfied unless 


b, = b;. In fact, an application of the mean value theorem of the differentia] 
calculus to the inverse functions of f;(z) and f.(z) shows that the function 
$(2z,) defined by 


is a monotone, non-decreasing function of x, in [a, b,] by virtue of condition 
(v). It is also clear from (iii)-(v) that 


(3) fi(z) = f2(x) in [a, bi]. 


In the sequel we shall suppose that k = 0. This is permissible, since 


— | 00s 


cos f(x) dz 


for any integer k. 
We now consider the cases » = 0 and w < 0 separately. 
lf » = 0, then (2) is trivial, for cos z is non-negative and decreasing in 
[0, r/2], so that (3) implies 
cos S cos f2(x) in [a, b;]. 


Consequently 


cos f2(x) dx == cos f,(z)dx > 0. 


If » < 0, then there exist, by virtue of (i)-(v), constants ¢:, C2, d, such 
thata<¢o,<d< < be, d < bi, and 


(4) fi(¢1) =fe(c2) =0, fi(d) =—f.(d). 


Since cos z is increasing in [— 7/2, 0] and decreasing in [0, x/2], it is clear 
from (3) and (4) that 


(5) cosf;(x) = cos f2(z) in [a, d], cos S cos f2(z) in [d, 
Furthermore, from (i) and (4), 
cos f:(@) = cos f.(a), cos f:(d) = cos f2(d). 


Hence, on denoting by A, (> 0) the area of the region bounded by the two 
curves 
y = cos f; (2) in [a, d], y = cos f2(z) in [a, d], 


and by A, (> 0) the area of the region bounded by the three curves 


| 
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y=cosf,(x) in [d,b,], y = cos f2(x) in [d, be], y=0 in [6,, be], 


we clearly have 
be by 
cos dx —f cos (2) da = A, — A. 
a a 


Consequently, if we call A; (> 0) the area of the region bounded by the three 
curves 


y=cosfi(z) in [¢,, d], y =cosfe(z) in [d, cel, y=1 in [¢, cel, 
then 

(6) cos cos f:(x) da (Ap + As) — (Ar + As). 

But A, + A; is precisely the area of the region bounded by the three curves 


y=cosf:(z) in [a,c;], y =cosf.(x) in [a, co], y=1 in cel, 


and A, + A, is the area of the region bounded by the four curves 


y=cosf,(z) in [¢, b:], y = cos f.(x) in [¢s, del, y=1 in [¢1, cel, 
y =0 in de}. 


Since ¢(z,) is a monotone, non-decreasing function on [a, b,], it follows that 


A, + As (C2 — (1— 


and 
Ap + As = 


Thus the expression on the right of (6) is non-negative, and (2) follows. 

We now proceed with the proof of the theorem stated at the beginning. 
We may divide the interval [a,b] into two parts corresponding to f’(r) S0 
and f(z) = 0 and notice that it is clearly sufficient to prove the following 
theorem. 


THEorEM. If f(x) is a real-valued, monotone, non-decreasing function 
possessing a second derivative =r > 0 in [a,b], then 


cos f(x) dx 


where Bo, 10, yo are the absolute constants defined above. 


Bo 
cos (1727/2 +- po) du = yo/2r 
0 


Proof. It is obviously no restriction to choose a0. Also, on placing 
f(0) =, we may suppose, exactly as in the proof of the lemma, that 


RICHARD KERSHNER. 


27/2. 


[0,5] = [8,8] 
be a subdivision of [0,6] where the division points 8; are determined by 
(8) = 0; f(8;) = (j—1/2)a 
so that if is in [8;, then 
< (§+1/2)z. 
[If f(b) =7/2, we put 8,6, and the inequality (11) reduces to 
| cosf(z)d~ |} S cos f(z)dx | , which is obvious. ] 


Since f’(z) is non-negative and increasing throughout [0,6], conditions 
(i)-(v) of the lemma are seen to be satisfied by the pair of functions 


fi(@) =f(@ —8;) = f(z) 
in the pair of intervals 


[a, [3;, Sj 42 S441 + 5; ] [a, be| [ 8), 8441], 


for (j =1,2,---,m—2). Hence 


(9) | f(x) dx | cos ae 


Although the lemma is not applicable in the case 7 = m—1, it is quite 
obvious that (9) holds also for this value of 7. In fact, we could extend the 
region of definition of f(z) to [0, &m4:] where 


mor = = 0, f (8 mir) = (m + 1/2)a; 
and show 


cos f(z)de} = | f(a) ae < | cos f(x) dz 


We now write 


(10) cos f(a)de— feos f(z)de+ cos f(x) de 


and notice that the expression on the right is an alternating sum, since 
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cosf(z) is of different sign in two successive subintervals [8);,8j.:] and 
[8j41, 8j+2]. Further, if we exclude the first term of this expression, the 
remaining m terms are of decreasing absolute value by (9). Hence, on placing 


cos f(x) dz > 0, U2 = cos f(a) da < 0, 
0 
we obtain 
b 
Uy =f. cos dx = + U2 > Us 
0 


and consequently 


cos f(x) dx f(x)dz cos f(x) dx 


We now show that the conditions of the lemma are satisfied by the pair 
of functions 


(11) 


< max { 


\ 


=f(x); fe(x) =12?/2+ 
in the pair of intervals 
[a, b,] [0, 8]; [a, b2| [0, Bl, where B= [ (4 — 2p)r]%, 


if one chooses the integer k occurring in the lemma as zero. In fact, (i) is 
obviously satisfied since f,(0) —y by the definition of ». Condition (ii) is 
satisfied since /,(5,) 7/2 from (8). The assumption of monotony of f(z) 
insures conditions (iii), (iv) of the lemma, since r>0. In order to verify 
that (v) also is satisfied we write 


=r + 9(2), 
so that g(x) = 0 in [0, b] by assumption. This gives 
+ f° g(t)dt + f1(0), 


where f’;(0) = 0 by the monotony of f(z) in [0,6]. Also 


ra?/2 +f" g(t) dt dy +p. 
Thus the definition f.(z.) —f,(2,) of 22 leads to 


% 


and by substituting this into f’.(2) = ra we check that 
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= f’2(22), 


which is (v). The lemma then gives 


(12) [cos f(x) da <f" cos (rz/2 + p)dz, 


where 


B = 2p) /r]. 


It is similarly shown that 


(13) | fcosth (a + 8,) —r}dz | cos dz. 


The two inequalities (12) and (13) together with (11) give 


= max H(p) /2r%, —7/®Sp< 7/2 


(14) | cos f(x) dx 


where H(y) is independent of r, since 


H(n) f° cos (ra*/2 + 


It may be shown by direct calculation of H’(y) that there exists one and 
only one maximum point for H(p) on the range [—-7/2, 2/2], say at the 
point » = po where po satisfies the equation 


% 


f sin (2? + po)dz = 0. 
0 


Then if we choose p = po, the inequality (14) must hold for all functions f(z) 
satisfying the conditions of the theorem, and 


1 
(1 /2-p9) 


(po) = ave cos (a? + po) dz 
0 
is the desired least permissible value y, of all numbers y satisfying (1). 
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SPECTRAL THEORY FOR A CERTAIN CLASS OF NON-SYMMETRIC 
COMPLETELY CONTINUOUS MATRICES. 


By ANNA PELL WHEELER. 


In this paper we consider the problem of the existence of characteristic 
numbers of a matrix A, which has real elements aj, satisfying the condition 


and which is completely continuous * with respect to the Hilbert space, i. e., 


<o. A vector of 
the Hilbert space shall be called an H-vector. As is to be expected, the char- 


the space of vectors Y = (21, -) such that | 2;? 


acteristic numbers are not all necessarily real nor simple poles of the resolvent. 
The convergence of expansions in terms of characteristic vectors is established 
for certain iterated matrices of A. 


1. Character and existence of characteristic numbers. We shall denote 
by AX the linear transformation (3,aixa,) of the vector Y¥ = (2, 22,° °°). 
So the system of linear equations 


(11) AL, = — 
(12) ALi = + 2 t>1, 
=2 
can be expressed by 
(1) AX = AX. 
If the equations 
= AX), 
(2) XY — AX, 


have solutions X¥, X),- --X in the Hilbert space, but the (r+ 1)-th 

equation does not have a solution in the Hilbert space, the characteristic 

number A shall be said to be of rank r with respect to X;, or simply of rank r. 
If the system (1) has a solution X for \, the adjoint system 


* Hellinger-Toeplitz, “Integralgleichungen und Gleichungen mit unendlichen Un- 
bekannten,” Enzyklopddie der Mathematischen Wissenschaften, Bd. I1;, Heft 9, p. 1400, 
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(3) A\X* = A’X* 


has a solution X¥* = (—2,,22,---). The case in which a characteristic 
number of A is of rank > 1 with respect to X can arise only when 


(4) (X, X*) 


There can be only one characteristic number of rank > 1. Assume that both 
A and p» are of rank > 1 with respect to X¥ and Y respectively. These vectors 
satisfy the conditions 


(5) (X, Y*) =0, (X, X*) =0, (Y,Y*) =0, 
and from (5) it follows that 


(6) — (ke, + lys)? + (eas + =0 


for all k and J. If now k and / are so chosen that the first term of (6) 
vanishes, then all the other terms must vanish, and the vectors X and Y would 
not be linearly independent, and hence could not belong to different charac- 
teristic numbers. A characteristic number cannot be of rank > 1 with respect 
to two different vectors X and Y, for again the conditions (5) would hold. 

A characteristic number cannot be of rank > 3. If the system (2) had 
solutions X¥®, X®, X¥™, then (X, X™*) =O, (X, — 0, and 
(X®, From the third equation of (2), 


and therefore (X°), X®*) —0. It follows as in the two previous cases that 
X™ and X®@ cannot be linearly independent. That a characteristic number 
may be of rank three is easily shown by special cases. There can be at most 
one pair of conjugate imaginary characteristic numbers. For, let A, A and 
pz, » be two pairs of conjugate imaginary characteristic numbers, and let X,X 
and Y,Y be the corresponding characteristic vectors. Then (X, X*) =0, 
(Y, ¥*) —0, (X, —0, and if the constants k =k, + 1=1, 
are chosen so that kz, + ly, = 0, the two vectors X and Y cannot be linearly 
independent. We have the following theorem. 


THEOREM 1. If the matrix A satisfies the condition (a) and is a com- 
pletely continuous matrix with respect to the Hilbert space, there can be no 
more than one characteristic number of rank greater than unity, no charac- 
teristic number of rank greater than three, no characteristic number of rank 
greater than one with respect to more than one vector, and no more than one 
pair of conjugate imaginary characteristic numbers. 


{ 
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For 1, & > 1 the matrix (ai) is symmetric and completely continuous with 
respect to the Hilbert space and hence has characteristic ? numbers ye, which 
are all real, and Saye? < o. Let LZ, be the corresponding characteristic 
vectors, and we may assume that they form an orthonormal system, 
(Lq, Lg) = 8ag. The solution of (1,), regarded as a non-homogeneous system 
in 4,4 > 1, is given by 

Malai 
(7) At, = 210i +4, 
a A— Ha 


The substitution of (7) in (1) gives for x, ~0, 


2 
lita ) 
= 0 


A— pa 


(8) D(A) =AQ— au) + + > 


a necessary and sufficient condition which A must satisfy to be a characteristic 
number of A. The function D(A) is continuous in the intervals 


ter «> 0 


and changes sign between po-1 and pa. Therefore there exists at least one 
characteristic number for A between two consecutive positive or two consecu- 
tive negative numbers pa. Hence the matrix A has real characteristic numbers 
except perhaps when the matrix (ax), 1,4 > 1, has only one or no charac- 
teristic numbers, or only one positive and one negative. In these three 
exceptional cases the equation (8) reduces to an algebraic equation. It can 
easily be shown that if the only root of (8) is zero, it is of rank greater than 
unity. In the sequel zero will be referred to as a characteristic number only 
if it is of rank greater than unity. Hence 


THEOREM 2. Jf a matrix A is not the zero matriaz, satisfies the con- 
ditions (a) and is completely continuous with respect to the Hulbert space, 
then it has at least one characteristic number. 


2. Form of the expansion. If the vectors Tp and T, belong to different 


characteristic numbers, 
(9) (T', = 0. 


Whenever two vectors satisfy (9), and (7'p,7,*) 0 or a negative value, 
then (7,,7,*) must be positive, for otherwise constants c, and cz not both 
zero could be chosen so that 34(¢itpi -+ Cotgi)® would be zero or negative. 
Hence if 7’, and 7’, belong to a characteristic number of rank unity, it may be 
assumed that 


* Hellinger-Toeplitz, loc. cit., p. 1553. 
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(10) (Tp, Tq*) = + 80, 


where the minus sign holds for only one vector. Also if A is of rank > 1, 

linear combinations T, of the solutions of (2) can be formed so that they 

satisfy (10). | 
If Aq is a characteristic number of rank unity, let 


(11) E,(X, X’) = Ay (Tp, X) X’), 


where the T,“ form a fundamental system of characteristic vectors for ,, 
and the minus sign in (11) occurs before a term only if in that term the 7, 
satisfies (7',, T,*) —— 1. 

If A, and X; form a pair of conjugate imaginary characteristic numbers, 
let 
(12) By(X,X’) = + [a(T™, X) (T*, + A(T, X) (P*, X’)], 


where (T®, — 0 and (T,T*) +1, 


If Am is a characteristic number of rank r > 1, let 


(13) Em(X,X’) = + X) (Ta *, X’), 


where 7,” are linear combinations of the solutions of (2) which satisfy 
(10); == ; Coq = Cop; and the determinant | Cpq | 0. 
If A = 0 is a characteristic number of rank r > 1, let 


(14) E,(X,X') = + X) (T¢*, X’), 


where the TJ, satisfy (10); AT p Cpg=—=Cop; and the 
determinant | ¢pg| 0. 

The matrices Ly, Ei, Em, FE) are mutually orthogonal. In considering 
the expansion of A(X, X’) the question of convergence enters only if there 
is an infinite number of characteristic numbers of rank —1, for then there 
would be an infinite series of the form 


(15) H,(X, xX’). 
We shall now prove the following theorem. 


THEOREM 3. If the matrix A satisfies condition (a), is completely con- 
tinuous with respect to the Hilbert space, and if the series (15) converges to 
a completely continuous bilinear form, then 
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(16) A(X, X’) => (X, X’) + Hi(X, X’) + En(X, X’) + By (X, X’) 
p 


for any H-vectors X and X’. 


Let B(X, X’) be the bilinear form formed by the difference of the two 
sides of (16). By hypothesis B is completely continuous, and the elements Dix 
satisfy condition («). Hence by Theorem 2 if B is not the zero matrix, there 
exists at least one characteristic number. Let Fy, Fi, Fm, Fo Up bear the 
same relation to B as Hy, Hi, Em, Eo, Tp. do to A. The vectors T> are 
orthogonal to B and therefore to all the vectors Up, and hence to the F's. 
Qn the other hand the Uy satisfy so that the are linearly 
dependent on the 7’y, and there is a contradiction. It follows that B is the 
zero matrix and the theorem is proved. 


3. Convergence of the expansion. The iterated matrix A = (3jaijajx) 
is completely continuous with respect to the Hilbert space, and satisfies the 
condition («). If A+ 0 is a characteristic number of rank r for A, then d? 
is a characteristic number of rank r for A‘, and if A is a characteristic 
number for A‘), with U, as a characteristic vector, then + A* or —A*%, or 
both are characteristic numbers of A, with wu or w4-+ Aw as characteristic 
vectors. If A—0O is a characteristic vector of A of rank r, then A—O is a 
characteristic number of rank r—1 of A®’. The matrix A is not the zero 
matrix unless A = 0) is the only characteristic number of A and is of rank = 2. 
Similar results hold for the iterated matrices A“ ; in particular zero is not a 
characteristic number of A™ if n > 3. 


THEOREM 4. If the matrix A satisfies the condition (a), and is com- 
pletely continuous with respect to the Hilbert space, and if the vector 


(17) XO (1, ) 
= Pp 

does not satisfy 

(18) (XO, = 0, 

and 

(19) AX == Q), 


then the right hand side of 
(20) X’) => Ey (X, X’) + By (X, 
+ (X,¥’) + By (X, X’) 


converges absolutely, and to the left hand side for any two H-vectors X and X’. 
If the vector X does satisfy (18) and (19), then the right hand side of 


1, 
ey 
a) 
8, 
| 
y 
e 
e 
e 
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(21) A(X, X") (X, X’) + (X, X’) + Em (X, X’) 


converges absolutely, and to the left hand side for any two H-vectors X and X’. 


To prove the absolute convergence of (20), it is sufficient to show that 
the matrix * (Apgtyi) is completely continuous. Only those terms in EZ, for which 


(22) (T>, => tpi? — tp? = 1 
4=2 


need be considered. And from (22) it follows that the matrix (Apty:) is com- 
pletely continuous if tp, is bounded, for then X¢pA,7tpi;? converges. Assume 
first that the A», are all distinct from ye. The components of the vectors 7, 
are given by 


(23) 


where Cy = Xzlpia,;, and the substitution of (23) in (22) gives 


So? 2 
(24) tn?| —1+— | 


(Ap — pa)” 
The sequence fp; is bounded unless 


(25) > i? = Cy’, 
4 
and 
(26) lim > =—1, 


g 
for some subsequence ty,. We wish to show that under the conditions (25) 
and (26), the vector X¥™ of (17) satisfies (18) and (19). The condition 
(25) says that the vector X satisfies all except possibly the first equation 
of (19). From (26) we obtain 


27 
(27) 
end hence the absolute convergence of 
(28) = Cq’. 
q q 


The equation (8) can now be written 
(8’) = — O11 — dg Op 


= (), 
p’ — Pa) 


* For convenience the superscript a is omitted from ¢,,(@). 


| | 
| 
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On account of (26) and (27) the coefficient of A». in the last term of (8’) is 
bounded and therefore 


(29) 
q 


which expresses the fact that X satisfies the first equation of (19). In 
virtue of (29) the equation (8’) takes the form 


C 2 
8” ( 1— ) = 0 
2 (Ap — Ha) Ha 
and this combined with (26) and (27) gives 


q aq 


which says that the vector X satisfies (18). This completes the proof of 
the first part of the theorem. 

For the second part of the theorem, it is sufficient to prove the complete 
continuity of the matrix (Apt,;) under the conditions (25) and (26). From 
(8”) and (30) 


31 =; =0, 
( (Ap — fag) 
an ence 

2 2 2 
— ma)? ~ (Ap — pa)? 


pq? (Apr — Ha)? ~ 
on account of (31) and (8’). And since ¢*p, is the reciprocal of (32) under 
(25) and (26), it follows that 


2 
Ap ty,? S 
q 


This shows that the matrix (A pt») is completely continuous, and the second 
part of the theorem is now a consequence of Theorem 3. 

It remains to prove the theorem for the case in which an infinite number 
of \’s are equal to pg. Let the other characteristic numbers of the matrix 
(4%), i, > 1, be denoted by py. Since cg = = 0, the system (1) 
has the solutions Vp = (0, lp:, for which the matrix vg; is bounded 
and Agv’gi is completely continuous. If other solutions Ty exist for A = yy, 
the complete continuity of Agtgi and A,g’tg, can be shown in the same way as 
above. 


Bryn Mawr COLLEGE. 
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ON SUMMATION OF DERIVED SERIES OF THE CONJUGATE 
FOURIER SERIES.* 


By A. F. Moursunp. 


1. Introduction. This paper is a continuation of an earlier paper in 
which we give theorems concerning the summability of the r-th, r = 0, derived 
series of the conjugate series of the Fourier ‘series generated by a Lebesgue 
integrable function. Our principal results are three theorems concerning the 
effectiveness of the Nz, summation method? for the summation of the r-th 
derived series of the conjugate Fourier series. These theorems and the prin- 
cipal theorem of our earlier paper * contain, as special cases, results, some of 
which are new, for the Bosanquet-Linfoot and Cesaro summation methods.‘ 
The case r = 0 gives us three well known and one new theorem concerning the 
Cesaro summability of the conjugate Fourier series. 


2. Notation. Throughout this paper we consider f(z) to be Lebesgue 
integrable on (—-7, 7) and periodic of period 27. We use, as far as possible, 
the notation of I;° and in addition set: 


(2.1) B,(s) = f "| Ar(s)|/s ds, 
A*,(s) = Ar(s)ds, 
B*,(s) == f A%(s)|/s"™ ds; 


C,. even) 


r 
(2. 2) = C, — A*,(m) cot s/2 | (r odd) ; 


* Presented to the American Mathematical Society, October 27, 1934. 

1A. F. Moursund, “On summation of derived series of the conjugate Fourier 
series,’ Annals of Mathematics (2), vol. 36 (1935), pp. 182-193. . Throughout this 
paper the paper cited here will be referred to as I. 

2 A. F. Moursund, “ On the Nevanlinna and Bosanquet-Linfoot summation methods, 
Annals of Mathematics (2), vol. 35 (1934), pp. 239-247 (Section IT). 

3 Loc. cit. 1, Theorem 10. 1. 

“The question of inclusion of other methods by the N ty method is discussed in 
loc. cit. *, Section II. 

5 See § 2. To avoid confusion, the functions there designated by A*,(s) and B,.(n) 
should be designated by other letters, and the functions F;(ns) and G,(ns) should be 
designated, respectively, as F(i,r + 1,ns) and G(i,r+1,ns). 
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D,(n)  (reven) 
(2.3) D*,.(n) (r-1)/2 r! 
D,(n) — A*, (a) 2 as cot s/2 
qt-2i-1 
008 ns ns | (r odd) ; 
r+1 
(2.4) f*" (zx) =—lim A*,(s) cot 3/2 ds — C*,; 
e-0 € 
and 


1 di 
(2. 5) F(t, v) =f Zy(t) cos ut dt, 


1 
G(1, p, v) =f y(t) sin vt dt. 


3. Expressions for on” (x) and Nz,on (x). In § 3 of I we showed that 


r 
(3. 1) on” (x) A,(s) 6(s,n)ds —C, + D;(n). 
0 
Proceeding as we did there in deriving (3.6), we have 


r 
(3.2) (x) -f Scot $/2 


1/n2 


1 71/n2 d’ 
+f zr(t)dt f A,;(s) =~ 0(s, nt) ds 
0 0 ds* 


r-1 


—2 +f" cot s/2 F(1, r, ns) ds 
+f + f, ] A,(s)/s* cot s/2 F(r, r, ns) ds 
+ + + +f" | A,(s)/st G(r, r, ns) ds 


+f 2r(t) Dy (nt) dt 


=f de (s) cot ds—C, + 
1/n? 


Upon integrating (3.1) by parts we obtain, with the aid of Lemmas 3. 1 
and 3. 2 of I, 


Our use of (3.3) is analogous to our use of (3.1). 


» 
E 
In 
ad 
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4. Lemmas. In proving our theorems we use, in addition to the lemmas 


of I, the following lemmas.°® 


Lemma 4.1. For v on (0,0) when 0=1< p and on (0,A) when 
t—p 


F (i, P; v) = Pi,(v) — Pi,(v) 
p, v) = Qi,(v) — Qi, (0) 


where the P’s and Q’s are bounded monotone decreasing positive functions of v. 


Lemma 4.2. For A sufficiently large and v2 A, 
| F(p, p,v)|, | p,v)| S K/v + 


where K is a constant. 


Proof. For v sufficiently large 


| F(p, p,v)| = FR vt dt | 


| cos vt dt | <K/v+2Z,(v). 


The proof is similar for G(p, p, v). 
4.3. F(p,p,v) and G(p, p,v) as v—> o. 


The functions which we consider in the remaining lemmas of this section 
are defined by (3. 2). 


Lemma 4.4. Wherever (x) exists Jg and Jz as fora 
fiaed A. 


Lemma 4.5. Ata point where A,(s) =0(s"), as s J; and J;0 
as A,n—> © fora fixed sufficiently small 8. 


Proof. Using Lemma 4. 2 we have, for a fixed sufficiently small §, 


*In proving the lemmas we use properties of the N, method, loc. cit. 2, Section Il, 
without further referring to them. The proof of Lemma 4.1 is like the proof of 
Lemma 6.3 and (6.1) of I; that of Lemma 4.4 like that of Lemma 8. 2 of I. In the 


proof of Lemma 4.5 the last term > 0 as A, n> © because f Z,(8) /sr ds exists. 
Cc 


i 
} 
| 
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A,(s)|/s"[K/ns? + Z-(ns)/s]ds 


= 0 [ 1/m 1/s? is+ Z,(ns) /s ds | 


nd 
—o[ 1/4+ f Z,(s)/s ds | =o(1) as 
A 
Similarly J, 0. 


LemMA 4.6. Ata point where B,(s) =0(s), as s—>0, Js and Jg—>0 
as 8—>0 and n—> for a fixed sufficiently large A. 


Proof. Integrating by parts we have 


| A-(s)|/s"[K/ns? + Z,(ns) /s]ds 
—2B,(s)/s[K/ns + Ze(ns)] +2K/n B,(s)/s+1/s? ds 
A/n 3 A/n 
= 0(1) + 0(1) + 0(1)Z-(ns) 0(1) Z,(ns) /s ds 
=0(1) as 8-0 andn—o. Similarly J, —o0(1). 
Lemma 4.7%. J, and as n— © for a fired 8. 


Proof. The lemma is a consequence of Lemma 4. 3. 


5. Theorems concerning the existence of f*”(x) and the behavior of the 
functions defined by (2.1). In § 9 of I we gave sufficient conditions for the 
existence of f‘")(x).7 We consider here some further consequences of these 
conditions. 


THEOREM 5.1. If f(x) is such that d'"f(x)/da*- is of bounded varia- 
tion on (—-,m) then, as s—>0, Ar(s) =0(s") and B,(s) =0(s) almost 
everywhere. 


Proof. By Lemma 7.6 of I Ar(s) =0(s") when d’f (x) /dat exists. The 
theorem follows for when d*-*f(z)/ds** is of bounded variation d*f(x)/da* 
exists almost everywhere. 


7In Lemma 7.8 and Theorem 9.3 of I the integral f dr/dsr®, (8) cot 8/2 ds 


Us 
should be replaced by f cot s/2 d[dr-1/dsr-1@,.(s)]; the existence almost everywhere 
€ 


of the limit as e>0 depends on Plessner’s proof of the existence of f'(w) rather than 
on his proof of the existence of f(a). 
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THEOREM 5.2. Wherever the generalized derwative (x) exists 
A,(s) =0(s") and B,(s) =0(s), as s—>0. 


Proof. Wherever f‘"*?) (x) exists we see using Definition (2.1) of I that 
A,({s) = (—1)™/a[f%™ (x) + 8) 
where w(z,s) >0.ass—>0. The theorem follows.® 


THEOREM 5.3. The existence of f(x) implies the existence of f*” (x), 
but the converse is not necessarily true.® 


THEOREM 5.4. A*,(s) =0(s"*') wherever A,y(s) =0(s") and B*,(s) 
= 0(s) wherever B,(s) =0(s), but the converse is not necessarily true. 


Proof. Wherever B,(s) = 0(s) 


B*,(s) S foyer ds | A,(t)| dt =f B,(s)/s ds =0(s). 
0 ' 0 0 
The rest of the proof is left to the reader. 


6. Summability theorems. In this section we give our principal theorems 
and, for convenience in reference, state also the principal theorem of I. We 
assume, as everywhere in this paper, that the function f(z) which generates 
the series under consideration is Lebesgue integrable on (—7,2) and of 
period 


THEOREM 6.1. The Nz, sum of the r-th (r=0,1,2,---,p), dered 
sertes of the conjugate Fourier series is f(x) wherever that limit exists and, 
as either Ay(s) =0(s") or B,(s) =0(s). 


THEOREM 6.2. The Nz, sum of the r-th (r=0,1,2,---,p—1), 
derived series of the conjugate Fourier series is f(x) wherever that limit 
exists. 


Proof of Theorems 6.1 and 6.2. Theorem 6.2 is Theorem 10.1 of I. 
Referring to the proof of that theorem and (3.2) we see that at a point 
where (x) exists J,,J2,J3, and Ji. 0, respectively, like K,, Ko, Ks, and 
K,—0. When, also, either A-(s) =0(s") or B-(s) =o(s) it follows from 


®In fact A,(s) =O(sr+1) and B,(s) = 0(s*). 

®See B. N. Prasad, “ Contribution 4 l’Etude de la Série Conjuguée d’une Série de 
Fourier,” Journal de Mathématiques Pures and Appliquées (9), vol. 11 (1932), pp. 
153-205 (p. 178). 
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Lemmas 4. 4, 4. 5, 4.6, and 4.7 that J, to J», inclusive, >» 0. Whence, as do 
corresponding functions in the proof of Theorem 10. 1, 


Nz,on (xz) and Nz,on™ (x), as n> 0. 
This completes the proof of Theorem 6. 1. 


THEOREM 6.3. The Nz, sum of the r-th (r=0,1,2,:--+,p—1), 
dered series of the conjugate Fourier series is f*" (x) wherever that limit 
exists and, as s —> 0, either A*,(s) =0(s"*!) or B*,(s) =0(s). 


THEOREM 6.4. The Nz, sum of the r-th (r=0,1,2,---,p—2), 
derived series of the conjugate Fourier series is f* (x2) wherever that limit 
exists. 


Proof of Theorems 6. 3 and 6. 4 are similar to those of Theorems 6. 1 and 
6.2. We first form from (3.3) expressions for the N;z,,, and Nz,,, transforms 
of on‘"(x) which are similar, respectively, to (3.2) of this paper and (3. 6) 
of I; next prove lemmas similar to the lemmas of § 5 of I, replacing A,(s) 


by A*,(s), - cot s/2 by ae cot s/2, et cetera; and then proceed as in the 
r+ 
proofs of Theorems 6. 1 and 6. 2.?° 
%. Theorems for Bosanquet-Linfoot and Cesaro summability. By choosing 


the functions 
(7.1) Ba,p(t) = G(1 — t)** (log C/1 — t)-8 


with « > pora—p, B>1, and G=G(a, B,C) such that 
1 
Ba,p(t)dt = 1; 
0 


and 


(7. 2) 


with 8 > 0, respectively, as kernels for the Nz, method we obtain theorems for 
the Bosanquet-Linfoot and Cesiro methods from the theorems of § 6.1? 


10 As a consequence of the Riemann-Lehesgue theorem Lemma 6.5 of I remains 
valid when 2,,,(t) is replaced by z,(t). Hence terms arising from D*,(n) ~0 like 
those arising from D,(n). 

1 See loc. cit. *, Section II. The Cessro method theorems are obtained as a result 
of the equivalence of the Riesz and Cesaro methods. 
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Among the theorems thus obtained are three well known theorems con- 
cerning the Cesaro summability of the conjugate Fourier series*? and the 
following new theorem. 


THEOREM 7.1. The conjugate Fourier series is summable (C,2 +8), 
for every 8 > 0, to 


}* (2) —lim—1/4x f° +t) —fla—t) Jat } 6/2 ds 
wherever that limit ezists. 


Theorem 7.1 is related to the third of the Cesaro method theorems men- 
tioned above (Prasad’s theorem) like the second is to the first. 


THE UNIVERSITY OF OREGON, 
EUGENE, OREGON. 


12 See E. W. Hobson, The Theory of Functions of a Real Variable, vol. II (2nd 
Edition), p. 697, for the first of these theorems which is the standard (0,5), 6 > 0, 
summability theorem for the conjugate Fourier series; for the second see R, E. A. C. 
Paley, “On the Cesaro summability of Fourier series and allied series,” Proceedings 
of the Cambridge Philosophical Society, vol. 26 (1930), pp. 173-203 (Theorem 2 with 
a=0); and for the third see Prasad, loc. cit. ®, Theorem IV. 


A CERTAIN MIXED LINEAR INTEGRAL EQUATION. 


By Marcaret HucGuHeEs. 


Introduction. The purpose of this paper is the development of a spectral 
theory for the linear functional transformation 


1 
(1) (a) MK (2, + K(a8)f(s)ds 
of real-valued functions f(z), continuous on the interval = 1), where 


(a) The kernel K (a, s) is real, symmetric * and continuous on the square 
1,0=2=1). 


(b) € is a given fixed value of the variable of integration in J. 


(c) M is a known negative constant. 


W. A. Hurwitz? has obtained some alternative theorems for such trans- 
formations. For M positive or zero the above problem reduces respectively 
to a Kneser weighted problem * and to the well-known Fredholm problem ; 
more recent works * include both of these as special cases of a general spectral 
theory for linear symmetric functional transformations. They do not cover 
the case however with which we are concerned, since under the given hypothesis 
characteristic numbers of the integral equation 


(2) Au(2) = ME (2, é)u(é) ++ f K(, s)u(s)ds 


may be imaginary or zero, and may be poles of the resolvent of order greater 
than one. The following simple examples illustrate these possibilities: 


*A definition of symmetric functions is given on page 871. 

?,W. A. Hurwitz, “ Mixed linear integral equations of the first order,” Transactions 
of the American Mathematical Society, vol. 16 (1915). 

*A. Kneser, Die Integralaleichungen, Rendiconti, vol. 14 (1914). Also his Die 
Integralgleichungen und ihre Anwendungen in der Mathematischen Physik, 2 umge- 
arbeitete Auflage (1922). 

‘J. von Neumann, “ Allgemeine Eigenwerttheorie Hermitescher Funktionalopera- 
toren,” Mathematische Annalen, vol. 102. Also M. H. Stone, “ Linear transformations 
in Hilbert space and their applications to analysis,” Colloquium Lectures of the American 
Mathematical Society, vol. 15 (1932). 
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Er. 1. If K(z,s) M=—1/3, é=—1, then u(x) is a char- 
acteristic function, corresponding to the characteristic number 4 —0 of the 
first order. 


Er. 2. If K(z,s) =1—4as, M =—1/3, é=—1, then u(x) = 1— 22 
is a characteristic function corresponding to A = 1/3 of order two. 


Ez. 3. M =—1,é=1, then u(x) = [(— 5) *— 2] 


+32 and =—[(—5)*-+ 2] -+ 32 are conjugate imaginary char- 
acteristic functions corresponding respectively to the conjugate imaginary 
characteristic numbers A = [(— 5) + 2]/6, A=— [(—5)*— 2] /6. 


We adopt the notation 


thus the transformation (1) and integral equation (2) are now written 
* 
f K(a, )f(s)ds 
* 
u(z) K (a, s)u(s)ds. 


* 
The operator f we name the M-integral, and for convenience we name 


the corresponding operation M-integration. The M-integral is a special in- 
stance of the Stieltjes integral, and we shall assume its elementary properties 
throughout this paper without enumerating them. 

In Section I we begin by defining an M-orthonormed system of functions, 
that is, orthonormed with respect to the M-integral, and which reduces, for 
M = 0, to an ordinary orthonormed system. In laying down this definition 
allowance must be made for the fact that the M-integral of a positive function 
may be negative, and it is on account of this property that we are unable to 
generalize the fundamental inequalities of Bessel and Schwarz. In the same 
section we establish the existence of a complete M-orthonormed system. 

The complete M-orthonormed system forms the starting point for the 
solution of our problem. We use it to pass from the integral equation (2). 
following the classic method of Hilbert, to a system of equations in infinitely 
many variables, which has been solved by A. Pell-Wheeler.® . This furnishes a 
proof of the existence of characteristic numbers for the integral equation, and 
also an expansion theorem. The results are given in Section II. 


5 A. Pell-Wheeler, “ Spectral theory for a certain class of non-symmetric completely 
continuous matrices,” American Journal of Mathematics, vol. 57 (1935), pp. 847-853. 
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SEcTION IJ. M-orTHONORMED SYSTEMS. 


1. Preliminary definitions. The functions 


finite or infinite in number, form an M-orthogonal system if they satisfy the 
conditions 


J $5 (0) de = 0, 


They form an M-orthonormed system if 


* 0 
f dz = + j= { 


A system of functions {¢,(z)}, continuous on J, is M-closed if there exists 
no function f(z), continuous on J, which is M-orthogonal to all the functions 
of the system. 

An M-orthonormed system of functions {¢n(xz)}, continuous on J, is 
M-complete if, for all possible functions f(z) continuous on J, the functions 
dn of the system satisfy the relation 


the negative sign in the summation occurring when and only when the value 


* 
of nm is such that f gon? = — 1. 


2. Construction of an M-orthonormed system. Let {fn(z)} be a set of 
functions, infinite in number, which satisfy the conditions 


(a) They are continuous on I. 
(b) They are linearly independent on J. 


(c) At least one function of the set does not have the value zero at z = é. 


(d) D,(f) 0, (n= 1, 


* 
where D,(f) is the n-rowed determinant with general element f fif; 
(1,7 = 1, 2,- 

From this set of functions we build up by the method of determinants 
an M-orthonormed system {¢n(z)} as follows: 
11 
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fal fre 
on = En(f)/V (n= 2,3," 


where L,(f) is the determinant derived from Dy(f) by replacing the elements 
of the n-th column, reading downwards, by f1, f2,- - -,fn. The positive (nega- 
tive) sign is to be used if the product of the determinants under the radical 


(1a) 


sign is positive (negative), and in the case of n—1 if f "he? is positive 
(negative). 

It can be easily verified that the system {¢n} thus defined satisfies the 
definition of an M-orthonormed system. Each dy is expressed linearly and 
homogeneously, with constant coefficients, in terms of the functions f,, f2,°-* , fn, 
and conversely. 

The functions ¢, are real and continuous on J. They are furthermore 
linearly independent there; for, suppose there exist constants cy, not all zero, 
such that 


multiplication throughout by ¢, and M-integration over I leads to cn =—0 
(n =1,2,- - -,p), a contradiction. 

Conversely, from an M-orthonormed system of continuous functions {¢n} 
it is possible to construct an orthonormed set {fn} of the form 


n 
>= 
p=1 


where the cp, are constants, not all zero. This property is an immediate 
consequence of the linear independence of the ¢n, just proved. 

The f, may be transformed into an orthonormed system of functions 
which satisfy the four conditions specified above, and since such a transforma- 
tion simplifies considerably the expressions for ¢, we shall assume it has been 
previously carried through; then formula (1a) reduces, after expansion of the 
determinants to the alternative form 


V= 
gn = (n—=2,3,- °°). 


864 
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The subscript € indicates that the value of the function is to be taken 
at = &. 
It is desirable at this point to introduce the following abbreviations: 
p 
Ay(t) = 2 fitfi(z),  Ao(w) =0, 
p= (1 + MAps¢) (1 + (p =1,2,-- *). 


Then formula (1a) assumes the final abridged form 


n(1 + MAn-1¢) — 


We are able to make certain general deductions concerning the sign of Pn. 
There are two possibilities: 


(a) P, is positive for all n. Then 1 -+ MAn¢ is also, since otherwise P; 
would be negative. Whence 


Ane < —1/M, (n == 1,2,- °°). 


Since A»,¢ is monotonic, increasing and bounded, lim An, exists and is finite. 
n=CO 

This is a necessary condition that P, > 0 (n—1,2,---). 

(b) P» is positive for all values of n except one, say N, which satisfies 
the inequality 

—1/Ayite< M <—1/Ay,, N> 1 
or 
M N = 1. 


In this case Py is negative. A sufficient condition for the existence of such 


a value NV of n is that lim Ang = ©. 
n=CO 


P,, cannot be negative for more than one value of m under any circum- 
stances, for if WN is the first value of n for which P, < 0, we have 


1+ MAye < 0, 
1+ MAne < 0, n> WN, 


Py = (1+ MAn-1¢) (1 + WAne) > 0, n>WN. 


8 
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8. M-completeness of the system (1c). From the foregoing results we 
obtain 


TueorEM I. Jf the functions f, satisfy the four conditions of § 2, then 
the set {gn} given by (1c) can contain at most one function satisfying the 


relation 
Jf 


In order to facilitate the proof of the next theorem we first introduce the 


Lemma. If the set {fn} 1s complete, then a necessary and sufficient 
condition that 


(2) tim (J 


1+ 


is that lim Ang = oo, where f is an arbitrary function continuous on I. 


n=00 


(a) Necessary condition. From the Lagrange-Cauchy inequality we find 


| ff fe th | V (Sf th) 


for all n, and all continuous functions f, and therefore 


If lim Ang is finite, then from (2), lim fAn =f for all f under con- 


n=00 


sideration, and hence 
tim | f | VEC fr 


For a suitable choice of f this limit can be made greater than any arbi- 
trarily assigned positive number,® which contradicts the assumption that 
lim A»,¢ be finite. 


| f 


* For example, define = as follows: 


or 1. As m increases, fr decreases, but = 1 for all nm. If or 1 this 
definition needs to be modified somewhat. 


we 


he 
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(b) Sufficient condition. If f fAn approaches a finite limit with in- 


creasing n, the sufficiency of the condition is self-evident; it remains then, 
to investigate the case where this limit is infinite. To this end it suffices 
to prove that 


lim fAn/V Ane = 0. 
n=00 
This fraction may be written in the form 


4=m+1 


Application of the Lagrange-Cauchy inequality to the second term on the 
right gives 


| She f Vane | Pus (Sm) 


S1-¢/2 for m>Ni, n>m. 


If we take a fixed value for m > N,, then 


iE ff Vane | [ max | fre | - max 


ff the | Vane ] 


S¢/2 for 


It follows that 


| f fAn/V 


which completes the proof of the Lemma. 


| <6 n= Nz, 


THxorEM II. If the set {fn} of §2 is complete, then a necessary and 
sufficient condition that the system {on} defined by (1c) be M-complete is that 


lim Ant = ©. 


If we substitute the given expression for ¢» in the series 


3+ 


7 
he 
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we get 


+{ (14+ Mine An ]/Po 


The sum Sy, of the first p terms of this series is 
p 2 


& (tue f tt) (te + 


4=1 j=i+l1 


This expression can be simplified by a suitable combination of terms to give 


1+ 


If we now take the limit of both sides of this equation and apply the Lemma 
and the hypothesis on the system {fn} we obtain the required result: 


— SP 


THEOREM III. If the systems {dn} and {fn} are M-complete and com- 
plete respectively, then {dn} 1s M-closed. 


To prove this theorem we assume the existence of a continuous function 
y(x) which is M-orthogonal to all the ¢n. It is accordingly M-orthogonal to 
all the fn, i. e. 


If either or both of M and y¥¢ are zero then y=0. If not, we have 


n=C00 
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The series on the left is convergent, that on the right divergent by 
Theorem IJ. Hence the assumption is incorrect and {¢»} is M-closed. 


4, The case of zero denominators. 'The investigations so far have pro- 
ceeded on the assumption that none of the denominators of (1a), or, what 
comes to the same thing, none of the factors P, of (1c), is zero. Obviously 
P, may be zero for one or more values of n. We now show that this con- 
tingency may be overcome by redefining the functions dp in terms of the fn. 

We first replace all conditions made hitherto on these fn by the following: 


(a) They are continuous on J. 
(b) They are orthonormed on J. 
(c) The system {f,} is complete. 
(d) lim Ang = oo. 


n=C0O 


If the first denominator in (1c) to vanish is that of dm, then 
1 + MAme (), 
Thus fime 0, but any or all of fig (1 SiS m—1) may be zero. Also by 


condition (d) above, there exists a function f; (1 > m) of the set {fn} such 
that fie 0. Let fmsg (¢ =1) be the first such function of the set, i. e. 


fie = 0 (m<i<cm-+q), F 0. 


Then the set of functions ¢, (1=n< m) whose values are given by 
(1c), § 2, and the functions 


don = fast (mSnS=m+q—2) 


are M-orthonormed on J. For each ¢» of this set Pn is positive. 

If we express dmig-1 ANd msg each as linear combinations of the m + q 
functions fj; (1Si=m-+q), and impose on them the conditions of 
M-orthonormalit), we arrive at the expressions 


= 71 8 


where 


r= + fasts + — mot) 
+ msar.e 


f 
m-—-1 
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The constant c may not have the value zero, but otherwise it is arbitrary ; 
for simplicity it will be taken equal to unity. Also 


* 


If we now take for gn (n > m-+ q) the values given by (1c), § 2, the 
system {¢,} thus constructed is M-orthonormed on J, and can have no zero 
denominators. 


Moreover f gn? =-+1 for all values of nm except one, either 
n=m-+gq—lorn=m- q. 


Theorems I, II and III are valid for the system {¢,} just obtained. We 
present here the proof of Theorem II only, as the others offer no difficulty. 
If S, represents the sum of the first m terms of the series 


then 

m+q+p ‘| 
=m+q+ i=m+q 
(ft) +4 p= 1, 

= 

where 


[2fe tre th— ("Se fr) ]] 


i=m+qrl i=m+q+1 i=m+q 


Since lim J, — 07 we have 


lim Cf tAma—fe) | + (f 


4=m+qt1 


The sum of the first m + q terms of the series (3) is given by 


Sma—[ f fAmi—fe || fine +S + Mfe 
[ (tae Pons) (J 
— Fine (fme— fim) 


— f fm | | 


* Cf. proof of Lemma, § 3. 
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Combining these results, we have after cancellation 


We are now justified in stating that if a set of functions {f,} exists which 
satisfies the four conditions enumerated above, then it is always possible to 
construct from it an M-complete, M-closed system {dn} of continuous functions 
which are linear combinations of the fn, of the form 


Dn 
pn = Cnif 
i=1 
An example of such a set {fn} is given by the sequence of trigonometric 
functions 
{fu} = 1, 2% cos 2% sin 2% cos4rz, 2% sin - 


In concluding this section we assemble the salient facts obtained so 
far in the 


THEOREM IV. For every M there exist M-complete, M-closed systems 
{dn} of functions which are continuous and M-orthogonal on I, and such that 


* 
f gn? = + 1, where the negatwe sign occurs for one and only one value of n. 


Section II. EQUATION WITH SYMMETRIC KERNEL. 


1. Preliminary definitions and propositions. We turn now to the equation 


(1) Au(r) = 8)u(s) ds, 


in which the kernel K (2, s) is a continuous symmetric ® function on R. 

By a characteristic number of equation (1) is understood a value of the 
parameter A for which the equation has a continuous solution u(x) not 
identically zero on I. 

In a similar fashion we employ the ordinary definitions of characteristic 
function, pole of the resolvent, order of a pole, etc., with the understanding 
that they refer to equation (1) unless definitely stated otherwise. 


Lemma. If K(z,s) is symmetric on RF, then 


for all continuous functions f and g, and conversely. 


*K(a,s) is symmetric on R if K(a#,s) =K(s,”) on R, otherwise it is non- 
symmetric. 


871 
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The first statement in the Lemma is readily verified. To prove the con- 
verse we assume that K(z,s) is not symmetric, and arrive at a contradiction. 
Application of the hypothesis to the equality gives 


[f x)}9(s) ds | dz = 0. 


Let {¢n(z)} be an M-closed system of continuous functions. If we take 
f(x) equal, sequentially, to these functions ¢$», then 


[ —K(s,2)}g(s)ds ]de—0, (n=1,2,---). 


This is impossible, in view of the closure of the system {¢n}, unless 


s) — K(s, x) }9(s)ds=0. 


If we take g(s) equal, sequentially, to the same functions $n(s), and regard z 
as a parameter, then a similar process of reasoning gives 


K (x, s) — K(s, xv) =0 on R, 
i.e., K(z,s) is symmetric on R. 
2. Properties of characteristic numbers. 


THEOREM I. If the kernel K(x,s) of (1) ts symmetric on R, and if 
U2(x) are characteristic functions of K(a,s) for Ax, Az respectively, 
(Ai Az), then and are M-orthogonal on I. 


For, following Poisson’s method of proof for the ordinary integral equa- 
tion, we obtain 


dz = K (a, 8)us(s) ds dz 


Az de = fru (x) K (x, 8) u2(s) ds dz, 


hence, if we subtract these and apply the preceding lemma we get 


Ai U2(x) dx = dz we(2)de, Ai Az; 


and from this follows 


dz = 0. 
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THEOREM II. A sufficient condition that all of the characteristic num- 
bers of equation (1) for a symmetric kernel K(x,s) be real is that K (a, s) 
satisfy the inequality 


de < 0 or >0° 


for all continuous functions f 40 on I. 

Assume that = v(x) + iw(z) is a complex characteristic function 
corresponding to A+£0. Multiply (1) throughout by the conjugate char- 
acteristic function a(x) = v(x) — w(x) and M-integrate with respect to z. 
We get 


de = s)u(s)ds dx 
= ff v(x) K (a, s)v(s)ds dx + w(x) K (x, s)w(s)ds dz 
+ 2M[v(é) K (a, €)v(x) dx + w(é) f Ke, £)w(a) dx] 
+ M*K €) [v?(€) + w*(é) J. 


Since f ai(x)u(x) dz is real, and the right-hand side is real, a sufficient 


* 
condition that A be real is that f iu ~ 0, or that the expression on the right 


be different from zero. This is satisfied if 


>0or <0 


for all continuous functions f 0 on I, which was to be proved. 


Corotitary I. If in the pure integral equation 


(2) = K(x, 5)$(s)ds 


° For example, if the system {¢,} is M-closed on /, and if 


K (a, 8) => , 
n=1 n 


the 7,,? so chosen that the series converges uniformly on J, then 


* co ] * 2 


the equality sign holding only if f = 0. 


° 
l. 


874 OLIVE MARGARET HUGHES. 


the kernel K(x, 8s) is positive,*° and if the characteristic functions oq of (2) 
form a complete orthonormed system for this K (x, 8), and are such that 


then the characteristic numbers of (1) for the same kernel are real. 


The proof is based upon two theorems of Mercer’s 1° by which we may write 


K (2, 8) = 
the characteristic numbers p, of (2) being all positive. Then 
* * oo * 2 
SS 
The series on the right may be zero only if f = 0, since otherwise 


* 
foe + Miebae=0, (a= 1,2," 


=(f ft.) — 


the series on the left of the last equation is convergent, that on the right 


divergent, hence 
% * 


the equality holding only if f==0; therefore the characteristic numbers of (1) 
are real by the previous theorem. 


CorRoLLARY 2. A sufficient condition that all of the characteristic num- 
bers of equation (1) for a symmetric kernel K(ax,s) be real is that K(z,s) 
satisfy the inequality 


*°'We use here Mercer’s definition of a positive function: A symmetric function 


K(a,8) is positive if 
f f fKf = 0 


for all continuous functions f. See Phil. Trans. Royal Soc. A, vol. 209 (1909), 
pp. 417-444. 


n 
lim > = ©, 
n=00 a=1 
00 
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ff [K (é, x) K —K(é,é)K (2, s) ]f(x)f(s)ds dz < 0 


for all continuous functions f #~0.™ 
For the inequality of Theorem II is true for all f(&) if its discriminant 
is negative, i. e., if 


hence if 

ff —KE OK (8) (0) de dz <0 
for all continuous f +0. 


III. Existence THEorEM. Every symmetric kernel has at 
least one characteristic number. 


To facilitate the proof we first introduce the following definition : 


A matrix A = (ai;) is M-symmetric if it is symmetric except for one 
row, say the V-th, and its corresponding column, and if the elements ay; and 
diy of this row and column satisfy the relations 


ani = — N. 


As was stated in the Introduction we use Hilbert’s method ’” for passing 
from an integral equation to a system of linear equations in infinitely meny 
unknowns. 

Let {¢,} be an M-complete system of the type defined by formula (1c), 
Section I. Multiply equation (1) throughout by ¢i(z), M-integrate with 
respect to z, and apply Theorem II,’* Section I; this gives 


12 An example of such a kernel is 
o ginn(#—s) .sinn(#— 


K(#,s)=1+> 


n=1 
since 
ff (6,0) — 8) 8) de de 
co j] 2 
=-35(fre sinn(o—t) ) < 0 for f£0. 
a=1 
12 Hilbert, Grundziige einer allgemeinen Theorie der linearen integral-Gleichungen, 
pp. 186-188. 


*8In Section I we assumed implicitly that the arbitrary function f was real. 
There is nothing in the proof of Theorem II, Section I, which will not be valid if f 
is a continuous complex function. 
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A = 


If we introduce the substitutions 


= + = Wik 


the above equations are replaced by the linear system 


(3) hay = (t= 


K=1 


in the infinitely many unknowns 2;. 
If we let the 2; represent the components of a vector x in a space of 
infinitely many dimensions, then z is a vector of the Hilbert space,* for 


hence 


> converges. 
i=1 


The matrix of (3) is M-symmetric, and it is completely continuous.” 


co 
To prove the latter property it is sufficient to demonstrate that > a?ix is 


convergent. 
By definition 


If Theorem II, Section I is applied twice to the series on the right of this 
equality we obtain successively 


+4[ 


%* A vector w= (#;) is said to belong to the Hilbert space if 3 ©,%; converges. 
i=1 


® Hilbert, Grundziige, Kap. XI, p. 147 f. 


The convergence of 5) a*;, is a necessary 


4K=1 
and sufficient condition for the complete continuity of the matrix A. 
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2 
The series > E f pik : is uniformly convergent, since it converges 
i=1 e 


to the continuous function 


and since the terms of the series are positive.*® 
Application of Theorem II, § 3 of Section I to this series yields 


hence > @7;x is convergent. 
iK=1 


It has been proved?” that a system of equations of the type (3), the 
matrix of which is M-symmetric, has at least one characteristic number. Let 
x then, be a characteristic vector of (3) belonging to the Hilbert space. The 
series 


(4) f "Kor 


of 


is absolutely and uniformly convergent on J. This follows at once if we apply 
the Lagrange-Cauchy inequality to the series obtained from (4) by omitting 
those terms, at most two in number,"* which correspond to complex values of A. 
Denote the sum of the series by Au(z) : 


—>+ LK 


multiply this equation throughout by ¢;(z), and M-integrate with respect to 2; 
then 


Since, by hypothesis, x is a characteristic vector of the system of linear 
equations (3) we have 
* 
f pit, 


Au (2) ‘she 


— s)u(s) ds. 


and therefore 


1¢ KE. W. Hobson, The Theory of Functions of a Real Variable, Sec. Ed., vol. 2, p. 116. 
17 A. Pell-Wheeler, loc. cit., Theorem II. 
18 Cf, p. 878. 


co 
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Thus a unique correspondence has been established between characteristic 
vectors of (3) and characteristic functions of the integral equation (1). The 
symmetric kernel K(z,s) of (1) has therefore at least one characteristic 
number, which was to be proved. 

In the Introduction examples were given of kernels wit ero and imagi- 
nary characteristic numbers, and of characteristic numbers* _are not simplc 
poles of the resolvent. There are however, certain restr that can b 
made on them. 

It can easily be proved ** that one characteristic numbe. _ ve zero, that 
two may be imaginary (conjugate), the rest being real, that a characteristic 
number can not be a pole of the resolvent of order greater thau three, and that 
there can not be more than one which is not a simple pole of the resolvent. 
A necessary condition that A be not a simple pole of the resolvent of equation 


* 
(1) is that f == (),?° 


3. Expansion theorem. Our problem is this: to determine sufficient 
conditions upon a continuous function g(x) in order that it may be expressible 
in the form 

g(z) = Catla 


where the uw, are the characteristic functions of the integral equation (1) for 
the symmetric kernel K(z, s). 

Certain functions U,(z) ** will be introduced corresponding to a char- 
acteristic number Am which is not a simple pole of the resolvent. These func- 


tions satisfy the relations 
* 
f = + Cap 


* 
f capUp, | Cap|=0, Am=0. 


A. Pell-Wheeler has proved *® that the iterated matrix A“ = (a‘?) is 
developable into the following series: 


4 
(5) a? —> B®, 
j=1 


19 A. Pell-Wheeler, loc. cit., Theorem I. 

2° That the condition is not sufficient is illustrated by Example 1, Introduction. 

** These functions U, are analogous to the so-called “ principal functions ” of the 
Fredholm theory. 


) is 


the 
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where FE, is that part of the expansion corresponding to real characteristic 

numbers A, which are simple poles of the resolvent, and is an absolutely con- 

vergent series; H,‘*) contains those terms corresponding to imaginary A; E,“ 

those terms corresponding to A=£0 not a simple pole of the resolvent; and 

those tety fj¢orresponding to A= 0 not a simple.pole of the resolvent. 
The written out in full for are 


>» Na*SaiS* ax, 
a 


the sq being ci iracteristic vectors for the matrix A, and also A“, and satis- 
fying the relations 
(Sas*p) = Sais*pi = + Cag; 


where 
(ss*) = 0, (ss*¥) = +1; 
= Am* Capsais* px, | Cap | ~ 0, (a, 8 = 1,2 or 1, 2, 3), 
a 
where 
(Sas*g) = = Cap, x a‘? Sax = CapSpK 3 
~ CapSaiS™ pr, | Cap | == 0, (4, B=1,2 or 1,2, 3), 
a 
where 


(sa8*p) = Cap, Capsax- 
From (5) we have 


(6) a2 = [ = Ej 


the series being absolutely and uniformly convergent for all vectors 7 and y 
of the Hilbert space. This condition is satisfied if we take 


the functions f and g being continuous on J. Substitute these values in (6), 
and the expression on the left becomes 


in 


by Theorem II, Section I. 
12 
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If we make the same substitutions in the right side of (6) we obtain 


* 
f uot f Uad; 
a 
the series being absolutely and uniformly convergent; 
* * * * 
K 
= * * * * 
—+(«f uf th af f ag ) 


and the remaining terms of (6), corresponding to a characteristic number not 
a simple pole of the resolvent, are respectively 


> =Am* + Cap Dd Saiti d 8*pxyx, | Cap | #0, 
ik ap K 

iK ap i K 


The vectors s, appearng in these two expressions are equal to the same 
linear combinations of characteristic vectors for Am as the functions U4, intro- 
duced above, are of the characteristic functions of (1), corresponding to the 
same A»; and the conditions imposed upon the sq lead, under the transformation 


to the conditions imposed upon the U,. The converse is also true. Hence 


ak 
cop Uaf f Usg, | Cap| ~0, 


= + Cap f f Ugg, | cap | = 0. 


Combining these results, we have 
* * * 
* * * 
f uf f ug of ag ) 
* * 
aB 
* * 
+ Ex f Ue Ugg. 


(7) 


| 
‘* 
tas — f Uadi 


ot 
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converges for all continuous functions v(z), then the series 


Since the series 


and hence the series 
* 
D> Ag tte f Ug 
a 


converges absolutely and uniformly. 
Set 


* * ok * * 
f f + f Us 
ap 
* 
(4) 
+3 ff |. 
If J is an arbitrary continuous function, then 
* * * 
f — [suf f f fK Ug 
f lu f J u +38 f a ) 
* % * 
ap 


+ = lU. U 
f a f f 


Since the right side of this equality is zero from (7), it follows that 
h=0 by the Lemma, Section II. 
If we now choose g such that 


g(t) = KF 
and make the substitution in (8), we have an expansion of g in the form 
* * * 
g(t) = uta f + ( f Gua +i f 


f° 
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In conclusion we set forth the 


THEOREM IV. Every function of the form 


= (2, 8)f(s)ds, 


where f(s) is an arbitrary function continuous on I, can be expressed in the 
form of an absolutely and uniformly convergent series: 


g(2) + gue + B(2), 


where the Ug are characteristic functions of the integral equation (1), and 
E(x) consists of a finite number of terms arising from the existence of char- 
acteristic numbers which are conjugate imaginary, or zero, or are poles of the 
resolvent of order greater than one. 


BryN Mawr COLLEGE. 
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ON THE EXPANSION OF HARMONIC FUNCTIONS IN SERIES 
OF HARMONIC POLYNOMIALS BELONGING TO A 
SIMPLY CONNECTED REGION.’ 


By O. J. FARRELL. 


1. Introduction. In his address * to the American Mathematical Society 
on the approximation of harmonic functions by harmonic polynomials and by 
harmonic rational functions Professor Walsh included a treatment of ex- 
pansions in given regions in terms of a particular set of harmonic polynomials 
belonging to that region. Among the results reported in this connection was 
a theorem of his own to the effect that if C be a simple finite analytic curve in 
the (x,y)-plane, then there exist harmonic polynomials {pn(x,y)} such that 
if f(z, y) is defined and continuous on C and on C ts of bounded variation 
then f(x,y) can be developed into a series 


(a) f(z, y) y) 


which converges uniformly in the closed interior of C. Series (a) thus repre- 
sents a function harmonic interior to C, continuous in the corresponding 
closed region, and having the value f(x,y) on C. There exist continuous 
functions {qn(z,y)} on C with which the polynomials {pn(x,y)} form a 


biorthogonal set: 
0, if km 
Pu ( y) ds = 1, if 


The coefficients of (a) are gwen by the formulas 


f(a, y) qu(a, y) ds. 


The functions {qn(x, y)} depend on C but not on f(a, y). 


If the curve C of this theorem is the unit circle, the situation is classical; 
and if polar codrdinates (p,@) be introduced in the (2, y)-plane, the func- 
tions {p,(z,y)} may be chosen directly as the set of harmonic polynomials 
{p" cos nd, p" sin np}. For the Fourier development of f(z,y) on the unit 


1Presented to the American Mathematical Society, December 27, 1929 and 
September 7, 1934. 
2 Walsh, Bulletin of the American Mathematical Society, vol. 35 (1929), pp. 499-544. 
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circle gives rise at once to a series in terms of these functions, and this series 
converges uniformly throughout the closed interior of the unit circle. 

The report of the theorem just quoted was followed by mention of the 
fact that the theorem would lend itself readily to generalizations. It is the 
purpose of the present paper to contribute one such generalization as follows: 


I. In the (2, y)-plane let G be a limited simply connected 
region whose boundary B consists wholly of simple* boundary points and is 
also the boundary of an infinite region. Let the region G be mapped con- 
formally onto the interior of the unit circle in the w-plane, w =a + iy’ = pe*?, 
by means of an analytic function w = ©(z), z =x + ty, and denote by Cy the 
transform in the (x, y)-plane of the circle p the (2, y’)-plane. Then 
there exist harmonic polynomials {pn(x,y)} and a series of functions {qn(z, y) } 
continuous and biorthogonal on every curve Cy, 0 < p <1, to the polynomials 
{pn (2, y)} 

0, if km 


Y)Qm(2z, y)ds = { 1, if k =m. 


If f(x, y) is an arbitrary function harmonic in G, and if Cy be the transform 
of an arbitrarily chosen circle p= yp, 0 <p <1, then the series 


(1) Sap(t,y), vas, 
k=1 Cu 


converges to f(x,y) continuously* in G. If f(x,y) is harmonic interior to 
Cu, then the formal expansion (1) of f(x,y) found by integration over Cy, 
0<p’ <p, converges to f(x,y) continuously in the region interior to Cy. 
If f(x, y) 1s merely known to be defined and continuous on Cy, then the formal 
expansion (1) of f(z,y) found by integration on Cy is summable (C,) to 
f(x,y) uniformly on Cy, hence summable (C,) uniformly on and within Cy, 
thus furnishing a solution of the Dirichlet problem for the region interior to 
Cy, and the boundary values f(x, y). 


If the region G of Theorem I happens to be the interior of the unit circle, 
the situation is again the classical one, and the functions {p,(x, y)} may be 


*A boundary point is simple if it is contained in just one primend. See Cara- 
théodory, Mathematische Annalen, vol. 73 (1913), pp. 321-370, §§ 44-46. 

*A series is said to converge continuously in a region if in any closed subregion 
the series converges uniformly. See Walsh, Transactions of the American Mathe- 
matical Society, vol. 33 (1931), pp. 668-689, § 2. 
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taken as the harmonic polynomials {p" cos ng, p" sin np}. The curves Cy are 
now the circles pp, 0<y<1; and the biorthogonal g-functions are the 
functions {(1/zp"*') cos nd, sin np}. 

To obtain Theorem I we first consider (in Theorems II and III below) 
expansions of functions harmonic within the unit circle in the (2’, y’)-plane. 
These expansions are not in terms of harmonic polynomials but in terms 
of a set of harmonic functions {p’n(2’, y’) } which approximate to the functions 
{(1/n*)p" cos nd, (1/m*)p" sin nd}. If the approximations be taken suffi- 
ciently close, an arbitrary function f’(2’, y’) harmonic within the unit circle 
can be expanded into a series in terms of the functions {p’n(2’, y/)} where the 
coefficients of the expansion are found with the help of a biorthogonal set of 
functions by integration over an arbitrary circle yp: p=p,O0<p<1. The 
region G of Theorem I is then mapped onto the interior of the unit circle in 
the (2’, y’)-plane of Theorem III and by means of the properties of the con- 
formal map the result of Theorem III yields its analog in the (2, y)-plane and 
gives us Theorem I. 


2. Developments within the unit circle. The point of departure here is 
the following specialization of a theorem of Walsh: ° 


THEOREM IJ. Let the functions {rn(w)}, w=2 + = pe’, be ana- 
lytic for |w|S1+.6,¢>0, and such that for |w|S1+€ we have 


(2) | — (1/n*)w" | = &, (n= 1,2,° °°), 


where the series Xé, converges and the sum of the series Yen? 1s less than 
1/4r. Let 


(3) = p's(2’, y’) = 1/(2n)? 


™(w) on( 2’, y’) + (2’, y’), (n 2, ‘). 


Then there exists a set of functions {q'n(2’, y’)} defined and continuous on the 
unit circle y : p=1 and such that 


_ f 0, if 


Any function f’(2’, y’) which is continuous and of bounded variation on y can 
be developed into a series 


k=1 


5 Proceedings of the National Academy of Sciences, vol. 13 (1927), pp. 175-180, 
Theorem 3. 
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which converges uniformly throughout the closed interior of y, thus defining 
a function harmonic for p <1, continuous for p=1, and equal to f(z’, 7’) 
on y. If f(a’, y’) is merely known to be continuous on y, then the formal 
development (4) of f'(2’,y/) on y is summable (C,) to f(a’, untformly 
on y, hence summable (C,) uniformly on and within y, thus furnishing a 


solution of the Dirichlet problem for the region interior to y and the boundary 


values y’). 


It is seen at once that Theorem II differs from the result as given by 
Walsh only in that the functions {p’,(2’, y’)} have been specialized. For if 
m(w) is analytic in the closed interior of the circle p—1-+ «, the real and 
imaginary parts of +,(w) are harmonic in this closed region. And inequalities 
(2) imply the original inequalities (5) of Walsh’s Theorem 3. For it follows 
from (2) that 


| on(2’, y ) (1/73) p” COS Np | 


| (2’, y’) — (1/4) p” sin no | S (n=1,2,- 
And if the €, of (2) be identified with the e, required by Walsh by setting 
En = €on = (1 = 1,2,- - -), we have, since —0, 
oo co co 
> en? = en? = 2 < 1/22. 
n=1 n=2 n=1 


Theorem II will now be applied to prove the following theorem. 


TuHEorEM III. For | w| <1 let the functions m(w) (n=1,2,- 
be analytic and such that 


(5) | mn(w) — (1/at) | Sr, (n=1, 


where is any fixed positive number less than unity, and where the €, satisfy 
the hypotheses of Theorem II. Suppose further that rn(w) has a zero of 
order n at the origin. Let the functions {p'n(a’, y’)} be defined as in (8) of 
Theorem II. Then there exists a set of functions {qn(z’,y’)} which are 
continuous and biorthogonal to the set {p'n(2’, y’)} on every circle yp: p=P, 
< i: 


it 


where o denotes arc length along yy. If f(2’,y’) is any function harmonic 
within the unit circle y, then the series 


US 
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converges to f’(x’, y’) continuously thruout the interior of y. If ts 
harmonic interior to yp, then the formal development (6) of f’(2’, y’) found 
by integration over yw, 0< p’ <p, converges to continuously in- 
terior to yp. If f(x,y’) ts merely known to be defined and continuous on yn, 
then the formal expansion (6) of f’(2’, y’) on yp is summable (C;) to f’(2’, y’) 
uniformly on yp hence is summable (C,) uniformly on and within yp, thus 
furnishing a solution of the Dirichlet problem for the region interior to yp 
and the boundary values f’(2’, y’). 


To prove this theorem we shall show first that if » be chosen arbitrarily 
between zero and unity, there is a positive e’ such that 


(7) | — w| <1 te. 
From (5) it follows that 
| (w) | r"En/| w |", w =~ 0, |w| <1. 


Moreover, since a,(w) has a zero of order n at the origin, the function 
gn(W) = 7n(w)/w"—1/z* when properly defined at the origin is analytic 
everywhere within the unit circle. The inequalities (5) may be written 


whence by Schwarz’s Lemma 


| <1, 
that is 
| |w| <1. 


By repeated use of Schwarz’s Lemma we finally get 
| gn(w) | S |w| <1. 


Since this last inequality holds for all w of modulus less than unity, it will 
hold when w is replaced by pw, 0 << p< 1. Accordingly we have 


| pl w| <1, 
or 
| (uw) — (1/n4)w" | Srven| wl, <1. 


The quantity ”é, | w |" is not greater than ~, if | w| < 1/A. If then we choose 
@ positive e’ such that 1 + ¢ is less than the smaller of 1/A and 1/p, we have 
the desired inequalities (7). 
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Let f’(2z’, y’) be a function harmonic within the unit circle. Choose a 
number » between zero and unity. By Theorem II the function f’(p2’, py’) 
admits an expansion 


+ on+1 py) 4---, 


which converges uniformly in the closed interior of y. Moreover, there exists 
a set of functions {Gn(2’, y’)} continuous and biorthogonal on y to the set 


and the coefficients of (8) are given by 


But (8) is equivalent to a development of f’(z’, y’) converging uniformly on 
- and within yp, namely, 


= 
where the functions {gn (z’, y’) } are defined by the relations 


Hence for each value of p, 0 < » < 1, there is a set of functions {q,“” (2’, y’) } 
continuous and biorthogonal to the set {p’n(2z’, y’)} on the circle yp. And if 
we let qn(2’, y’) be identified on each circle yp with gn (2’, y’), we obtain 
a set of functions {qn(2’,y’)} continuous and biorthogonal to the set 
{p'n(2z’, y’)} on every circle yn: p<. 

We have yet to show that the expansion (6) formed for a chosen value 
of » converges continuously thruout the interior of y. Let § be any closed 
subregion of the interior of y. There is some number v, 0 < v < 1, such that 
both S and y, are interior to the circle yy: p=v. Then f’(z’,y’) admits 
an expansion 


which converges uniformly on and within yy and hence uniformly in § and 
on yp. But (10) must be the same development as (6). For multiplication 
of these two series thru by 9,(2’, y’)do and integration term by term over yp 
gives the equality of a, and gy. 


| 


f) 
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This completes the proof of Theorem III for the case where f’(2’, ¥’) is 
harmonic interior to the unit circle. The remaining two cases are handled 
in similar manner. 


3. Proof of Theorem I. An arbitrary region of the type described in 
Theorem I can be mapped conformally onto the interior of the unit circle in 
the w-plane of Theorem III by means of analytic functions w= 4(z) and 
z= W(w). The function w= ®(z) may be defined on the boundary B of G 
so as to be continuous in the closed region G@-+ B. We shall suppose that 
this has been done. Moreover each of the functions 


= [&(z) (n = 1, 


can be approximated uniformly in the closed region G+ B as closely as 
desired by a polynomial P,(z),®° and when this approximation is taken suffi- 
ciently close P,»(z) will have by Rouché’s theorem” precisely n zeroes in (. 
Moreover, these » zeroes may be made to coincide ® at the point of G which 
corresponds by the map to the origin in the (2’, y’)-plane. Let the polynomials 
{P,(z)} be so chosen and also so that 


| Pn(z) — [®(z) | SA, zinG-+ B, 


where €, are those of Theorem III. Consequently inequalities (5) will hold 
for |w| <1, if we identify the functions {r,(w)} with the transforms of 
the polynomials {P,(z)}. Accordingly the harmonic polynomials {pn(z, y) } 
are to be chosen as the set of real and imaginary parts of the polynomiais 
{P,(z)} so that their transforms may be identified with the harmonic func- 
tions {p'n(2’, y’)} of Theorem III. 


Theorem I now follows from Theorem III by virtue of the conformal map. 
For if f(z, y) is harmonic in G, its transform f’(2’, y’) is harmonic within the 
unit circle y, and so f’(a’, y’) may be expanded into a series in terms of the 

* Farrell, American Journal of Mathematics, vol. 54 (1932), pp. 571-578, Lemma 
in § 5. 

7 See Bieberbach, Lehrbuch der Funktionentheorie, vol. 1, p. 185. The application 
of Rouché’s theorem here is almost immediate. The function 2, (2) = (1/m)) 
is certainly zero nowhere on the boundary of @. And if the approximating polynomial 
P,,(z) be chosen so that | P,(z) —,(z2)| < 1/7: for z on B, then we have 
| P,, (z) — 2, (2)| < | 2,(2)| for 2 on B. It follows then by the theorem of Rouché 
that the two functions 2, (2) and 2, (2) + [P, (2) —2®,(z)] have the same number of 
zeroes in G, which means that P,,(z) has just m zeroes in G. 

® See Walsh, 7'ransactions of the American Mathematical Society, vol. 26 (1924), 
pp. 155-170, p. 164. 
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functions {7’,(2’,y’)} where the coefficients of the expansion are found by 
integration around an arbitrary circle yp. The series converges continuously 
within y. This means that f(z, y) may be expanded into a series in terms of 
the harmonic polynomials {p,(2, y)}, where the series converges continuously 
in G. In like manner the remaining two cases of Theorem J are readily 
verified. The functions {qn(z,y)} of Theorem I are to be defined by the 


relations 
Qn(@,y) = do/ds, 


where the equation refers to points of Cy and yy» which correspond under the 
conformal map, and where o and s denote arc length along yp and Cy 


respectively. 


UNIon COLLEGE, 
SCHENECTADY, NEw YORK. 


CERTAIN PROBLEMS IN THE THEORY OF CLOSEST 
APPROXIMATION.’ 


By Paut G. HoEt. 


Introduction. This paper is concerned with properties of minimizing 
sums for integrals containing the m-th power of the error of an approximation, 
primarily for values of m< 1. By a minimizing sum is meant a linear com- 
bination of a set of mn suitably restricted, linearly independent functions 
82(@),° *,8n(%) which minimizes the integral 


(1) | —¥(@) |" de, 


where w(x) is a suitably restricted weight function, m is a given positive 
constant, = + CnSn(%) is an arbitrary linear 
combination of the s’s, and f(x) is a given suitably restricted function not 
identically equal to a linear combination of the s’s, to which it is desired to 
approximate by means of the y’s. 

Three properties of minimizing sums are considered here. The first two 
are extensions, with appropriate modifications in statement, of properties of 
minimizing polynomials which are well known for an exponent m > 1, while 
the discussion of the third is believed to be new for m —1, as well as for 
m <1. The paper is divided into three sections corresponding to these three 
properties. 

Throughout this paper, except where explicitly stated otherwise, the 
function f(x) and the properly independent functions s,(x), 82(%),°**, 8n(2) 
are assumed to be bounded and measurable on the interval (a,b), and the 
weight function w(z) to be summable and non-negative on (a,b), but 
positive over a subset of positive measure. The functions s;(x), s2(z),° 8n(Z) 
are said to be properly independent on (a,b) if every linear combination of 
them, in which the coefficients are not all zero, is different from zero on a 
subset of positive measure. Under these restrictions, it can be shown by the 
usual methods of proof? that there exists at least one linear combination of 
the s’s which minimizes (1). Let ¢m(x) denote such a minimizing sum. 
For m <1 there is not in general a unique minimizing sum; therefore, it 
will be assumed that ¢m(x) represents any one of the minimizing sums, if 
more than one exists. 


* Presented to the American Mathematical Society, June 23, 1933. 
* See, for example, D. Jackson, “ A generalized problem in weighted approximation,” 
Transactions of the American Mathematical Society, vol. 26 (1924), pp. 133-154; p. 137. 
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1. The orthogonality property. The purpose of this section is to demon- 
strate that the orthogonality property of a minimizing sum holds, within 
certain restrictions, when the exponent m=1. In the case of m>1, D. 
Jackson * has shown that this property is both necessary and sufficient for a 
continuous minimizing sum of a continuous function. Here the condition will 
be shown to be a necessary one for this more general class of minimizing sums 
and functions, but naturally under more severe restrictions when m 1. 


| f() |" 
f(z) — m(z) 
vided that both it and the expression with w(x) deleted are summable on 
(a, b), 1s orthogonal over the interval (a,b) to every linear combination (a) 
of the s’s; that is, 
| f(t) — $m(z) |™ 
b 
Proof. Let I(h) —{ w|r—hs | dz, where r= f— dm, $ is any one 
a 


of the s’s, and h is a constant. Then J(0) represents the minimized integral. 
Without restricting the problem, it may be assumed that | s(z)| = 1, for the 
assumption can be realized by defining a new set of s’s which are the proper 
constant multiples of the old set. Now form 


(2) 


Let H#,, E., and FH; be the subsets of (a,b) for which respectively r > 0, 

r<0,andr—0. Then the derivative of J(h) at the point h = 0 will exist 

and will be given by 

I(h) —1(0) | r—hs |»—|r|™ 
h h=0 E,+E2+Es h 


THEOREM 1. For m <1 the expression w(z) pro- 


dz, 


(3) I’(0) =lim 


if the limit exists for the integrals over H,, Fz, and HE; separately. Only the 
limit as A approaches zero through positive values will be discussed, but the 
method ‘is identical for the limit from the left. 

From the hypothesis of the theorem that | r|™/r is summable on (a,b), 
it follows that the measure of the set HZ, is zero. Consequently, the integral 
over #, vanishes and its limit is zero. 


In considering the integral over let hi, he, +, hi,* be an arbitrary 
set of positive numbers for which limh; Let g2,° * * denote 
4-200 


*“ On functions of closest approximation,” ibid., vol. 22 (1921), pp. 117-128; p. 126. 


Since {h;} is an arbitrary sequence with limit zero, (5) implies that 
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the corresponding values of the integrand in (3). This set of functions is a 
sequence which satisfies the following three conditions almost everywhere on F;. 

(a) For every value of hi, gi(x) is obviously summable on F. 

(b) lim gs (x) g(a), if, by definition, = — w(x) ms(z) [r(z) 
For, if 2) represents an arbitrary point of 7,, it is possible, from the definition 
of the set to select an hy so small that hi < r(2)/2. Then for hS hi, 
since |s(x)|1, | r(x) —hs(xo) |" = —hs(xo)]™ is a positive 
differentiable function of h; consequently, 


h=0 


h=0 
This limit holds in particular as h approaches zero through the succession of 
values h;; therefore, 


lim 94 (20) = — ms (to) [7 (to) = g (20). 


(c) | 9:(x)| S G(a), if, by definition, G(x) For, 
when r(z) > 2h; and h=/,, the law of the mean may be applied to the 
expression below, considered as a differentiable function of h, to give 


(4) |r—hs |™"—|r|™ = [r—hs]™ — [r]™ = — msh[r — 6,hs]™", 
& <1. 


Furthermore, [r— 0,his]™ < < 2[r]™*. Consequently, because 
of (4) 


| gi(x)| =| wms[r — | S 2mw | | S 2w[r]™. 


When r(x) S 


m~1 
= 10w[r]™. 


| = w 
Hence (c) holds for all z and i, where G(x), by hypothesis, is summable on F,. 

Now, by a well known theorem on Lebesgue integration, the fact that 
{gi(2)} satisfies the above three conditions justifies the limit 


(5) 
100 / F, hi 


dz = — m f ws[r dz. 
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h=0 h 


dz —™m ws[r|™* dz. 
Ey 


The methods used to obtain this limit may be applied to the integral in 
(3) over H, to obtain a similar result. Combination of these three limit 
results gives, 


m b m 
=—m ws de—m de——m ws |r| de: 


Now /(h) is a continuous function of h which has a minimum at h = 0; 
and since it possesses a derivative at that point, the derivative must vanish 
there. Since s represents any one of the s’s, this means that 


WS; dz = 0 (1 = 1, 2, >”), 
r 


which is equivalent to the vanishing integral of the theorem. 

For m=1 the details of the proof are simpler while the theorem 
hypotheses merely require that the measure of EF; be zero. 

If w(x) is positive on (a,b), in addition to its original restrictions, 
Theorem 1 will be found to hold without the summability restriction on | r |"/r. 

It should be noted in the case of polynomial approximation that when 
the orthogonality property holds, it gives at once the information that r(z) 
must possess at least n sign-changes in (a,b), since otherwise y(x) could be 
chosen as a polynomial of degree = »—1 with the same sign as | 1 |™/r to 
contradict the theorem. With n replaced by 2n-+ 1, the same statement can 
be made concerning trigonometric approximation. 


2. Zero multiplicity bounds of the error function f(x) —dm(x). This 
section is concerned with polynomial approximation to a continuous function. 
When f(z) is continuous and m > 1, it is known* that the error function 
corresponding to a minimizing polynomial of degree n—1 changes sign at 
least n times in the interval. When f(z) is continuous and m1, it is 
known ° that the error function changes sign at least n times or else vanishes 
over a set of positive measure. When f(z) is analytic and m < 1, it is known ® 
that the sum of the multiplicities of the zeros of the error function must be at 


* Loc. cit., “ On functions of closest approximation.” 

5D. Jackson, “ Note on a class of polynomials of approximation,” Transactions of 
the American Mathematical Society, vol. 22 (1921), pp. 320-326. 

*D. Jackson, “Note on the convergence of a sequence of approximating poly- 
nomials,” Bulletin of the American Mathematical Society, vol. 37 (1931), pp. 69-72; p. 72. 
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least n. The problem here is to make as definite a statement as possible when 
m <1 and f(z) is assumed to be merely continuous. 

In this section let w(x) be bounded, in addition to previous restrictions. 
As before let r(x) = f(x) —¢m(a) denote a minimizing error function, where 
now ¢m(x) represents a minimizing polynomial of degree =n—1. Since 
r(x) need not have zeros of definite multiplicities, a similar concept will be 
introduced by means of the following definition. 

If az, is a zero of r(x), gx will be called its multiplicity bound provided 
that for every g > gs there exists a positive constant 5, such that the inequality 


(8) | r(x) | = | 


holds for all valueg of for which | «— 2 |< while if < no such 
8, can be found. It can readily be shown that there exists a unique q;, finite 
or infinite, for every zero of a continuous function. 


THEOREM 2. For 0<m< 1 the number of zeros and (1—™m) times 
the sum of the zero multiplicity bounds of r(x) must add up to at least n. 


Assume the theorem to be false. Let ¢ represent the number of zeros and 
u the sum of the zero multiplicity bounds. Then ¢-+ (1—m)u<n. Let 
* Genote the zeros and qi, q2,° the corresponding multi- 
plicity bounds. It is possible then to construct a polynomial p(x) of proper 
degree which has the same sign as r(x) everywhere in (a,b), with | p(x)| <1 
in (a,b), and with zeros of multiplicity p, satisfying the relation 


(9) Qu(1— m) —1< peSque(1—m) +1. 
More explicitly p(x) is expressed by 


where C is a constant. The range of two units in the inequality (9) makes 
it possible to choose py, odd or even according as r(x) does or does not change 
sign at x= 2;. From (9) it follows that 


t t 
(10) 2 Pe = +1] S (1—m)u+t <n. 
This inequality shows that p(x) is of degree <m—1. Now form 


J (h) | r—hp |" de, 


(11) T(h) —I(0) = —| 
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where h is a positive constant to be specified later. Let H,, H., and H; be the 
subsets of (a, b) for which respectively |r| > 2h| p|,h| p|/2S|r|S2h| pl, 
and |r| <h|p|/2. By construction, p(z) has the same sign as r(z); 
consequently integral (11) is non-positive over the sets #, and #, and non- 
negative over H;. Moreover, since J(0) is the minimum value of (1), integral 
(11) must be non-negative for every h. Hence 


w[| r—hp — | = — | r—hp da. 


A contradiction will be obtained by showing that there exists a value of h 
for which this inequality is reversed. It will suffice to prove that 


(12) |" —| r—hp r—hp |"—| r |™]de. 
3 
The mean value theorem may be applied to the integrand on the left to give 


|r (0<&<1), 
=mh|p| |r|""[1— 62h | p|/|r|]™* > mh |p| 


Hence, 
f, w[|r|™"—|r—hp = mh w|p| |r de. 


Consider the integral on the right of (12). Since |r| <h|p|/2 on 


fw hp |™ de. 


By combining these two results, it is seen that (12) is true if 


(13) mf [ri w|p| ae 


Let h be given a sufficiently small positive value ho such that the set F; 
will contain a subset of positive measure on which w is positive. The function 
|p| |r|" has but a finite number of zeros; consequently the integral on 
the left of (13) is positive with h so chosen. Let its value be denoted by K/m. 
Since the measure of H, is non-decreasing as h decreases, this integral is non- 
decreasing as h decreases. That means, for h Sho, 


(14) m =K>0. 
JE 


44 


Over the set H,,|hp| >2|r|; hence 


|p| |p| [2r |r 
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and 
(15) w|p| | bp de f w\p| |r |* da. 
Es 3 


The integrand on the right becomes infinite only at the zeros of r(x). There- 
fore to prove that the integral exists, it will suffice to show that it converges 
at any such zero x in #3. The demonstration follows. 

It is possible from (9) to find a positive number p < m such that 
> —1-+ . If «> 0 is chosen so small that e(1—m) <p, 
then 
(16) Pe > (Me + €)(1L—m) —1. 


From definition (8) there exists a 8. << 1 such that | r(x)| = | «— ay |**¢ for 
|a—az| <8. Moreover, from the definition of p(x), there must exist a 
positive constant R such that | p(r)| R|c¢—a for < &. 
Combination of these last inequalities gives 


(17) | p | | | 2X | for | 2 — Ly | < 


From (16) it follows that the exponent in (17) is >—1. Consequently the 
integral on the right of (15) converges at 2, and hence throughout #,. In 
view of (14) and (15), it is evident that (13) is true if 


K> w\p| de. 
Es 


If now h is allowed to approach zero, the measure of #; approaches zero; 
and therefore this last integral approaches zero with h. But K is independent 
of h; consequently an h can be selected so small that the inequality holds. 
This proves the theorem. 


CorotLary 1. If the number of zeros is not more than nm, the sum of 
the zero multiplicity bounds must be at least n. 


THEOREM 3. If every qx << 1/(1—™m), the number of sign changes of 
r(x) in (a,b) is at least n. 


Proof. Here ¢,(1—m) +1 < 2 and q,(1— m) —1< 0; hence, from 
(9), ~: 1, if r(x) changes sign at a, and p, 0, if it does not. If the 
theorem is assumed to be false, (10) becomes 3, n—1, and the proof 
follows from there on as in Theorem 2. Under this hypothesis, there can be 
only a finite number of roots since at a limit point of roots gx is infinite. 


THEorEM 4. The conclusions of Theorems 2 and 3 and Corollary 1 hold 
if w(x) is not bounded but is such that w(x) | r(x) |"-1 is summable on (a,b). 
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Proof. The details of the proof are identical with those of the above 
theorems through (15), after which the conclusion follows readily from the 
added summability hypothesis. 


3. Continuity of coefficients. The problem of determining the behavior 
of a minimizing sum as the exponent m becomes infinite has been investigated 
in several papers.’ The main result of these investigations has been to show 
that in the case of polynomial approximation to a continuous function the 
minimizing polynomial, for m—> «, approaches the Tchebycheff polynomial 
of best approximation as a limit. However, no attention seems to have been 
given to the corresponding problem of determining the behavior of a mini- 
mizing sum as the exponent m approaches a finite value. The purpose of this 
section is to investigate that problem to the extent of showing that under 
suitable restrictions the coefficients of a minimizing sum are continuous func- 
tions of the exponent m. 

In addition to the original set of restrictions, let w(z) be non-vanishing 
almost everywhere on (a,6). It will be assumed that | f(x)| <1, since if 
the condition is not fulfilled originally, the said coefficients merely need to be 
multiplied by a suitable constant factor. It will also be assumed that f(z) 
and the s’s form a set of n + 1 properly independent functions; for, otherwise, 
the minimizing sum is identical with f(z) almost everywhere on (a,b), for 
every m, and the problem of dependence on m becomes trivial. First, a neces- 
sary lemma will be proved. 


Lemma. The absolute values of the coefficients of ¢m(x) have an upper 
bound independent of m for «a= mS £, where a and 8 > « represent any two 
positive numbers. 

b 
Proof. Let J represent the integral (1) and J = f w(x) | 0(x)|™ da, 
a 
where 6(z) is an arbitrary linear combination of f(x) and the s’s with its 
least upper bound —1. Then, by the same proof as that given in a paper by 
D. Jackson,® it can be shown that 
(18) | ce | = 
where B is a constant depending only on f(z) and the s’s, and Am is the 
minimum value of J. WhenJ < Am, | cx | S B; otherwise, | c, | = B(J/Am)**; 
and so in all cases 


7G. Polya, “Sur un algorithme ... ,” Comptes Rendus, vol. 157 (1913), pp. 840- 
843; D. Jackson, loc. cit., “On functions of closest approximation”; J. Shohat, “On 
the polynomial of the best approximation to a given continuous function,” Bulletin of 
the American Mathematical Society, vol. 31 (1925), pp. 509-514. 
® Loc. cit., “ A generalized problem in weighted approximation.” 
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(19) | cz | S + (J/Am)¥4]. 
For a fixed 6, since | @| <1, | 6|™ is non-increasing as m increases, for 


b 
each z, and cof w|6\|" da is a non-increasing function of m. Hence, for 
a 


jor 

b 
ed every 0, w|0|8de=Ag. Therefore An = Ag. 
ow 
™ When only minimizing sums are considered, 
al b b b 

“nl a a a 


since | f(a) | = 1 and zero may be regarded as a particular linear combination 
1§ 
of the s’s. 


When these inequalities are applied to (19), | cx | for will be 
r found to have an upper bound independent of m over the range (a, 8). 

As a consequence of this lemma and the fact that f(z) and the s’s are 
: bounded, there must exist a K > 1 independent of m such that 
| 
(20) | f(x) —dm(2)| << K 
) THrorEM 5. The coefficients of ¢m(x) are continuous functions of the 


. exponent m for every value of m > 0. 


Proof. When m > 1, ¢m(«) is uniquely determined for each value of m. 
When m = 1, in the absence of further restrictions, this is not necessarily the 
case. The property of continuity then requires special explanation, which will 
be given later. Introduce the notations: 


I(m, c”) w(x) | f(x) dome w\|r|™ dx 

0) f° w(2) | f(@) dam f° w |r ae 

I(p, w(x) | f(x) — dp (a) |# de= dx 

I(m, 0%) w(2) | (a) |" dems ae 


Since J(m,c™”) and I(p, c*) are minimized values for exponents m and p» 
respectively, 
(21) I(m, om) <I(m, ct); <I (p, 


Consider the difference 


= 
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This difference does not exceed a quantity which may be written as 


b b 
(22) f dz, or f, | dz, 
a a 


according as » > m or »<m. Both of these integrals have the limit zero 
as w approaches m. This is shown as follows. 
Let « be any positive quantity such that «) = («€/4W)?/“ <1, where 


w(x)dx. Let and FL; be the subsets of (a,b) for which 


respectively | z |S, and |z|>1. Choose | 
and consider for » < m the last integral in (22) in the three parts corre- 
sponding to these three sets. For the first part 


Ey, 


w | 2 dr S €,%/? w dz S «/4. 
By Ey 


For the second and third parts, because of (20), 


J, dex Ke w||2|m#—1| de. 
E2t+E3 


The two parts of the integral on the right satisfy the inequalities 


E2 
do— w[| 2 —1)W. 


Identical results hold for the first integral in (22). Combination of these 
results gives 


| —I(m, c#)| «/4 + (1 + — 1)]. 


Since ¢, and K are independent of | »— m.|, the second term on the right 
can be made < «/4 by a sufficiently small choice of | »— m |, say 8. Hence, 


(23) | I(p, c#) —I(m, for | ~— m | < 


Since m and y may take on any positive values, they are interchangeable here; 
hence, 


(24) | I(m, e™) —I(p, S€/2 for |»—m| <6. 
When » differs from m by less than 8, (21) and (24), and (23) and (21) 
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combine to give the inequalities I(p,c“) SI(m,c”) + and 
I(p, c#) = I(m, c#) —«/2 = I(m, c™) These are equivalent to 


(25) | —I(m, for |p—m| <8. 


Finally, combining (23) and (25) gives: | I(m,c™) —I(m,c*)| Se for 
|»—m|<6. But this says that 


(26) lim (m, =I1I(m,c”). 
u->m 
The continuity proof results in interpreting this limit as follows. Let 
pis (t=1,2,-- -) be an arbitrary set of values of » such that lim wij =m. 
41-00 
Then from (26) 
(27) lim I(m, c#*) =I(m, c™). 
i->0O 


When m > 1, there corresponds to each value of p; a unique set of 
coefficients c“*, which may be thought of as the codrdinates of a point in an 
n-dimensional space. From the lemma, these points are bounded and thus give 
rise to at least one limit point as 7 becomes infinite. Since J(m,c*“) is a 
continuous function of c#, the limiting value of J(m, c#+), as 1 becomes infinite, 
is the value taken on for the set corresponding to a limit point. But uniqueness 
for m > 1, because of (27), requires that the set of coefficients corresponding 
to a limit point be identical with c™. Hence, there can be but one limit point, 


and lim c4## = c”™. Since yw; is an arbitrary set approaching m, this is sufficient 
4-00 


to prove continuity because it implies that 


(28) lim c# = c™. 

When m= 1, the functions [(m,c“) and c# are to be thought of as 
multiple valued functions of » possessing as many values as there are mini- 
mizing sums for that exponent. The reader will find, upon carefully examining 
the details of the last paragraph, that the same type of argument applies to 
arrive at (28), the limit to exist in this multiple valued sense. Here the 
continuity referred to in the theorem means that for every « > 0 there exists 
a §>0 such that for every » for which | ~»—m| < 4, every dy will have 
coefficients differing from those of some one of the dm by less than e. 


Rose POLYTECHNIC INSTITUTE. 


REGULAR CONVERGENCE AND MONOTONE 
TRANSFORMATIONS. 


By G. T. WHyBurn. 


In a recent paper * the author defined the concept of regular convergence for 
a sequence of sets relative to r-dimensional cycles. A convergent sequence of 
closed sets [An] is said to converge regularly relative to r-dimensional cycles, 
or simply r-regularly, provided that for every « > 0 there exist positive num- 
bers 6 and W such that if n > NW then any r-dimensional complete (Vietoris) 
cycle in A, of diameter < 6 is ~ 0 in a subset of An of diameter <«. It was 
shown that in the case of every type of set there studied (i.e., simple arcs, 
simple closed curves, topological spheres and closed 2-cells), regular con- 
vergence relative to 0-cycles for a sequence [An] yields as a limiting set A 
a set either of the same topological type as the members of the sequence or a 
set which can be produced by an upper semi-continuous decompositi n? of 
such a member into continua. In other words, the limiting set is always of 
such a nature that it can be represented as the image under a monotone trans- 
formation * of a member of the sequence. This suggests the possibility of an | 
intimate connection existing between regular convergence and monotone trans- 
formations, and in the present paper a theorem giving the exact nature of this 
relationship will be established (see Theorem 2 below). 

We shall assume that all sets considered are imbedded in a compact metric 
space. The distance between two points x and y is denoted by p(z, y), the 
diameter of a set X by 8(X) and the e-neighborhood of a set X by V.(X), i.e., 
V.(X) is the set of all points y such that for some re X, p(z,y) <«. We 
use the arrow — to indicate convergence rather than to show bounding rela- 
tionships. Thus A,—> A means that lim-sup A, —liminf A, =A. All our 
cycles are non-oriented. A complete (Vietoris) r-dimensional cycle will be 
denoted by y". A closed set A is said to be locally y’-connected * provided that 


*See my paper “On sequences and limiting sets,” Fundamenta Mathematicae, 
vol. 25 (1935). 

*See R. L. Moore, “Foundations of point set theory,” American Mathematical 
Society Colloquium Publications, 1932, Chapter V. 

*See C. B. Morrey, American Journal of Mathematics, vol. 57 (1935), pp. 17-50, 
particularly p. 26. 

“Compare with Alexandroff, Annals of Mathematics, ser. 2, vol. 30 (1928), p. 181; 
and Lefschetz, “Topology,” American Mathematical Society Colloquium Publications, 
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for every « > 0 there exists a 8 > 0 such that any y" in A of diameter < 6 is 
~ 0 in a subset of A of diameter <«. For a systematic treatment of the 
combinatorial notions used the reader is referred to the papers of Vietoris and 
Alexandroff.® 


THEOREM 1. If the sequence of closed sets [An] converges to the limiting 
set A regularly relative to s-cycles for everys Sr, then A 1s locally y"-connected. 


Proof. By virtue of a previous theorem of the author’s ® we have only to 
show that for e¢ > 0 there exists a d > 0 such that, for any e > 0, positive 
numbers 6 and WN exist such that ifn > N, then any r-dimensional 8-cycle in Ay 
of diameter < d is ~ 0 in a subset of An of diameter <¢. To this end let 
e>0 be given. By virtue of the r-regular convergence there exist positive 
numbers d and N, with 3d < e/3 such that if n > N, then any y" in A» of 
diameter < 3d is ~ 0 in a subset of A, of diameter < e/3. 

Now let « > 0 be given and let 8, = min(e,d). By virtue of the (r —1)- 
regular convergence, there exist positive numbers 8,-, and N;_, such that if 
n > Ny.1, then any y’* in A, of diameter < 38,1 is ~ 0 in a subset of An 
of diameter < 6,. Likewise, by virtue of the (r—2)-regular convergence, 
using 6,-, we have positive numbers 8,-. and N;-2 such that if n > Ny-2, then 
any y’-? in A, of diameter < 38,-2 is ~ 0 in a subset of An of diameter < 3,-1. 
Similarly, using 5,2, the (r—3)-regular convergence gives us numbers 3,-, 
and NV,_3, and soon. Continuing in this way we reach numbers 4) and NV, such 
that if n > No, then any y° in A» of diameter < 38, is ~ 0 in a subset of A» of 
diameter < 8,. We may suppose the 8’s chosen so that 5, > 8-1 > 8. 


Let us now take § = 8 and N = > N;. We shall show that this choice of 8 


and WN satisfies the required conditions for the given « relative to d and e. 

To this end let n be any integer > N and let C* be any r-dimensional 
8-cycle in A, of diameter << d. Let A= (2, -,2%,) be any r-simplex in 
C". Now since 8(A) < &, it follows by 0-regular convergence that each 
1-dimensional side (z;, z;) of A bounds a 1-dimensional semi-cycle? 24; in Ap 


1930, pp. 91-92. See also the author’s paper in the American Journal of Mathematics, 
vol. 56 (1934), pp. 133-146. 

5 See, for example, Vietoris, Mathematische Annalen, vol. 97 (1927), pp. 454-472, 
and Fundamenta Mathematicae, vol. 19 (1932), pp. 265-273; Alexandroff, loc. cit., 
pp. 101-187, and Mathematische Annalen, vol. 106 (1932), pp. 161-238. 

*See my paper “ On sequences and limiting sets,” loc. cit., Theorem (1.4). 


"If s>0 and Z**= (z2,,z,,---) is a complete cycle of dimension s—1, then 
by an s-dimensional semi-cycle bounded by Z*~* is meant a sequence of s-dimensional 
complexes Cs = (c,,c,,- - -) where c; is a ¢;-complex bounded by z,;, where o, >0 and 


where, for any given e > 0, C5 Oy for i sufficiently large, in the sense that if K; is 
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of diameter <8, Now for each 2-dimensional side (2j,2j,2) of A, 
= Vij + + is a in A» of diameter < 38,. Hence by 1-regular 
convergence, since N > N,, it follows that ci; bounds a 2-dimensional semi- 
cycle aij, in A» of diameter < 8. Similarly, for each 3-dimensional side 
(2, Lj, Ux; Tm) of A, Cijkm = Lijx + Lijm -+- Likm + Likm is a y’ in A, of diameter 
< 38. Thus Cijxm bounds a 3-dimensional semi-cycle Xijxm in An of diameter 
<8. Continuing in this manner we eventually obtain, for each (r—1)- 
dimensional side %i,,° -,2i,,) of A Cigt,...i,, In An of diameter 
< 38,2. By virtue of the (r— 2)-regular convergence, since N > N,;-2, this 
y’* bounds an (r—1)-dimensional semi-cycle 2;,i,...4,. in An of diameter 
<8... Then 2% i,...4,, 18 in An of diameter < 38,.;. 
Accordingly it bounds an r-dimensional semi-cycle 2,2,.., in An of diameter 
< é,. The sum of all such semi-cycles 2,.,,., for all r-simplexes A in C” is 
ay", say Z, in An of diameter < d+ 28,= 3d. Furthermore, if we write 
Z = (%,%," * *) a8 ay", it is readily seen that we have C’ ~ % in a subset 
of A, of diameter < d + 28, S 3d < ¢/3, for every k. ‘Whence, C’ ~ 2 for 
all k, since 6, Se. 

Now since < 3d and since n> N >WN,, it follows by r-regular 
convergence that Z~0 in a subset of A» of diameter < e/3. Thus for k 
sufficiently large, we have 2, —~ 0 in a subset of A, of diameter < e/3. There- 
fore we have C’ ~%—~0 in a subset of A, of diameter < e, as was to be 
proven. 


CoroLttary. Under the hypothesis of Theorem 1, A 1s locally y*-connected 
for everys=r. 


Definition. If A is compact and metric and the transformation 7'(A) = B 
is continuous, then 7’ is said to be r-monotone provided that for each b « B all 
the connectivity (Betti) numbers of 7-1(b) of dimension = r vanish. For the 
case r = (0) this reduces to the ordinary monotone transformation as defined by 
Morrey (loc. cit.). 


THEOREM 2. Let the sequence of r-monotone transformations T,(A)= Bn 
converge uniformly to the limit transformation T(A) =B. In order that the 
sequence [B,| converge to B s-regularly for every sr it is necessary and 
sufficient that T be r-monotone and that B be locally y*-connected for every 
r. 


Proof. Toprove the conditions necessary, suppose that B, — B s-regularly 


any s-dimensional complex of sufficiently small norm bounded by +2 the s-cycle 


i+f? 
K,+0¢,+ bounds an (8 + 1)-dimensional e-complex. 
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for every sr. Let s be any integer <r, let be B, let K —T-*(b) and let 
«> 0be given. We shall show first that every y* in K is ~0 in V,(K). 

Now there exists a neighborhood of such that T*(B- R) C Vey2(K). 
There exists an integer N, such that for every n.> Ni, Tn*(Bn- R) C Ve(K). 
Also, by virtue of the s-regular convergence, there exists an N, such that for 
every n > No, T,(K) CR and every y* in T7,(K) is ~0 in B,- R. Now let 
C be any y* in K. Let n be a fixed integer > Ni, + Nz. Then T,(C) is a 
y’in B,- R; and since T,(C) C Tn(K), we have T7,(C) ~0 in B,- R. Now, 
taking B,-R—S and T,7*(B,-R) =K CV.(K) and applying Vietoris’ 
result (10),® it follows that since T,(C) ~0 in B,:R, C must be ~0 in 
Tn (Bn: R). Whence, C~0 in V.(K). 

Now from this it results at once that any such cycle C in K must be ~ 0 
in K. For let C = (4%, 2,: - -) and let e >0 be given. By what was just 
shown it follows that for k& sufficiently large, z, bounds an «/3-complex K,*** 
in V./s(K); and clearly this complex projects by an ¢/3-projection ® into an 
e-complex K**! in K bounded by z. Thus we have shown that any complete 
cycle C in K of dimension = r is ~ 0 in K, and accordingly T is r-monotone. 

Finally, that B is locally y’-connected for every s = r is a consequence of 
Theorem 1. Hence the conditions are necessary. 

To prove the sufficiency of the conditions, we suppose the contrary. It 
follows that for some s = r, some ce > 0 and some infinite sequence of integers 
(mn) we have carriers Cn C Bm, of complete s-dimensional cycles Z, such 
that C, — b « B but such that for no n is Z, ~ 0 in any subset of Bm, Voe(b). 

We note first that if Wn(z) = TnT-(x), for each ze B, then [Wn(z)] 
converges uniformly to the identity transformation W(z) =a on B. Now 
for the given «, let us determine § < « as given by the local y*-connectivity 
of B. Then by the uniform convergence W,(z) — W(z), it follows that there 
exists an NV such that if n > N then W,(2) C Vos 2(x) for every xe B. This 
gives 


(i) WalB-Vos2(b)] C Vs(b) and Vsy2(b)] Va(d) ; 
and since e > 8, we have likewise 
(ii) Ve(b)] Voe(d). 


Now let us determine an integer k so that m, > N and C; C V5,/2(b). Then 
since C, C Bm,, (i) gives We (Cx) C V(b). Now by Vietoris’ result (6) 


® See Mathematische Annalen, vol. 97 (1927), p. 469. 
*That is, for each vertex x, in K,8+1 which is not already in K, we substitute a 
point 2 of K with p(z, < 
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[loc. cit., using & = C;, and K = Ty, (Cx) ], it follows that Te (Cx) carries an 
s-dimensional complete cycle Z’, such that T'm,(Z’%) ~ in Cy. Since 
T(Z’%) © V(b), it follows that T(Z’,) ~0 in B-V,.(b). Thus, since T is 
r-monotone, it follows by Vietoris’ result (10) (loc. cit.) that Z2%~0 in 
T“[B-V.(b)]; and by (ii) and the continuity of T'm, it follows that 
Tm,(Z’x) ~ 0 in Bm, Voe(b). But since ~ T'm,(Z%) in Cx, and 
Cy C Bm,* V(b), this gives Z, ~ 0 in Voe(b), contrary to supposition. 
Thus the supposition that the conditions are not sufficient leads to a contra- 
diction, and the theorem is proven. 


Coroiuary. If the sequence of r-monotone transformations T,(A) =B 
converges uniformly to the limit transformation T(A) = B and if B 1s locally 
y*-connected for every s Sr, then T is r-monotone. 


For, in the case of a sequence of the type [B, B, B,- - -], it is readily 
seen that s-regular convergence of the sequence and local y*-connectivity of the 
set B are equivalent. 


Note. Let r= 0 and let us suppose all the transformations 7, in Theorem 
2 are homeomorphisms. Consider the following choices for A: (1) the interval 
(0,1), (2) the circle z?-+ y?—1, (3) the sphere 2? + y?+ 2? —1, and 
(4) the closed circular region 2? -+-y?=1. Then the sequence [Bn] is, 
respectively, a sequence of (1) simple arcs, (2) simple closed curves, (3) topo- 
logical spheres and (4) closed 2-cells. Now Theorem 2 tell us that if B, > B 
0-regularly, then the transformation 7'(A) — B is monotone (= 0-monotone) ; 
and thus by known results,’° in these cases, B is respectively, a (a) simple arc, 
(b) simple closed curve, (c) cactoid, (d) hemi-cactoid. Thus it might appear 
at first glance that we have obtained the principal end-results of the author’s 
paper “On sequences and limiting sets” (loc. cit.) by direct application of 
the more general Theorem 2. However, this is far from the case. For, in 
order to obtain these conclusions about B in the cases (1)-(4), the “ analytic” 
or “ transformation ”. representations 7’,(A) = Bn, of the sets By, on a base 
set A are entirely superfluous. It may very well be possible, given a 0-regularly 
convergent sequence [Bn] of sets of types (1)-(4), to introduce the trans- 
formation representations in such a way as to get uniform convergence; but 
until this can be demonstrated, the direct methods employed in the earlier 
paper, even though restricted for the present to the lower dimensions, are 
much more effective in treating cases such as the ones here exemplified. 


UNIVERSITY OF VIRGINIA. 


1°See Moore, loc. cit., and Morrey, loc. cit. 


ON SOME ASYMPTOTIC RELATIONS FOR THE CHARACTERISTIC 
VALUES OF THE ELLIPTIC DIFFERENTIAL EQUATIONS. 


By H. L. 


Let 


+ C (a, Y) Uyy D(a, Y) Uo + Y) Uy + F(z, y)u 


be an elliptic differential expression defined in the region 7’ which is bounded 
by a simple closed curve R. We assume that # has a continuously turning 
tangent and that the coefficients A(z,y),B(2,y),-°-+,F(2,y) have con- 
tinuous partial derivatives of the first three orders in T' + R. 

Let Ai, A2,° (Ag SS be the C. V. (characteristic values) of the 
differential system 
(A) Iu =m, Mv =u 


where M is the operator adjoint to Z and each C. V. is counted a number of 
times equal to its multiplicity. 
In this paper we propose to show that * 


4rn 
f f 


This result was proved by Geppert * [3] for the case A = C —1, B = 0, and 
then from this result of Geppert’s it was shown by Gheorghiu [4] that if 


An = 


S| |) are the C. V. of the system 
(B) 
[2]r = 0, 
the series 
1 
om | on 


converges for every e > 0. We shall show that this result is also true for the 
general case. 


1—~ is read “is asymptotically equal to.” 
2See the bibliography at the end of the paper. The number in square brackets 
indicates the particular article referred to. 
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in 
is 
at 
d 
L(u) = A(a, y) + 2B(a, y) 
/ 


H. L. KRALL. 


Discussion of the system (A). By a solution of (A) we shall mean a 
pair of functions satisfying (A) and possessing continuous partial derivatives 
of the first two orders in 7’ +R. These functions also satisfy the integral 
equations 


u(z,y) =A f f P(x, y, &9)0(& 9) dédy 
T 


(C) 
v(z,y) r(é, y)u(é, d&dn, 


and as well the equations 


u(z, y) =}? Ss (2, n) d&dn ; 
(2, y,é,) = y, 7, 8) T(E, 9, 7, 8) drds, 


y) =)? SJ (2, Y; é, 0) 1) d&dn ; 
(2, y, €,9) = 8, 2, y) T(r, 8, drds, 


where I'(z, y, €,4) is the Green’s function (or extended Green’s function) of 


the operator Z with the boundary condition [T(z2, y, é,7) | tea” 0. The 
existence of such a function has been proven by Girard ([5] see especially 
page 222). 


EK. Schmidt [8] has shown that the C. V. of (C) are positive and that 
the corresponding solutions build a complete set. Hence any piecewise con- 
tinuous function can be approximated in the mean by a Fourier series of the 


{un} or {mn} where wn, are normalized, Un?dady = 1 ) , char- 
T 
acteristic functions corresponding to An. 


THEOREM. The C.V. of (A) are identical with the C. V. of 
MLu—d*u = 0 


D 
[Lu]n—0, 
and 
(D’) ILMv — = 0 


Moreover the multiplicity of each C. V. is the same. 


By a solution of (D) or (D’) we shall mean a function satisfying the 
system and possessing continuous partial derivatives of the first three orders 
and piecewise continuous derivatives of the fourth order. 
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The solutions of (A) have continuous derivatives of the first four orders 
(Hopf [6], p. 210); accordingly, we may operate with M and L respectively, 
which shows that the solutions of (A) satisfy (D) and (D’). 

Now suppose that d’ is a C. V. of (D) but not of (A). Then 


MLw — = 0 


Multiply the first by wn, the second by w’, subtract and integrate, then 


f f [ M Lae’ — uM — (An? — £ f unu'dedy, 


f Unu' dady = 0. 
T 


Since the set {un} is complete, it follows that u’=0 and X’ is not a C. V. 
Suppose now that associated with the C. V. A, there are n linear in- 


dependent normalized (f f u?dady — 1 ) solutions of (D) namely 


Uy, *,Un, and ¢ (tn) linear independent solutions of (D’), 
V1, *, Vt. We shall produce n linear independent solutions of (A) which 
will show that the multiplicity is the same throughout. 

Let 


t 
ini, f f vjL (us) dedy. 
j e 
T 


=1 
We wish to show that (ie, 0s) is a solution of (A). Set 
t 
j=1 


t 
Js = Mi, — = (vj) — 
Then 
Mf, =— Js; IMf, = 
Lgs =—Afe, = 


Accordingly (— gs, fs) is a solution of (A) and f, is a solution of (D’) and 


t 
we must have fs = >) dsjvj._ Then 


j=l 
t 
= ff favjdady = ff vjLusdady > anf 
k=1 
= ff vj;Lusdxdy — ras; = 0. 
T 
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Since we must have g,—0 and then (i, are solutions of (A). 
Moreover we must also have n =¢, for otherwise there would exist non-zero 


n 
constants {c;} such that c,d; —0, and then 
i=1 


which is a contradiction. = 

The mazimum-minimum property of the C. V. In the following theorem 
(Courant-Hilbert [2, p. 326]), we use ¢ to denote a general function having 
continuous partial derivatives of the first three orders in T + FR and piecewise 


continuous partial derivatives in 7’. 


THEOREM. Let &,,&,°-°-,€n-1 be arbitrary piecewise continuous func- 
tions in T’, and let g(&1, €2,° - +, €n-1) be the lower bound of minimum of 


K($) = f do 


for all admissible functions $ satisfying 


SJ 
ff $éido — 0 4) 


T 

Let rn» be the n-th C.V. of (D). Then d,? ts the maximum value which 
9 *,€n-1) can assume, and this maximum-minimum value will be 
taken for = U1, = * = Un-1, = Un. 


The Euler equation of this Calculus of Variations problem is 
MLIu —*u = 0, and this equation must of course be satisfied by the mini- 
mizing function. We would not change the lower bound by demanding that 
[L(¢)]z—=0, because (Geppert [3]) we can approximate every by an 
admissible function y such that [L(y)]r—0 and K(#) differs from K(y) 
by an arbitrarily small amount. 

To prove the theorem consider 


w(P) cu(P), (us(P) = us(2, y)). 


The {ci} can be determined so that w(P) is an admissible function. Then 
using Green’s formula we have 


the 


Ma 


Bu 


| 

7 
WwW 
Ww! 
a 
sO 
| 
ig 
| n 


TO 


e 
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K(w)—= [L(w) ]2do = ff wM — S da? — 
r on i= i= 


Accordingly 
g(&1, Es, €n-1) = K(w) = An’. 


Now take & = = The function ¢ generates 


the series 


o(P) ~ diu(P), dude). 
T 
Making use of Parseval’s identity and the identities 


SJ fgdo = figs, SJ $M Ludo = 


we have, since ¢; = ¢2 =: dn-1 = 0, 
oo oo 
e 4=1 4=1 
T 


But for ¢ =u, we have K(¢) =An”, which completes our proof. 
Transformation of K(). Lichtenstein [7%, p. 38] considered the expression 
L,(w) = AywWee + 2B Way + CiWy + + + 


where A,C, — B,?—1. H_ showed that functions Y(2z,y), Y(z,y) exist 
which are solutions of (0/dr) (A,U2 + B,Uy) + (0/dy) (Bi\U2 + CiUy) = 0, 
and which transform the region in a one to one manner into the region 7”, 
so that, setting w(x, y) = W(X, Y) 
L,(w) L/,(W) =8(Wxx + Wry) + D'Wx + + PW 

§ = A,X,” + 2B, X 7X, + 

D’ = {D, — (Ai) — (Bi) y} Xe + — — Ci 

= {D, — (A1)2— (Bi)y}Vo + — (Bi)e— (Ci) y} Vy 

These functions X(z,y), Y (2, y) must have continuous partial derivatives of 
the first four orders (Hopf [6], p. 210). The Jacobian of the transformation 
is 6, and 

dxdy = (1/8) dXdY (8>0). 


Setting (AC — B?)%, A, = A/a, Bi = B/a,: -, = we can write 


K($) ]? dedy. 
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Thus the transformation gives us 


K(¢) = = ff (a?/8) (8@xx + dbyy + + H’by + F’H)*dXdY 


[2(®) 
where 


$(z,y) = Y), = + + aby + bby + 
pe = «8%, b = aH’ 
a= aD’/8%, f = 


In the new variables the conditions on ¢ become 


fj —1 (p—1/8>0), 


[o]z = = [L(¢) lz = [£2 (2) = 0. 


Accordingly 
An? = Maximum-Minimum K(¢) 


where the admissible functions ® satisfy the above conditions. 
In the same manner as before we can show that the {Aj} are the C. V. 
of the system 
MLU — r*pU —0 
(E) = [£(U) =0 
M — operator adjoint to &. 


Our proof of the maximum-minimum property required that the set {Un} 
of characteristic functions of (E) be complete. This completeness follows 
from the fact that the system (E) is equivalent to the integral equation 


where G(P,@Q) is the Green’s function (ordinary or extended) of the 
operator L. 


An asymptotic relation for the C.V. We start with a discussion of the 
system 


| 
( 
| 
| | 
| 


dY 
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A(pAW) =0 


F A = @?/0X? + 6/0Y? 
() 
where the p and p are defined above, and of course are greater than zero in 7”. 


Then 
1,? Max-Min — Max-Min f p(A®)*dXdY 


where the admissible functions ® satisfy the same conditions as before. 

Let A(l) denote the number of C. V. less than or equal to 1. Now if 
p(P) is replaced by p’(P) where p’= p the minimums /(é,, én-1) 
of H(®) cannot be decreased. Hence In? = Wo,- -, Wn-1) cannot be 
decreased and A(/) cannot be increased. If p(P) is replaced by p’(P) where 
p Sp we introduce ® — k® where & is such that 


f f do f f < f f pttde 


Consequently = 1 and 
H(®’) =k?H(*) H(®). 


Accordingly 7, cannot be decreased and A(/) cannot be increased. 
We now use the following lemma (Courant and Hilbert [2], p. 330). 


Lemma. Let T;,72,- + - be non-overlapping sub-regions of T and let 
Ay,(1) designate the number of C.V. less than or equal to | for the region 
T;, then 

A(1l) = An,(1) + Ap,(1) 


We divide 7” up into a network of squares 7; of side 6. In square 7; 
replace p by its maximum py, and replace p by its minimum pm,, then Ar, (1) 
cannot be increased. Accordingly if A’r,(1) refers to 


pu — Lom, & = 0 
[®]z = [A®]z = 0, 
we must have 
Ap,(l) A’y,(1). 


But this last system is equivalent to the system 


Ae —1 —0 
PM, 


0, 
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and we have (Courant and Hilbert [2], p. 355) 


Hence 
A(l) = + (1) 
=~ l 


To obtain an asymptotic lower bound for /, set 


V pp,’ = ff + by?) do 


| D(@) ff &(Sxbx + Syby)de 
a 


then 


| 
VH(%) =| D(*)| — + Syby)do 
SS | 
VH(#) = —c D(®)*% (c =a positive constant). 


Let r, be the maximum-minimum value of D(6@) where the admissible 
functions 6 are continuous and have piecewise continuous first derivatives and 


p??do = 1 


This D(6) can be approximated by D(®) where ® is some function of our 
former class. Hence rp is the n-th C. V. of the system 


(SOx) x + (S6y)y + tp) =0 
— 0. 


We have the relation (Courant and Hilbert [2], p. 355) 


satisfy 


| 
| 
| 
8? pm, 
(1) — 1. 
| 
| 
i idl 
| = % Pu, | 
AMEE f (VE ao; 
p 
| : 
| 
| 
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4arn 


Now 
€n-1) = Lower Bound = Lower Bound [D(®)— cD(#)*]. 


If we draw the graph of the curve y= «— ca% we see that the lower 
bound on the right is either less than zero or is taken on when D(®) is least. 
Hence if is so large that tn > c?, we can find a set of {&} so that lower 
bound of D(@®) is greater than c*? and for this set, the lower bound will be 
taken on when D(@) is least. Thus for s = n we have 


l, = Max-Min VH(#) 
= Minimum for & = 6; (t= 1,2,---,s—1) 
= Minimum [D(®) —c D(®)*] for &=6 
= D(0,) —c D(0,)* = — 5% 


We have the result 


lL, 
SINE ae 
p 


Now we return to the system (E) and look for the extremal of 


K(®) [8(#)]* do. 


Let c represent a constant depending on a, b, f, p and p, then 


ff do sof ff do ff do 


| SJ 2fp'@(A®) do | <¢H(#)* 


<cD(#)* H(®)* 
| SS 2ab@xPydo | Sef f (@x? + do c D(4). 


Making similar estimates for the other terms in K we obtain 


4ors 
fve de 
p 


K(®) 


D% = 0(H%) 


K(®) 


H(@) takes on its minimum. 
Using k(é:, &,° - 
bering that 


we have for n sufficiently large 


— S k(Wi, Wa, 
An® S -, 
+ O(In*/*), 


wherefore 
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— H(®) + 0(D% H%) + 0(H*) + O(D). 


VH = D—c D* = (D* — ¢/2)? — 


— H(®) + 0(H%). 


The terms in the expression O(H%) are algebraic, consequently the 
derivative dK /dH will be positive for H sufficiently large. 
N exists such that for H > N, the minimum of K(#) is taken on when 


-,én-1) to denote the minimums of K(®) and remem- 


An? = k (U3, 
== h(W,, W2,° 


k(U,, U2, ° 
Un-1) + O(h(Ui, 


This means that 


Un-1) 
Wrz ) ? 


Un-1) An? 
Un-1)*) 


forming to the variables x, y we have 


Arn 
An = Ll, = = 
T 


But p=1/8, p= a8, «= VAC — B’, 


dxdy = (1/8)dXdY, hence trans- 


Consideration of the system (B). 


(B) 


An = 
S VAC —B 


Lz+oz=0 


The solutions 2,(z,y) satisfy the integral equation 


f 4 y, & 9) 9) dédn. 
T 
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Hence the {on} are the zeros of the Fredholm determinant relative to the 
kernel I'(z,y,&,7). The C.V. An are the zeros of Fredholm determinant 
relative to the kernels I’, (2, y, €,7), T2(2, y, €,) associated with T'(2, y, &, 7). 


Gheorghiu [4, p. 29] has proved that if the series > (1/An%) converges, 
n=1 


. 
the series > (1/| on |*) must converge, where of course the terms containing 


n=1 


oi = 0 are omitted from the series. Setting «= 1-+ we have the result, 


fo 
= (1/| on |**) 
n=1 
converges for every « > 0. 


PENNSYLVANIA STATE COLLEGE. 
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GEGENBAUER FUNCTIONS WITH A NEGATIVE INDEX. 


By Maurice DE DUFFAHEL. 


Gegenbauer polynomials, which play a rather important part in several 
problems (for instance in the potential theory and harmonic analysis), are 
defined by the expansion 


(1—2ae + = 


where v is a positive number. C,’(z) is a Gegenbauer polynomial of order n, 
with the superior index vy. It can be expressed (omitting a constant factor) 
by means of a Gauss hypergeometric series as 


F(—n/2, n/2-+v; 1/2; 2) 


if n is even, with a similar formula when n is odd. 
Let us now suppose that v is a negative number. Writing v = — p, we 
see that the hypergeometric function, 


F(— n/2, n/2—p; 1/2; 
is definite, even if » is an integer; but, in this case, the expansion 
(1 — + 


becomes improper, giving rise to a limited number of terms. The poly- 
nomial corresponding to the hypergeometric function, and which we shall name 
C,”(x), cannot therefore be attached to the said expansion. Now the question 
is, which generating function shall we have for this new polynomial ? 

The answer is, C,~’(x) or C;,“(x) comes from the generating function 


(1 — + log (1 — 4+ a?). 
In order to establish this result, let us begin with »—1. Starting from 
(1 + a?) log (1 — + a?) aP,(z), 
we find readily that P, satisfies the recurrence-formulae 


nP, = — P’n-1 
— = (n — 2) Pa; 


| 
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hence the differential equation 
(1— 2?) + + n(n —2) Pn =0. 

But the differential equation for Gegenbauer polynomial C,,” is 

(1—2*) y” — (27 + 1) ay n(n +v—1)y=0 
and we obtain the differential equation for P, by taking in the latter vy = — 1. 
So, omitting a constant factor, we infer immediately that 

n= (2). 
Coming now to the general case, if we have 
(1 — 2ax + a?)* log (1— 2ar + a?) = a"P, 

we can write : 


(1 — 2ax + log (1— 2ar + a?) = (1 — 2aw + a?) (2) ; 


hence 


This being exactly one of Gegenbauer’s recurrence formulae, we see that 


P,? = 


and so on. 
ok * * ok ok 


This result can be used to find solutions of the partial differential equation 
with two variables 
A---AAU =0 
or 
A?U = 0, 
where 
AU = /dx? + #U/dy’. 
For, if we write 
the equation becomes 
= 0 


of which the general solution is 
U(2,y) =V(u,v) F(v) + E(u), 


F and G being arbitrary functions. 
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Let us take 
F(v) =v?" log v, G(u) = wv" log u, 
so 
U = wv? log uw, 
or 
U (x,y) = + y*)?* log (2? + 
This is a solution of A?7U = 0, and it is clear that 


U /da™ 
is also a solution. 
So also is the function 
1)™ am 2 2]|p-1 2 2 
— + y?]?* log [ — a)? + y?]}. 


m! 


Um (2, y)=— 
But we can write, using Taylor’s formula, 


a)? + y?]?* log a)? + y?] = 2 a" Um(z, y). 
Now suppose that we are on the circle 
This formula becomes 
(1 — + log (1 — 2ar + a?) = 


so that Um becomes identical to a Gegenbauer function with a negative index, 


here 
(x) 


Gegenbauer functions with a negative index are therefore p-harmonic 


functions, in the xy-plane, and on the circle x? + y? = 1. 


This fact is analogous to the fact of Legendre polynomials being harmonic 
functions, for space, on the sphere 2?+ y?+¢?—1, and Hermite two- 
variable polynomials being harmonic functions, for hyperspace, on the 


hypersphere z? + y? + + 2? —1. 


STAMBOUL, TURQUIE D’EUROPE. 


NOTE ON POTENTIAL THEORY IN n-SPACE. 
By J. J. L. HInRIcHsSEN. 


In this note the elegant elementary methods developed by Schmidt? and 
applied by him to Newtonian potentials are extended to obtain the properties 
near the acting masses of the integrals defining the potentials of simple surface, 
double surface, and volume distributions in n-space. 

The integrals by means of which we shall define surface and volume 
potentials in n-space (n > 2) are the following: for a simple distribution of 
density f(21,° on a surface a: 


(1) 

for a distribution of density p(a1,° - -%») throughout a volume @: 

and for a double surface distribution of moment f(21,° - *@n-1) on @: 


Here do and dr represent the differential elements of surface and volume 
respectively, while the simple integral signs are used to denote the (n— 1)- 
and n-fold multiple integrals. Also 


-> (€ — 2%)’, 


and 0/dv represents the derivative in the direction of the normal to «. Exterior 
to the acting masses, these integrals define analytic functions of é,,-- - &. which 
satisfy Laplace’s equation in n-dimensions: 


> = 0. 


1K. Schmidt, “ Bemerkung zur Potentialtheorie,” pp. 364-383 of Mathematische 
Abhandlungen H. A. Schwarz gewidmet, Berlin, 1914. Methods related to those of 
Schmidt are used by M. M. Sullivan in a paper entitled “On the derivatives of New- 
tonian and logarithmic potentials near the acting masses,” Transactions of the American 
Mathematicul Society, vol. 35 (1933), pp. 137-171. 
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We shall investigate the behavior of these integrals as the point (&,- - - é,) 
approaches the distribution. 

Let us assume that the surface containing the distribution or bounding 
the volume containing the distribution is finite and integrable. We shall 
suppose that the surface point P in whose neighborhood the potential is to 
be investigated is a simple point and that the surface has a continuous normal 
at P as well as in a certain neighborhood of P. That is to say, we assume 
the possibility of cutting from the surface a piece a which by proper choice 
of rectangular codrdinates may be represented by: 


(4) = F(21,° 


where F, /0x; are continuous for | 7; | = a,a > 0 andi—1,2,---(n—1). 
Also « shall contain P but not on its boundary, that is for P, | a | <a. 
Finally the remaining part of the surface after cutting out a cannot contain P 
either as a boundary or interior point. Since the potential at P of the 
remaining part of the surface is analytic, we need only investigate the potential 
of the distribution on « for the neighborhood of P. 

We shall assume Green’s theorem in n-dimensions: 


f 0X; X; cos (v,2;)do, (inner normal). 
G 


Ox; i=1 


Then in a manner similar to that used for the Newtonian case, we can show 
if $(%,° * -Zn) is of class C’’ throughout the region G and its boundary y: 


Op 9 


and if ¢ is of class C”, 


n—2 
2 
0 


The first, second or third value in the braces is to be chosen according to 


® By a function of class O(4) we mean a function which is continuous together with 
its partial derivatives up to the i-th order inclusive. 


T 
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Ve 
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whether P is a point interior to G, a boundary point, or an exterior point 
respectively. Here 
2 (22) (n-1) /2 
1-3-5---(n—1) 
(2a) "/? 
2-4-6: -(n—2) 


if n is odd, 
(7) H= 


if n is even. 


The lemmas corresponding to those given by Schmidt may be established 


- for n-space by the same methods as for 3-space. It will be found that regard- 


less of the position of the point P, 
dr S Kv?/" 


f, (1, 1°) do S K,JV“", 


where K,, K,, Kz are constants dependent on n, v is the n-dimensional volume 
of the region 7’, and J denotes the (n —1)-dimensional volume of the pro- 
jection of S on the ,, &,- - - én-1.-space. By means of these lemmas, it is not 
difficult to show that with a bounded density, the potential of a simple surface 
distribution (1) is everywhere a continuous function of the position of the 
point P even when the point lies on the surface or on its boundary. Likewise 
the same procedure may be followed to show that with a bounded density, the 
potential of a finite volume distribution (2) and its first derivative is every- 
where continuous,—also at a point of discontinuity of the density and on the 
boundary of the volume,—and the first derivative is obtainable from the 
integral defining the potential by differentiating under the integral sign. 

Consider now the piece of surface « defined by (4) with a double spread 
of moment f(2,° * -2n-1). Let us suppose that the functions f and F are of 
class C’. Choose h so large that the entire piece of surface « lies between the 
two planes 7, = - h without having points in common therewith. The space 
bounded by +h, (t—1,2,- - -n—1), is then divided into 
two parts 7, and 7’, by «. Let the positive normal on @ point towards 7; and 
yi denote that part of the boundary of 7’, which is made up of planes bounding 
the n-dimensional parallelopiped. 

We shall apply Green’s theorem (5) to the region 7, and the function 
f(%1,* * *%n_.) which is defined inclusive of the boundaries of 7,. Upon 
introducing W defined by (3), we obtain 
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= 


On applying our earlier results to the integrals appearing in (8), we find that 
the potential of a double distribution (3) has continuous limit values on both 
sides of the surface which from the side of the negative to the side of the 
positive normal has a break of (n—2) Hf. On the surface itself, the 
defining integral has the value of the arithmetic mean of these two limit values. 


Let us now suppose the function F to be of class C” and f to be of class 0’. 
Let I be the p = (n — 2)-dimensional manifold bounding «. Then Stokes’ 


theorem in n-space * may be written: 


hg a 


where 
028.541 02s, 02%, 
In the left member s,,- - are umbral and < - < Sp, while in the 
right member are umbral and Sy. Here 
$1, 82,° * ‘8p are any p numbers chosen from 1, 2,- - -n and 
84 8)...8) = — 0585... 85 


For our purpose it is convenient to define 


if 8» contains j, 
(— 1)**4 f cos (v, (1/7”) if * 8» does not contain 
X = j and 5, > j, 
(— f cos (v, if 8) does not contain 
L jand 5 <j. 
Here j,8:,° 8, 5, contains 1,2,---n, and represents the angle 


between the normal to @ and the z,,-axis. Upon substituting, we find it neces- 
sary to consider two cases, 1) m odd and 2) nm even. Here as well as later 
we shall denote a function which is analytic provided that the point P does 
not lie on the boundary T of the piece of surface a by R.* 


* We shall adopt the notation of F. D. Murnaghan, Vector Analysis and the Theory 
of Relativity (1922), p. 33. Also see H. Poincaré, “Sur les résidues des intégr?'es 
doubles,” Acta Mathematica, vol. 9 (1887), p. 321. 

*Even though two functions are not identical, if they have the above-mentioned 
property, they will both be denoted by R. 
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For case 1), we find 


(9) do— f cos (v,2;) 5 (5) 


where 
0 
fy {00s (v, 21) [f cos (v, 1)] — cos (v, [f cos (v, 24) ]}. 
j=1 0x; 0x; 
For the second case it is convenient to re-define the function f by setting 
F=f (—1)! cos* (1,21), 


and then to remove the bar from the new function. We so obtain: 


(9’) J, do— fj fy cos (v, — R, 


where 


(— 1) cos" (v, 


f cos (v, 2) 


0 
j+1 
(— 1)4* cos (v, dx; | > (—1)* cos? 
i=1 


and 
(—1)77 
x (— 1)* cos? (v, 


Applying our previous results to (9) and (9), we find that the derivatives 
OV =1, 2,- - have continuous limiting values on both sides of the 
surface a. The formulas for the break in limit values take on a simple form 
when the x»-axis is chosen parallel to the normal through the point. Then 
we find 0V/0é; (j =1,2,- - -nm—1), to be continuous while has a 
break of — (n—2) Af in going from the side of the negative to the side 
of the positive normal. 


Now let the functions F and f be of class 0”. If we apply Green’s 
theorem (6) to the region 7, and the function f(21,° - -@n-,) defined in T, 
inclusive of its boundaries, we obtain 


(n—2) * Suna) 


— 
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Upon analyzing the integrals in (10), we conclude that the derwatives OW /dé; 
(j=1,2,-- +n), have continuous limit values on both sides of a The 
formulas for the break in limit values take on a simple form when the Zp-azis 
is chosen parallel to the normal through the point. Then we obtain: 
(n—2) H (0f/dx;) (7 =1,2,---n—1), going from the side of the 
negative to the side of the positive normal. The derivative in the direction 
of the normal is continuous. 

Let G be any region in n-space satisfying the conditions of Green’s 
theorem. Let the boundary y consist of y, and « defined by (4) and let the 
density p(%:,° * *%n) be of class C’ interior to and on the boundary of (/. 
Then if A is defined by (2), it may be shown that 


0A 


We are now prepared to state the three general theorems. 


THEOREM 1. If F 1s of class C™, p is of class C“-’, then A together 
with its partial derivates up to the k-th order inclusive are continuous both 
inside and outside of G and have continuous limit values on both sides of the 
bounding surface «. 


THEOREM 2. If F is of class C“, f ts of class C™, then V together 
with its partial derwatives up to the k-th order incluswwe have continuous limit 
values on both sides of the surface a. 


THEOREM 3. If F 1s of class C“%*, f ts of class C“*, then W together 
with its partial derivatives up to the k-th order inclusive have continuous limit 
values on both sides of the surface «a. 


We have already outlined the proofs of these three theorems for k=1. By 
means of mathematical induction and the identities (11), (9), (9) and (10) 
we can show that these theorems are true for all values of k. 

The formulas (11), (9) and (10) also yield the results for the successive 
breaks. For example, from (11) we may read off the breaks in the (” + 1)-th- 
order derivatives of the potential of a volume distribution on the boundary 
surface in terms of the breaks in the n-th-order derivatives of the potential 
of a volume distribution and the breaks in the n-th-order derivatives of the 
potential of a simple surface distribution. Equations (9) and (9’) give the 
breaks on the surface in the (n + 1)-th-order derivatives of the potential of a 
simple surface distribution in terms of the breaks in the n-th-order derivatives 


~ 
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of the potential of a simple surface distribution and the breaks in the n-th-order 
derivatives of the potential of a double distribution. Finally from the breaks 
in the (n+ 1)-th-order derivatives of the potentials due to a volume dis- 
tribution and the breaks in the (n + 1)-th-order derivatives of the potential 
due to a simple surface distribution, we can find the break on the surface of 
the (n-+ 1)-th-order derivatives of the potential due to a double surface 
distribution. 

Thus for example, if the z-axis is chosen parallel to the normal to the 
surface at P, we obtain the following breaks in the second-order derivatives 

0 if k én, 
— (n—2) H pcos (v, 2;) if k =n. 


If we define aj, (cos (v,7;)), then and the breaks in 
#V /0&;0& are found to be: 


— (n— 2) faj, if and n is odd, 
(—1) 9? (n— 2) Hfay, if j,k An and n is even, 
— (n—2) (6f/02;) if jAk—n, 

(n—2) UF S if j—k—n. 


Likewise the breaks in 6?W/0&;0& may be obtained: 


(n—2) if 7,kAn, 
— (n—2) HD (Of 


Finally from the breaks in 6°A/0é;?, we find that for an interior point 
of the region G, 
=— (n—2) Hp 


which is Poisson’s equation in n-dimensions. It is to be noted that for n = 3 
these results reduce to those given by Schmidt. 
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THE GENERALIZED DOUBLE PENDULUM. 


By G. PRICE. 


Introduction. The dynamical system formed by suspending a simple 
pendulum from the bob of another simple pendulum and allowing the two to 
move in a vertical plane under the attraction of gravity is called a double 
pendulum [3'; no results of this paper are used in the present treatment of 
the problem]. The following obvious generalization will be called a generalized 
double pendulum: a heavy particle of mass m, moves on a fixed, simple closed 
curve (, in a vertical plane and carries without rotation and in the same 
vertical plane a second simple closed curve C2, on which a second heavy particle 
of mass m, moves. The meanings of the terms n-pendulum and generalized 
n-pendulum are clear from these definitions also. 

The purpose of this note is (1) to use the generalized n-pendulum to 
illustrate certain results in the general theory of reversible dynamical systems, 
and (2) to establish in the large a result for the generalized double pendulum 
which so far in the general theory has been established only in the small 
(see section 3 below). 


1. The equations of motion. Take axes in the plane of C, and C2 with 
the é,-axis directed downward and the é,-axis to the right. The curves C;, C, 
are defined parametrically by 
(1) C.:&—a(u), Cr: &—ys(v), (im 1,2), 
where 2;(w), yi(v) are analytic and periodic with periods wy, wy». Further- 
more, u and v are arc lengths on C, and C,: 
(2) (tutu) =1, (Yoyo) = 1, 
where the notation is explained by 


Ow, 02, . Owe G2. 


The codrdinates of m, and mz are respectively 


&—=2(u), +y:(v), (i 2). 


*Numbers in brackets refer to articles cited in the bibliography at the end of 
this note. 
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Then 7 and U are 


T = [(m, + m2) /2][w? + 2m(tuyr) wv’ + mv’), 
U = (m + mz) + my2(v) J, 


where m = m2/(m;-+ mz). Then the equations of motion in the Lagrangian 
form give 
of? — — m + — m ] 


(4) 


1— 
(5) 
1— m(tuyv)* 


Now (2uyv) is the scalar product of two unit vectors by (2) and (3); 
then since 0 < m < 1, we see that the denominators in (5) are positive. Then 
the equations of motion for the generalized double pendulum are analytic for 
all values of (u,v). 


2. Application of general theory. The generalized double pendulum is 
a reversible dynamical system with two degrees of freedom; we shall show now 
how certain results in the general theory of such systems can be applied to it. 

There are two characteristic surfaces associated with the problem. The 
first of these is given by [5, equation (7) ]. The system can be interpreted as 
the motion on this surface of a particle of unit mass under the action of forces 
derived from U in (4). The equations of this surface in (4,°- -,24) 
space are 

= + ys (v)], 


where (11,2). Since zi(w), yi(v) are periodic, the first characteristic 
surface is homeomorphic to a torus. For the ordinary double pendulum it can 
be shown that this surface is a surface of revolution. 

The second characteristic surface enters through the Principle of Least 
Action. It is defined by 


(6) ds? = (U +h)T dt?, 


and the orbits for a given value of h can be interpreted as geodesics on this 
surface [2, pp. 36-39]. Now for h sufficiently large, (U +h) is positive for 
all values of (u,v); then since (6) is invariant under the group of trans- 
formations 


where n,, m2 are any integers, we may consider that the second characteristic 
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surface is closed and homeomorphic to a torus. Then if the energy of the 
generalized double pendulum is large enough so that motion is possible over 
the entire first characteristic surface, the minimum and minimax methods 
[1, Part II] and their extensions [4] establish immediately the existence of 
an infinite number of closed periodic orbits. 

Now the generalized double pendulum has a certain number of positions 
of equilibrium corresponding to a point on C, with one on C, at which the 
tangents to these curves are horizontal. There are at least four positions of 
equilibrium since each curve has at least one maximum and one minimum. 
Assume now that 


(7) 0, <0, = 0, (y)o <0, 


where the subscript zeros indicate that the derivatives are evaluated for 
u=v=0. Then C; and C, have maxima for u=v=0, and (0,0) is a 
position of stable equilibrium. We shall assume also that the parameters 
(u,v) are chosen in such a way that they increase as C;, C, are described in 
the positive sense, where the rotation which carries the positive €,-axis into the 
positive £-axis is positive. Then from (2) and (7%) we have (tuyv)o—1; 
and the expansions of 7’, U about (0,0; 0,0) are 


(8) T = + me)/2][w? + + +---, 
= + mz) 9/2] [ (2) ou? + 


Then it is possible to introduce principal codrdinates [6, chap. VII] (qi, q2) 
so that 7’, U become 
(9) 


)o + )o] 
A? )o + —4(1 — m) (2 )o(y )o] 
(10) 


Since (7) holds and 0 << m <1, we see that neither A, nor A, is zero, that 
both are pure imaginary, and that in general 


(11) 


It is now possible to apply the results of [5]. We introduce the parameter 
» as in [5, section 3]. Since A,, Az are pure imaginary, the limiting integrable 
system » = 0 has two fundamental periodic orbits 0,°, 02°. It follows from 


where 
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(11) and [5, section 5, Corollary 1] that at least one of these orbits can be 
continued analytically for » > 0. Also the surface of section can be con- 
tinued analytically, and the results of [5, section 10] can be applied. As 
long as the surface of section SS exists and the region of motion R is homeo- 
morphic to a circular disc, there are at least two periodic orbits which join 
two points of the oval of zero velocity Z. Poincaré’s Last Geometric Theorem 
can be applied at least if both O,° and O,.° can be continued analytically; the 
rotation numbers og and ap are functions of » and the curves (,, C2, and 
we may conclude that at least for » > 0 but small there exists an infinite 
number of closed periodic orbits. 

Suppose now that the curves C,, Cz have the symmetry specified by the 
hypotheses 
t(—u) =—2,(u), 9:(—v) (0), 


(12) a(—u)—= a2(u), Yy(—v)= y2(v). 


Then from (4) we find that the system is symmetric in the origin on the 
characteristic surface. Furthermore, this symmetry is retained when principal 
coérdinates are introduced; hence, the results of [5, section 11] can be applied. 
The ordinary double pendulum has the symmetry (12). 

There are also positions of equilibrium at which «® and y® have 
opposite signs. Then (10) shows that one of the multipliers ),7, A,” is 
positive and the other negative; hence, the limiting system »—0O has one 
periodic orbit, which can be continued analytically for» >0. Ife and y@ 
are both positive, then d,?, A,” are positive, and the limiting system has no 
periodic orbits. 

The theorems of [5, section 5] yield entirely similar results for the 
generalized n-pendulum. 


3. On the existence of a periodic orbit joining two points of the oval 
of zero velocity. The following question naturally arises: can the periodic 
orbits O:, O. [5, section 10] be continued indefinitely, or do they exist in the 
small only? We shall not attempt to answer this question, but we shall 
establish the existence in the large of at least one periodic orbit joining two 
points of the oval of zero velocity Z for the symmetric generalized double 
pendulum. 

First we introduce the notation 


= 


de, 
du dv 
du dv 


932 G. BALEY PRICE. 
Then from the first relation in (2) we find that 

[yo — | = (auye)*. 
Then the second equation in (5) becomes 


(Tuyo) + gtu™ (Tuyo) * 


(13) v 


We now assume that our generalized double pendulum is symmetric in the 
origin, i.e., we assume that (12) holds. Then there is a position of equi- 
librium at (0,0), and we assume that it is stable as specified by (7%). Let 
G be defined as the connected region of the (u,v) plane about the origin in 
which the following hypotheses are satisfied : 


(14) (LuuLuu ) > 0, (YovYvv) > 0; 
(15) <0, yo <0; 
(16) ty =0 only for u—0, 


yo only for v—0; 
(17) (tuyv) > 0. 


All of these conditions are satisfied at (0,0), and there exists a connected 
region G containing the origin in which they are satisfied. 

The tangents to Ci, C2 are t,: (tu), to: (yo). Let @ be the angle from 
t, to Then (2uyv) —cosé@ and sin 6. Furthermore, we find 
from (2) that the vectors n,, nz with the direction cosines (Zuu) /(uuLunu)*, 
(Yoo) are normal to C,, C>. 


Lemma 1. In the region G 


(uuYv) (LuYov) 


(Yoryov) = (Luv) * = sin 8. 


The £,-axis is directed downward, but we have agreed to consider the 
rotation positive which carries the positive é,-axis into the positive £,-axis. 
Then at (0,0) we find that the angles from ¢, to n, and tz to nz are 7/2. Then 
because of (2) and (14) these angles are x/2 throughout G. Then the angle 
from n, to t, is (@— 7/2), and (tuuyv) = cos(@— 2/2). Also the 


angle from ¢, to is (8+ 7/2), and = cos(O + 2/2). 
The lemma follows. 
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Lemma 1 enables us to write the equations of motion (5), (13) in G 
in the form 


m sin cos Ou’ 


+ (YorYvv) cos byy\”? ty? ] 
1 — m cos? 6 


(18) 


— [ + cos Ov’? — gay | sin 
1 — m cos? 6 : 


v= 
Lemma 2. In the region G 


(yoote)* 
(LuuLuu) (YouY vv) 


= — cos 0. 


This lemma is proved by straightforward methods, using the facts stated 
in the proof of Lemma 1 about the angles between nj; and 4. 


Lemma 3. The part of the curve sin 6 = (uyv)* =0 which les in G 
consists of a single branch whose slope is everywhere positive, and which passes 
through the origin and divides G into two parts. 


The fact that the curve sin 6 = 0 passes through the origin follows from 
(7). The slope of sind=0O is dv/du=— (Luuyv)*/(tuyov)*, and by 
Lemma 2 this is 

dv 

19 

”) du 
hence, in G@ the slope is always positive. Because of (15) and (16) the curve 
crosses the v-axis at a single point only in G, and this crossing is at the origin. 
The curve is analytic at every point of G and has no multiple points. The 
single branch through the origin therefore extends into the first and third 
quadrants and continues with a positive slope until it passes out of G. 


THEOREM 1. [f h is chosen sufficiently small so that the region of motion 
R ts homeomorphic to a circular disc and lies in G, every orbit crosses the 
curve sin 6 = 0 an infinite number of times. 


First, we notice from (17) that —72/2 <<@< 7/2 in G. Furthermore, 
sin 6 is positive in @ above the curve sin é = 0 and negative below it. Then 
since (15) holds, and since FR lies in G, we see from (18) that v” = N sin 8, 
where WN is a function which is negative at all points of &. The theorem 
follows. 

Assume henceforth that h is chosen so that the hypotheses of Theorem 1 
are satisfied. Then F lies in G, contains the origin O, and is bounded by a 
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simple closed curve Z. Let X be the point in the third quadrant at which 
sin 60 crosses Z, and Y the point at which the positive v-axis crosses Z. 
Let the region of RF defined by wu 0, sin @= 0 be designated by 8. Then § 
is bounded by the segment OY of the v-axis, the are XY of Z, and the arc OX 
of sin = 0. 


Lemma 4. In the region 8S 
— g[m cos by,” — = 0, 
and the equality holds only at the origin. 


From (7) and (16) we see that 2,‘ >0 for u< 0 and y, < 0 for 
v>0. By (17), cos@ > 0 everywhere in G. Then the desired inequality 
holds at all points of § in the second quadrant including the positive v-axis 
and the negative u-axis except for the origin, at which the equality holds by 
(7). It remains therefore to establish the inequality in the part of 8 in the 
third quadrant. 

Now since > 0 for 0, and since 0< m < 1, we have 


— [myo cos ty] > — [yo cos ru] 
forv <0. Now by using (2) we find that 
cos — ] = yy sin 0. 


Then since yy,“ << 0 in G by (15), and since sin@ >0 in 9 except on the 
boundary OX, where it vanishes, the desired inequailty follows. 

From Lemma 4 and (18) we see that in S we can write uw” — M, where 
M = 0, the equality holding only at the origin. In S, therefore, the equations 
of motion take the form 
u’ == M, 


20 
= WN sin 6. 


THEOREM 2. If h is so chosen that R is homeomorphic to a circular disc 
and lies in G, there exists at least one periodic orbit which joins two points 
of Z; the two points of Z lie in the second and fourth quadrants respectively, 
and the orbit crosses sin 8 = 0 at the origin and only at this point. 


Consider the orbit which at time t = 0 passes through an interior point P 
of the are XY of Z. As long as it remains in S, the equations of motion can 
be written in the form (20). Then 
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t t 
v= M dt, v—f N sin 6 dt, 
0 0 


and u’ > 0, v’ < 0 for t > 0 and thereafter until the orbit has passed out of S 
across XOY at Q. The slope of this orbit is therefore negative in S except 
possibly at P, and it is surely negative at Q. Now by Lemma 3 the slope of 
XO is everywhere positive; hence, the orbit is not tangent to XOY at Q, 
and @ varies analytically with P. 

Let r be a codrdinate which specifies the position of P on Z, r varying 
from 0 to 1 as P varies from X to Y. Also let s be a coordinate which specifies 
the position of Q on XOY, s varying from 0 to 1 as Q varies from X to Q, 
and from 1 to 2 as Q varies from O to Y. Then as shown above, s—f(r), 
where f(r) is analytic for0<r<1. Since the slope of the orbit is every- 
where negative in § except possibly at P, we find lim s = 0, 2 as r approaches 
0, 1 respectively. Then since the curve s—f(r), 0'<r< 1, is continuous, 
it has at least one intersection with the line s = 1. 

We have thus shown that there is at least one point P, say P:, for which 
the corresponding Q is at the origin O. Now the system is symmetric in the 
origin as specified by (12) by hypothesis; hence, the image in the origin 
of the orbit which joins P, to O is also an orbit OP, [5, section 2, Theorem 4], 
and the continuation of P,O. Then P,OP, is a periodic orbit which joins 
two points of Z [5, section 2, Theorem 3] and crosses sin 6 = 0 at the origin 
and only at this point. Since the slope of P,O is everywhere negative except 
possibly at P,, we see that P, is in the second quadrant and P, in the fourth. 
Also the orbit is without double points. The proof of the theorem is complete. 

The theorem which we have just proved does not show that the periodic 
orbits belong to a group of periodic orbits obtained by analytic continuation 
with » (which is essentially the energy constant) as the parameter. Certain 
results in the large on the analytic continuation of periodic orbits are known 
[7%, 8, 9], but they do not suffice to prove the existence of a periodic orbit with 
unrestricted variation of p. 
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COMPLEX. 


By C. R. Wy.iz, JR. 


Introduction. By a “ curve belonging to a linear line complex” is meant 
a curve all of the tangents to which belong to a linear line complex. Such 
curves exist, and have been the subject of a number of papers. 

In his Doctor’s Dissertation in 1877, Picard * cited an example of a sextic 
of genus one which belonged to a linear complex. In 1892, however, Steinmetz ? 
erroneously concluded that curves of a complex had to be rational and moreover 
could have nocusps. Then in 1907, Snyder * demonstrated a 1: 1 correspondence 
between curves belonging to a linear complex and curves lying on a quadric 
cone. Since curves of every genus can be found on a quadric cone this result 
confirmed Picard and refuted Steinmetz. Finally in 1925, Loria* reproduced 
the argument and conclusions of Steinmetz without perceiving the error. 

From this point the present paper proceeds to an alternative development 
of the mapping relation between curves of a complex and curves on a quadric 
cone, derives the general parametric equations of such curves, deduces certain 
of their metrical properties, cites examples of curves of every genus which 
belong to a complex, proves that such curves may have any preassigned self- 
dual singularity, studies the n — 3 : n —3 correspondence on complex curves 
with particular reference to a certain pair of sextics, and treats of the two 
families of rational sextics having six inflexions, those which belong to a linear 
complex and those which do not. 

In order to find the parametric equations of complex curves it is necessary 
to have equations whereby the point common to two consecutive intersecting 
line can be found when the Pliicker codrdinates of the lines are given as 
functions of a single parameter. These equations are 


*E. Picard, “ Application de la Théorie des Complexes Linéaires a l’htude des 
Surfaces et des Courbes Gauches,” Annales de l’fcole Normale, 1877. 

*C. P. Steinmetz, “ Curves which are self-reciprocal in a linear nul-system,” Ameri- 
can Journal of Mathematics, vol. 14 (1892), pp. 161-185. 

*V. Snyder, “ Twisted curves whose tangents belong to a linear complex,” American 
Journal of Mathematics, vol. 29 (1907), pp. 279-288. 

*G. Loria, Curve Sghembe Speciali, vol. 2 (1925), p. 21. 
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pt, = — PisP 12 
plz = — 
pts = — 
pt, = Py + + 


dP 
dt 


where Py, = Pix (t), Pa = 


1. It is well known from line geometry that there is a 1: 1 correspondence 
between the lines of 8; and the points of a hyperquadric V,? of 8;. Moreover 
the surface of tangents to a curve in 9; is represented in S; by a curve which 
lies with its tangents on V,?. If the curve in S; belongs to a linear complex 
which is not special its image in S; lies with its tangents in the section of V,? 
by a hyperplane S, which is not tangent to V,’._ If in such a hyperplane the 
image curve is projected from a point on the V;’, intersection of V,? and &, 
onto an S; there is obtained a space curve whose tangents all meet a fixed 
conic, and whose osculating planes therefore are all tangent to the same conic. 
This conic is the image in the projection of the quadric cone cut from V;? 
by the tangent 9; at the center of projection. By duality in space this con- 
figuration is sent into a curve lying on a quadric cone. 

To find the equations of curves of a complex let 


Va? = os + PisP + PisP23 = 0 


be the Pliicker identity and 
S, + = 0 
be the linear complex containing the original curve. Then 
V5? = 34 + PisPo3 = 0 
and if the center of projection is 
Pog =1, Pie = Pig = Pup = = 0 
and P23 = 0 


the 8, of the projection, the conic, image of the cone of singular elements is 


— 2 =s 
or Pye: Pig: Pog: Pug: t:1: 0. 
Then 


—t Pis + Pic —f(t) Pu =0 


represents a family of planes all of which are tangent to this conic. The 
parametric point equations of the cuspital edge of this family of planes are 
the Pliicker codrdinates of the tangents to the original curve. These are 
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Pym f—tf +r 


Py, =— ff’ 


whence from equations A the parametric point equations of the original curve are 


B: 
= —f 


If f is an implicit function of ¢ so that ¢(f,¢) —0 these equations become 


L, = — t 
Ly = 
L, = 06/Of. 


In each case the genus of the curve is the genus of the function connecting 
f and ¢. 


2. The parametric plane equations of these curves each contain the factor 
f”, hence f’ 0 is the condition for an inflexion. The condition for 
stationary planes reduces to f’”? = 0. Hence, The stationary planes of a curve 
belonging to a linear complex coincide in pairs at the inflextons. 

If we put 


r=—t 


so that we have the metric case, we find by elementary calculations that the 
curvature of a complex curve is 


2 


= 


5 B. Segre, “ Sulle Curve le cui Tangenti Appartengono al Massimo numero di Com- 
plessi Lineari Independenti,’’ Memorie dell’ Accademia dei Lincei, series 6, vol. 2 (1928), 
pp. 578-592. 
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s, the arc length parameter. The torsion reduces to the simple form 

Thus, At every real finite point the torsion 1/o of a curve belonging to a linear 
complex is 


= 


0<1/o=}! 


From this formula it is easy to deduce that the only curves of constant torsion 
belonging to a linear complex are helices on circular cylinders having OY as axis. 


3. If in equations CO, we put ¢=/%" — at — bi? =0 we have the 
curves 
(2p + 1)t(aw bt?) [2p/(2p+1)] 
= 4a(3p +1) + 4b (3p 
— a(p + 1) — bpir” 
= (2p + 1) (ater? + 


These are of order 5p-+2 and of genus p. Hach has a point of type 
(p,p+1,p) at (1,0,0,0) and a point of type (p+1,p,p+1) at 
(0,0,1,0). They lie on the ruled cubic surface 


(262304 — + p(aa, b24) (32423 = (), 


If more generally we put ¢= bf*" — at4N —1—0 where L > K and 
L is prime to K, we have the curves 


= — KbtfkN> 

$a(2K —L)UN+K 
= — 

= KbfEN-1, 


(LN —1)(KN —1) —(N—1) 
2 
except when K —1 and L —2, in which case the order becomes 2N? — N. 
These curves have a singularity of type [(L— K)N, (2K —L)N, (L—K)N] 
at (0,1,0,0) when L << 2K; they are non-singular when L = 2K, i. e. when 
K =1, L =2; and they have a singularity of type [KN, (L —2K), KN] at 
(0,1,0,0) when L > 2K. For proper choices of K, L, N, these singularities 
can be made to represent any arbitrary self-dual singularity, say (s, t, s). Hence, 


and of order KLIN? 


These are of genus 


*M. F. Egan, “The linear complex and a certain class of twisted curves,” Pro- 
ceedings of the Royal Irish Academy, vol. 29 (1911), pp. 33-72. 
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Curves can be found belonging to a linear complex and having any preassigned 
self-dual singularity counted any number of times. 


4, Curves belonging to a linear complex have an n— 3 : n—8 corre- 
spondence on them generated by the residual intersections of the curve and 
its osculating planes, and the points of contact of the osculating planes drawn 
to the curve from its various points. This correspondence is always composite, 
having at least one bilinear factor.’ 


If in equations C, we choose ¢ to be either 
f—48+ct=—0 or 


so that it is harmonic or equianharmonic respectively, the resulting curves are 
sextics of genus one, and the 3: 3 correspondence defined on them by 


(t)ui(s) x, the parametric point equations 


ia (t—s)? u, the parametric plane equations 


factors rationally into three bilinear factors. In each case these factors with 
the identity form a group of order four leaving the curve invariant. The 
points of each curve are thus arranged in tetrads such that the osculating 
plane at any one of them passes through the other three. The tetrads must 
consist then of collinear points, so that each curve has a regulus of quadri- 
secants, among which are three bitangents. These are the simplest irrational 
curves analogous to the rational quintic discussed by Egan.*® 


5. In 1877, Picard ® showed that if a rational curve belonged to a com- 
plex it had to have 2(n —3) inflexions. In 1901 Grace ?° attempted to prove 
the sufficiency of this necessary condition. His argument was faulty however, 
and Egan ** pointed out the error and gave an example of a sextic with six 
inflexions which did not belong to a linear complex. Gherardelli 1? elaborated 
this by showing that there were two classes of rational sextics, one of which 
consisted of curves belonging to a complex, the other of which consisted of 


7A. Terracini, “Sulla Riducibilita di Aleuna Particolari Corrispondenze Alge- 
briche,” Rendiconti Circolo Matematico di Palermo, vol. 56 (1923), pp. 112-143. 

®°M. F. Egan, loc. cit. 

Picard, loc. cit. 

0 J. H. Grace, “ Curves in a linear complex,” Proceedings of the Cambridge Philo- 
logical Society, vol. 11 (1901), pp. 132-134. 

11M. F. Egan, loc. cit. 

**G. Gherardelli, “Le Sestiche Sghembe Razionali con Sei Flessi,” Rendiconti 
dell’ Accademia dei Lincei,” series 6, vol. 2 (1930), pp. 173-179. 
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curves not belonging to a complex. He derived the first family of curves by 
projecting the rational normal sextic I, of S, onto an 8, from a plane meeting 
six osculating planes of I's, which plane did not lie on the V;’, fundamental 
for the polarity determined by T,. The second family he derived by pro- 
jecting T, from a plane meeting six osculating planes of I’, and lying on the 
fundamental hyperquadric V,?. Curves of this second family he showed have 
their inflexions coplanar, and the osculating planes at the inflexions concurrent, 

In the present paper the first class of sextics is obtained by sectioning the 
V;* of osculating planes to I, with an S, through two osculating rays of I, 
which are not coplanar, and the second class is obtained by sectioning the V,*° 
of tangents to I’, with an S;, in general position, in each case interpreting the 
curve of intersection as a configuration on the fundamental hyperquadric V,? 
of line geometry. These results will not be developed here. 
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